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In this study, nonlinear parabolized stability equation (PSE) and wall-resolved large-
eddy simulation (WRLES) are employed to simulate laminar–turbulent transition in a
flat plate using the solver OpenFOAM. Fluctuations of boundary layer displacement
thickness, pressure and velocity in laminar, transition and turbulence regions are com-
pared in detail. By combining nonlinear PSE and porous-surface Ffowcs-Williams and
Hawkings (FW–H) method, the acoustic characteristics in different regions of the flat
plate are analyzed. Our results have shown that the fluctuations of boundary layer dis-
placement thickness and pressure in the transition region begin to increase. Besides,
the fundamental wave and subharmonic wave introduced at the inlet boundary have a
significant influence on the spectral curves of flow field quantities and radiated noise.

Keywords: Laminar–turbulent transition; parabolized stability equation; large-eddy sim-
ulation; radiated noise.

1. Introduction

Laminar–turbulent transition in a boundary layer has been extensively studied in
recent decades. Laminar–turbulent transition occurs when an ambient disturbance
enters the boundary layer and excites unstable disturbance waves, and the bound-
ary layer eventually breaks into turbulence with the nonlinear interactions of distur-
bance waves [Erhard et al. (2010)]. The flow in the transition region is significantly
different from that in the laminar region and turbulent region. It has been shown
that the resistance of vehicles and the operation efficiency of propulsion systems
are closely related to the transition onset position and transition region length
[Narasimha (1985)]. However, the relevant research on the characteristics of radi-
ated noise in transition regions is still scarce.
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Several numerical approaches have been developed to simulate laminar–
turbulent transition process. Direct numerical simulation (DNS) has the highest
accuracy in resolving small-magnitude disturbances in the boundary layer. By intro-
ducing a pair of oblique waves at low amplitudes in a supersonic flat-plate boundary
layer, Mayer et al. [2011] demonstrated that oblique breakdown was a viable path
to sustained turbulence. Subbareddy and Candler [2012] discussed the development
of mean profiles in the transitional and fully turbulent regions by DNS and pointed
out a “two-layer” structure in transitional regions. Sayadi et al. [2013] simulated
complete transition to turbulence of both H-type and K-type, and discussed in
detail the differences between the two types of transition. Drikakis et al. [2021]
compared the transition acoustic loading at Mach 6 of DNS and implicit LES, it
was found that DNS had advantages in predicting transition onset positions and
high-frequency peaks.

Due to the high computational cost of DNS, linear stability theory (LST) is an
alternative to simulating laminar–turbulent transition [Mack (1984)]. LST can be
used to describe the linear growth of unstable modes. Jee et al. [2018] captured H-
type breakdown generated by nonlinear interactions between the fundamental wave
and the subharmonic oblique wave by LST. Danvin et al. [2018] demonstrated the
performances of using LST in predicting the evolution of Mack’s second mode for
compressible hypersonic flows. Bae et al. [2023] obtained rich high-fidelity compu-
tations by combining DNS and LST, and revealed that high spanwise wavenumber
modes were associated with the final breakdown of the turbulent flow.

However, LST ignores the nonlocal and nonparallel effects in the boundary layer
and thus is not suitable for simulating the nonlinear growth of the disturbances.
Parabolized stability equation (PSE) proposed by Herbert [1997] well solved the
problem, and was capable of simulating laminar–turbulent transition economically.
Lozano et al. [2018] reproduced downstream turbulence by modeling pretransitional
regions with PSE. Kim et al. [2019] managed to reproduce the subharmonic reso-
nance by nonlinear PSE, and pointed out that the PSE inlet located downstream
could effectively reduce computational cost. Based on PSE, Olichevis et al. [2021]
proposed a robust transition framework to conduct PSE calculations for transition
onset locations.

In this paper, wall-resolved large-eddy simulation (WRLES) and nonlinear PSE
are adopted to simulate laminar–turbulent transition in a flat plate. The evolu-
tions of the flow field in the laminar, transition and turbulence regions are ana-
lyzed. Furthermore, the acoustic characteristics in different regions are evaluated
by Ffowcs-Williams and Hawkings (FW–H) method.

