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Abstract: A shallowly submerged hydrofoil often induces disturbances on the free water surface by generating numerous vortex 
structures, leading to phenomena such as wave breaking and droplet splashing. These phenomena involve various physical 
mechanisms. In this study, the third-generation vortex identification technique, Liutex, is employed to perform a detailed analysis of 
the vortex structures generated by the hydrofoil near the free surface. It is observed that these coherent vortex structures strongly 
entrain surrounding fluid, resulting in air entrainment and bubble sweep-down phenomena. We analyze the bubble dynamics in terms 
of bubble number density, volume distribution, and number distribution, revealing the dynamic characteristics of bubbles under the 
influence of vortex structures. Additionally, by tracking the vortex structures, two distinct forms of air entrainment are identified. The 
analysis of bubble motion using Liutex demonstrates the evolution and distribution patterns of bubble sizes in the turbulent flow field. 
The results indicate that the third-generation vortex identification technique, Liutex, effectively explains the mechanisms behind free 
surface breaking induced by the shallowly submerged hydrofoil. 
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0. Introduction  

There are many distinct types of vortex structures 
with different scales and strengths in both nature and 
engineering, particularly in turbulent flow fields. 
These vortex structures disturb the flow field and are 
crucial to the generation and evolution of turbulence[1]. 
As a result, it is essential to accurately identify vortex 
structures in order to comprehend the flow mechanism, 
resolve turbulence issues, and implement flow control. 

In the early days, the magnitude of vorticity 
(gradient tensor of velocity) is taken as the strength of 
vortex structure, but it is found that its physical 
significance is not clear in the practical application, 
and causes a lot of misconceptions in turbulence 
research. Therefore, the second generation of vortex 
identification methods such as Q , Δ , 2  and ci  
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have been developed[2]. These methods are either a 
modification of the Cauchy-Stokes decomposition or 
based on velocity gradient tensor eigenvalues. The 
second generation vortex identification methods have 
improved the understanding of vortex structure to 
some extent. However, it has the disadvantages of 
threshold selection, the recognitional results are 
contaminated by shear, and it cannot recognize strong 
and weak vortices at the same time, etc. In 2016, 
Chaoqun Liuʼs team proposed   vortex identifica- 
tion method, which is firstly proposed to decompose 
the vortex volume into rotating and non-rotating parts, 
and to overcome the problem of threshold selection in 
the second generation of vortex identification method[3]. 
In 2017, Liu named the rotating part “Rortex”, whose 
direction represents the local rotation axis and whose 
magnitude represents the rotation angular velocity[4]. 
In 2018, Rortex was renamed to Liutex vector, and for 
more details, please refer to the paper[5]. 

With the development of computational re- 
sources and numerical techniques in recent years, 
attention has gradually begun to focus on bubble 
entrainment due to wave breaking, and the subsequent 
downward sweeping motion of the bubbles. Due to the 
complexity of the wave breaking mechanism and the 
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turbulence characteristics of the bubble entrainment 
that occurs after wave breaking, analyzing this pheno- 
menon is still a challenging task. Vortex identification 
methods have been applied to reveal the flow 
properties of breaking waves. Di Giorgio et al.[6] used 

ci - method to extract coherent vortex structures, such 
as vortex tubes and vortex sheets, during the breaking 
process of three-dimensional Stokes waves. They 
investigated the different presentation of vortex 
structures in different Reynolds numbers. They also 
revealed the link between vortex structures and energy 
dissipation and emphasized that wave dissipation is 
mainly due to vortex sheets, while vortex tubes mainly 
control intermittency. Li et al.[7] employed the -Q
method to investigate the temporal evolution of 
turbulent vortex structures around hydrofoils. They 
discovered that the quasi-ordered structures have a 
strong capacity for entraining fluid, which induces a 
swirling effect on the surrounding fluid. A typical 
manifestation in wedge-shaped hydraulic jumps is the 
complex air entrainment process in the flow separa- 
tion zone and shoulder wave breaking region. Hu et 
al.[8-10] utilized the Liutex-method to study the vortex 
structures in wave breaking induced by plate towing. 
Furthermore, they developed the Liutex force 
model[11-13] to investigate the interaction between the 
free surface and vortices, and illustrated the effecti- 
veness of mitigating or controlling bubble entrainment. 

This paper investigates the phenomenon of free 
surface breaking induced by a shallowly submerged 
hydrofoil. The third-generation vortex identification 
method is employed to analyze the flow field struc- 
tures and bubble entrainment.  
 