2. Numerical Methods

2.1. Large-eddy simulation

LES separates large-scale and small-scale eddies in the flow field by filtering func-
tions. Large-scale eddies are directly simulated, and small-scale eddies are resolved
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by sub-grid scale models [Smagorinsky (1963)]. The spatially filtered governing
equations are expressed as follows:

∂ūi

∂xi
= 0, (1)

∂ūi

∂t
+

∂

∂xj
(ūiūj) = −1

ρ

∂p̄

∂xi
+ ν

∂2ūi

∂xj
2 − ∂τij

∂xj
, (2)

where the subscripts i and j represent streamwise, normal and spanwise directions,
the symbol ·̄ denotes the spatial filtering, p is the pressure, ν is the kinematic viscos-
ity of fluid and τij = ūiūj − uiuj is the sub-grid stress to describe the interactions
between the large-scale eddies and small-scale eddies.

The wall-adapting local eddy-viscosity (WALE) model is adopted in this study.
WALE is a sub-grid scale model based on the square of the velocity gradient ten-
sor, which takes both the shear stress tensor and the rotation tensor into account
[Nicoud and Ducros (1999)]. The expression of sub-grid viscosity νt of WALE is as
follows:

νt = (CwΔ)2
(Sd

ijS
d
ij)

3/2

(S̄ij S̄ij)5/2 + (Sd
ijS

d
ij)5/4

, (3)

where Cw is the model coefficient, Δ is the grid filter width defined by cell volume
and Sd

ij is the tensor defined as follows:

Sd
ij =

1
2

(
∂ūi

∂xk

∂ūk

∂xj
+

∂ūj

∂xk

∂ūk

∂xi

)
− 1

3
δij

∂ūk

∂xk

∂ūk

∂xk
. (4)

2.2. Parabolized stability equation

The variables φ̌ in the flow field can be decomposed into the following form:

φ̌ = Φ + φ, (5)

where Φ is the mean quantity and φ is the disturbance.
The basic idea of PSE is to decompose each mode in a disturbance φ into a slow-

varying shape function and a fast-varying wave function [Herbert and Bertolotti
(1987)]. Assuming that the disturbance φ is periodic in both spanwise and time, it
can be expressed in the following Fourier series form:

φ(x, y, z, t) =
Nm∑

m=−Nm

Nn∑
n=−Nn

φ̂(m,n)(x, y)

×
[
exp i

∫ x

x0

α(m,n)(ξ)dξ + inβz − imωt]
]

, (6)

where x, y, z indicate streamwise, normal and spanwise directions, respectively,
φ̂(m,n) is the shape function of Fourier mode (m, n), α(m,n) is the streamwise com-
plex wave number of Fourier mode (m, n), subscripts m and n are the temporal
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and spanwise wave modes, respectively, β is the spanwise wave number and ω is the
angular frequency.

In this study, nonlinear PSE is used to calculate nonlinear growth of disturbances
at the early stage, and the downstream nonlinear interactions and transition to the
turbulence are simulated by LES instead.

2.3. Ffowcs-Williams and Hawking’s equation

Noise generated by fluid was first equivalent to sound sources by the acoustic anal-
ogy proposed by Lighthill [1952]. Based on Lighthill’s theory, Ffowcs-Williams and
Hawkings [1969] derived the FW–H equation, which extended Lighthill’s theory to
the case of considering a rigid boundary with arbitrary motion in the flow field. The
original FW–H equation is shown as follows:

�2 p′ =
∂

∂t
[ρ0vnδ(f)] − ∂

∂xi
[pniδ(f)] +

∂2

∂xi∂xj
[H(f)Tij ], (7)

Tij = ρuiuj − σij + (p′ − c2ρ′)δij , (8)

where �2 = 1
c2

∂2

∂t2 − ∇2 is the D’Alembert operator, ρ′ = ρ − ρ0 is the density
perturbation, c is the velocity of sound in the fluid, ρ0 is the density of the fluid, vn

is the normal velocity of the integral surface, Tij is the Lighthill’s stress tensor, σij

is the viscous stress tensor, δij is the Kronecker symbol, δ(f) is the Dirac function
and H(f) is the Heaviside function.

In this study, the porous-surface FW–H method proposed by Di Francescantonio
[1997] is applied rather than the original one. The reason will be mentioned later.
The porous-surface FW–H equation can be expressed as

�2 p′ =
∂

∂t
[ρ0Unδ(f)] − ∂

∂xi
[Liδ(f)] +

∂2

∂xi∂xj
[H(f)Tij ], (9)

Un =
(

1 − ρ

ρ0

)
vn +

ρun

ρ0
, (10)

Li = pδijnj + ρui(un − vn). (11)

Farassat’s formulation 1A converted the FW–H equation into integral form as
follows [Brentner and Farassat (1998)]:

p′S(x, t) = p′T (x, t) + p′L(x, t), (12)

4πp′T (x, t) =
∫

f=0

[
ρ0v̇n

r(1 − Mr)2
+

ρ0vnr̂iṀi

r(1 − Mr)3

]
ret

dS

+
∫

f=0

[
ρ0cvn

(
Mr − M2

)
r2(1 − Mr)3

]
ret

dS, (13)
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4πp′L(x, t) =
∫

f=0

[
ṗcosθ

cr(1 − Mr)2
+

r̂iṀipcosθ
cr(1 − Mr)3

]
ret

dS

+
∫

f=0

[
p(cosθ − Mini)
r2(1 − Mr)2

+
(Mr − M2)pcosθ

r2(1 − Mr)3

]
ret

dS, (14)

where p′S(x, t) is the total surface term, p′T (x, t) is the thickness surface term,
p′L(x, t) is the loading surface term, 1 − Mr is the Doppler factor, r = |x − y|
is the distance from the sound source to the observer, subscript ret represents the
retarded time t − r/c.

The sound pressure level (SPL) is defined as

SPL = 20log10(p/pref), (15)

where p is the acoustic pressure fluctuations and pref = 1μPa is the reference
pressure for water. To represent the total level of SPL in a specific frequency band,
the overall sound pressure level (OASPL) is defined as

OASPL = 20log10

(
N∑

i=1

10SPLi/10

)
, (16)

where SPLi is the SPL value corresponding to the frequency i and N is the number
of frequency points in the frequency band.

The current FW–H code in OpenFOAM refers to Epikhin et al. [2015].

2.4. Numerical setup

In this paper, LES coupled with nonlinear PSE is used to simulate the laminar–
turbulent transition in a flat plate. The current computational domain is shown

in Fig. 1, where R =
√

Rex =
√

U∞x
ν denotes the nondimensional streamwise

position. The freestream velocity U∞ = 1m/s and the kinematic viscosity of the
fluid ν = 6.25× 10−6 m2/s. The upstream laminar simulation is conducted between
0 ≤ R < 400, where R = 400 is the outlet for the laminar region as well as the
inlet for the turbulence region. Flow field information of both laminar simulation
and nonlinear PSE calculation are input at R = 400. Laminar–turbulent transition
and full turbulence are resolved at the turbulence region between 400 ≤ R < 1000.
The sponge region with 1000 ≤ R ≤ 1300 is set to reduce the influence of the outlet
boundary on the flow. The boundary layer thickness δ0 = 0.01m at R = 400 is
used to nondimensionalize the length scale. The length, height and width of the
computational domain are Lx = 1050δ0, Ly = 300δ0 and Lz = 12δ0, respectively.

According to Kachanov’s experiment [Kachanov and Levchenko (1984)], a fun-
damental wave with mode (2, 0) of F = 2πfν/U2

∞ = 124 × 10−6 (fδ0/U∞ =
3.2 × 10−2), and a pair of subharmonic wave with mode (1, 1) of 1

2F (fδ0/2U∞ =
1.6 × 10−2) are introduced at R = 400. The streamwise wave number of the
2D Tollmien–Schlichting (TS) wave is α(2,0) = 2πδ0/λx = 0.5418, the spanwise
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Fig. 1. Computational domain.

Table 1. Grid parameters.

Parameters Laminar simulation Turbulence simulation Sponge region

Δx+ 9.62 9.21 901.20

Δy+
min 0.75 0.81 0.53

Δy+
max 767.92 824.98 536.15

Δz+ 9.07 9.78 6.35

Nx 500 3000 60

Ny 128 128 128

Nz 64 64 64

Ntotal × 106 4.096 24.576 0.492

wavenumber of the subharmonic wave is β(1,1) = 2πδ0/λz = 0.5206, and the angu-
lar frequency of the TS wave is ω(2,0) = 2πfδ0/U∞ = 0.1984.

Hexahedral grids with a total number of 2.916×107 are employed for the current
simulation. The streamwise and spanwise scales of grids are isotropic. The normal
scale of grids increases gradually as the distance to the boundary increases. Detailed
grid parameters are shown in Table 1. The superscript + represents nondimensional
by friction velocity uτ and viscosity ν. The timestep used in the current simulation
is Δt1U∞/δ0 = 0.1 for over T1U∞/δ0 = 4000 to obtain a steady flow, and is adjusted
to Δt2U∞/δ0 = 0.005 for over T2U∞/δ0 = 500 to record unsteady flow information
like pulsating pressure and noise.

3. Numerical Simulations

The instantaneous vortex structure displayed based on the Q-criterion [Hunt et al.
(1988)] is shown in Fig. 2. At the upstream region, the 2D TS wave is the dominant
component. As the flow moves downstream, the amplitude of the subharmonic wave

2441008-6
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Fig. 2. Isosurface of Q = 5 s−2 colored by nondimensional streamwise velocity.

gradually increases to the same order as the fundamental wave, leading to span-
wise fluctuations in the flow field. The three-dimensional instability promotes the
evolution and interaction of vortex structures. As a consequence, turbulent spots
and gamma vortex appear, which marks the beginning of the transition to turbu-
lence. Turbulence spots continue to grow and develop downstream and merge with
other turbulence spots, and eventually forming a fully developed turbulent flow
[Emmons (1951)].

The skin friction coefficient Cf , defined as Cf = τw
1
2ρU2

∞
, where τw is the mean

wall shear stress, is an important parameter to describe the transition from laminar
to turbulence. The streamwise distribution Cf of the current simulation compared
with previous studies is shown in Fig. 3 [Sayadi et al. (2013); Lozano et al. (2018);
Kim et al. (2019)]. The evolution of Cf shows that PSE coupled with the LES
method is able to resolve laminar–turbulent transition process accurately. It is gen-
erally believed that the location where Cf curve derivates from the laminar solution
represents the onset of transition, and the transition ends at the peak of Cf curve.
According to the current results, R = 700 and R = 785 are used to represent the
onset and end of laminar–turbulent transition, respectively. Thus, the length of the
transition region is Δxtr = 79δ0.

Three FW–H porous surfaces are employed to predict the radiated noise level
in laminar, transition and turbulence regions, as shown in Fig. 4. All FW–H sound
source regions are 79δ0 in length, 30δ0 in height and 30δ0 in width, to ensure that
each sound source region has the same resolution and number of grid cells. Three
observers (M1, M2, M3) are located 100δ0 from the wall, and at the center of each
FW–H sound source region in streamwise and spanwise directions, respectively.
Each observer only corresponds to the FW–H porous surface directly below to
avoid the influence of the sound propagation distance. An additional observer N1
located 1000δ0 from the onset of transition corresponds to the porous surface at the

2441008-7
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Fig. 3. Streamwise distribution of Cf in the flat plate.

Fig. 4. Schematic diagram of the radiated noise prediction.

transition region and is used to verify the simulation results of radiated noise in the
transition region in a flat plate.

Lauchle [1981] derived the empirical formula for the power spectral density
(PSD) of the far-field acoustic pressure radiated per unit spanwise width of the
boundary layer in the transition region of a flat plate by equating the displacement
thickness fluctuation to a monopole sound source. The FW–H method based on the
stationary surface cannot take monopole noise into account, so it is not suitable

2441008-8
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Fig. 5. Comparison of PSD between Lauchle’s empirical formula and current porous FW–H method
in the transition region on the plate.

for predicting the radiated noise in the transition region. The comparison between
the current porous FW–H method and Lauchle’s empirical formula at observer N1
is shown in Fig. 5, where ω is normalized by δ0 and U∞. Considering that the
empirical formula is idealized in some aspects, the present comparative results are
generally in good agreement. This proves that the porous FW–H method is able to
accurately predict the radiated noise in the transition region.

To further study the radiated noise characteristics on the flat plate, Fig. 6 pro-
vides comparisons of SPL in laminar, transition and turbulence regions. In Fig. 6(a),
one-third octave spectral of SPL from 0.1 < ωδ0/U∞ < 20 indicate that noise

(a) (b)

Fig. 6. Comparisons of SPL in different regions on the plate. (a) One-third octave spectral and
(b) Continuous spectral.
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generated in the laminar region is much lower than that in the transition region
and turbulence region in each frequency band. SPL curves in the transition region
and turbulence region have similar frequency variation regulation, and noise in the
turbulence region is slightly greater than that in the transition region. Since the high
SPL amplitude parts in each region are concentrated in the low-frequency segment,
Fig. 6(b) compares the continuous spectral of SPL from 0.01 < ωδ0/U∞ < 0.4 in
different regions. The low-frequency noise of the transition region and turbulence
region is almost of similar magnitude without obvious SPL peaks. However, the
extremely low frequency (ωδ0/U∞ < 0.128) noise in the laminar region exhibits sig-
nificant spectral line characteristics with Δωδ0/U∞ = 1.6×10−2, which is very close
to the frequency of subharmonic wave introduced at the inlet. When the ωδ0/U∞
is higher than 0.16, the frequency interval of adjacent SPL peaks is approximately
doubled in the laminar region. This phenomenon seems to suggest that the fre-
quency features of radiated noise in the laminar region are significantly affected
by TS wave and subharmonic wave. Flows in transition and turbulent regions are
more intense, resulting in more complex sound sources of radiated noise. Therefore,
the frequencies corresponding to the TS wave and subharmonic wave are no longer
dominant in radiated noise.

In order to explore the relationship between flow field characteristics and radi-
ated noise in different regions of the flat plate, the different regions of the flat plate
are divided into four parts with equal area, as shown in Fig. 7. The changes of pul-
sating pressure, velocity and boundary layer displacement thickness δ∗ are analyzed
at the positions marked in the figure. δ∗ is defined as follows:

δ∗ =
∫ δ

0

(
1 − u

U∞

)
dy, (17)

where u is the local streamwise velocity, δ is the boundary layer thickness defined
as the distance from the boundary where u reaches 99% of U∞.

Comparisons of PSD of boundary layer displacement thickness δ∗ are shown in
Fig. 8. The PSD results are nondimensionalized by δ0 and f , where f is the frequency
of fundamental wave satisfying fδ0/U∞ = 3.2×10−2. Both in the laminar region and
turbulence region, the PSD of δ∗ hardly changes in different streamwise locations.
In the transition region, the PSD value increases significantly with the increase
of R in the frequency band ωδ0/U∞ > 0.04. For all the typical locations, PSD
curves reach peaks around ωδ0/U∞ = 1.6× 10−2 and ωδ0/U∞ = 3.2× 10−2. These
results indicate that the fluctuations of boundary layer displacement thickness in the

Fig. 7. Typical locations of different regions on the plate.
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(a) (b)

(c)

Fig. 8. PSD of boundary layer displacement thickness δ∗ in different regions on the plate. (a)
Laminar region, (b) Transition region and (c) Turbulence region.

transition region begin to intensify, which confirms Lauchle’s hypothesis [Lauchle
(1981)]. In addition, the TS wave and subharmonic wave introduced at the inlet
boundary could affect fluctuations in the boundary layer displacement thickness.

Pressure and normal velocity are monitored in the typical streamwise locations
in Fig. 7 at y = 0.1δ0 (in the near-wall region) and y = 10δ0 (at the porous
FW–H surface, in the freestream). Comparisons of SPL curves of pressure nondi-
mensionalized by pref = 1μPa are shown in Fig. 9. In the laminar region and early
transition region at y = 0.1δ0, several peaks in SPL curves with the frequency inter-
val of Δωδ0/U∞ = 1.6 × 10−2 are observed at low frequency. At the downstream
locations, the pulsating pressure has a higher order of magnitude throughout the
low frequency. Besides, the pulsating pressure gradually increases from the onset
of transition the full turbulence is developed. These phenomena indicate that the
instability modes imposed by nonlinear PSE have an influence on the pre-transition
and early-transition regions. However, it seems that these subharmonic and higher
harmonic waves only affect the pulsating pressure in the near-wall region, due to

2441008-11

In
t. 

J.
 C

om
pu

t. 
M

et
ho

ds
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

H
A

N
G

H
A

I 
JI

A
O

T
O

N
G

 U
N

IV
E

R
SI

T
Y

 o
n 

05
/1

8/
25

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

May 2, 2025 11:20 WSPC/0219-8762 196-IJCM 2441008

B. Xie, Y. Zhuang & D. Wan

(a) (b)

(c) (d)

(e) (f)

Fig. 9. SPL of pressure in different regions on the plate. (a) y = 0.1δ0 in laminar region, (b) y =
10δ0 in laminar region, (c) y = 0.1δ0 in transition region, (d) y = 10δ0 in transition region,
(e) y = 0.1δ0 in turbulence region and (f) y = 10δ0 in turbulence region.
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(a) (b)

(c) (d)

(e) (f)

Fig. 10. PSD of normal velocity in different regions on the plate. (a) y = 0.1δ0 in laminar region,
(b) y = 10δ0 in laminar region, (c) y = 0.1δ0 in transition region, (d) y = 10δ0 in transition region,
(e) y = 0.1δ0 in turbulence region and (f) y=10δ0 in turbulence region.
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only the peak of SPL curves corresponding to the frequency of the TS wave being
detected in the freestream. According to the FW–H equation, the fluctuations of
pressure can be regarded as a dipole sound source [Ffowcs-Williams and Hawkings
(1969)]. The present numerical results show that this dipole sound source is mainly
concentrated in the near-wall region, and is closely related to the disturbance modes.

The normal velocity at y = 0.1δ0 and y = 10δ0 represents the expansion of the
boundary layer to the outside and the normal velocity through the porous FW–H
surfaces, respectively. The PSD curves of normal velocity nondimensionalized by
U∞ and δ0 in different regions are shown in Fig. 10. In the near-wall region, the
PSD curves of normal velocity have a similar variation trend with SPL curves of
pulsating pressure, including the frequency characteristics. This proves once again
that the influence of the disturbed modes on the flow field is comprehensive. Fluc-
tuations of normal velocity in the transition region gradually increase at y = 0.1δ0,
which corresponds to the conclusion mentioned above that the fluctuations of the
boundary layer displacement thickness intensify. The normal velocity at y=10δ0

represents the monopole sound source of the FW–H equation [Ffowcs-Williams and
Hawkings (1969)]. Dominant peaks of PSD curves in different regions also occur at
ωδ0/U∞ = 3.2× 10−2. Unlike the results of pulsating pressure, the normal velocity
still increases in further downstream locations in the turbulence region. Therefore,
the monopole noise generated in the turbulent region is theoretically much greater
than that in the laminar flow region and the transition region.

4. Conclusions

In this paper, WRLES coupled with nonlinear PSE and porous-surface FW–H
method is applied in the current simulation to resolve the flow field and acous-
tic characteristics of the laminar–turbulent transition in a flat plate. Compared
to the previous studies, our numerical results are convincing. The fluctuations of
boundary layer displacement thickness, pressure, velocity and radiated noise in dif-
ferent regions of the flat plate are compared and analyzed. According to our simu-
lation results, the disturbance modes imposed at the inlet boundary by PSE have
a great influence on the fluctuations of pressure and normal velocity in the laminar
region and early transition region. Spectral curves of these parameters have obvious
peaks at the frequencies of the TS wave and subharmonic wave especially in the
near-wall region. From the onset of transition, the fluctuations of pressure, normal
velocity and boundary layer displacement thickness increase significantly with the
increase of R. In the late-transition region and fully developed turbulence region, the
flow becomes more complex and is no longer dominated by the disturbance modes.
Therefore, spectral for the above flow field parameters and radiated noise show a
high order at the low frequency in the both transition and turbulence regions with-
out frequency peaks. Because the pulsating pressure and normal velocity gradually
increase in the transition region, the radiated noise level in the transition region is
slightly lower than that in the turbulence region.
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