 
1. Mathematical formulations 
 
1.1 Numerical methods 

This study is based on the incompressible two- 
phase flow solver, Basilisk Flow Solver[14-15], which 
has been validated in numerous two-phase flow 
problems[16-18]. The governing equations solved in this 
study are as follows: 
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where u  is the fluid velocity, D  is the deformation 
tensor defined as ( ) / 2ij i j j iD u u    ,   is the 

fluid density and p  is the pressure. The term a

 g Fσ  is the source term, which includes the con- 
tributions of gravity and surface tension in this study. 

To accurately capture the free surface, the 
coupled level-set and volume of fluid (CLSVOF) 
method is employed in this paper. This method 
combines the mass conservation advantages of the 
VOF method with the precise curvature computation 
of the level-set method. The fluid transport equation 
for this method is as follows: 
 

( ) 0t f f   u
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(4) 
 
where f  is the volume fraction in the VOF method, 

  is the distance function in the level-set method. 
The surface tension at the free surface is computed as 
follows: 
 

  s   F n
                                                           

(5) 

 
where   is the surface tension coefficient,   is the 
curvature of the free surface, s  is the Dirac function 

of the interface and n  is the surface normal. 
 
1.2 Liutex vortex identification method 

For the specific definition of Liutex, please refer 
to the papers[4-5, 19-20]. This section will explain how to 
implement the Liutex computation within the Basilisk 
Flow Solver. We need to use the “foreach ( )” function 
to go through each grid and perform the following 
calculation for each grid: 

(1) Compute the velocity gradient tensor J  
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(2) Compute the eigenvalues i  and the eigen- 

vector iv  of the velocity gradient tensor 
 

i i iJ  v
                                                                        

(7) 
 

It should be emphasized that in the work by Liu 
et al.[4, 21], the solutions are obtained using the linear 
algebra library LAPACK. In this study, we analy- 
tically solve the eigenvalues of the 33 matrix J  
using the Cardano formula. 

(3) Construct the rotation matrix Q  

According to the principal eigenvector 3v  (cor- 
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responding to the largest eigenvalue), the rotation 
matrix is constructed, and the velocity gradient tensor 
is converted to the rotating base. 

First define the unit vector zv  
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Calculate the rotation axis   and rotation angle   
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Construct the orthogonal matrix Q  
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Construct the final rotation matrix Q  based on 

the determinant of Q  
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(4) Calculate the new velocity gradient tensor 

J  under the locally rotating base 
 

 
T J QJQ

                                                                 

(17) 
 

(5) Calculate Liutex value 
Calculate   and   
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Calculate the value of Liutex R  
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(6) Compute the Liutex vector 
Liutex vector 3RR v  
The Modified Liutex-Omega method is further 

applied to normalize Liutex values 
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where cr  and r  are real part of conjugate com- 
plex eigenvalues and real eigenvalues of velocity 
gradient tensor, 2 2

0 max( ,0)b     is a small 

parameter to avoid division by zero and 6
0 10b    

is a small constant. 
The entire computational process is shown in 

Table 1. At the moments when Liutex needs to be 
calculated, the following computational steps can be 
added to the Basilisk Flow Solver. 
 
Table 1 Liutex vortex identification method calculation 

steps in the Basilisk Flow Solver 
Calculation procedure 

1 Initialize the global vector R , scalar R  

2 For each cell in mesh do 
3 Calculate the velocity gradient tensor J  
4 Calculate the eigenvalues and eigenvectors 
5 if a real root and a pair of conjugate virtual roots then 

6 Calculate rotation matrix Q  

7 Calculate velocity gradient tensor TQ Q J J  

8 Calculate   and   

9 Compute Liutex R , R  

10 end if 
11 end for 
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2. Numerical setup 
This study primarily investigates the pheno- 

menon of free wave breaking induced by the 
NACA0012 hydrofoil at different shallow submer- 
sions. The initial experiments were conducted by 
Duncan[22]. While numerous scholars have performed 
numerical simulations on two-dimensional cases[23-24], 
most of these studies focus only on macro quantities 
such as the forces acting on the hydrofoils and lack 
consideration of phenomena such as bubble entrain- 
ment and bubble sweep-down generated by wave 
breaking. This paper will conduct numerical simu- 
lations on three-dimensional cases. The parameters for 
the NACA0012 hydrofoil are shown in Table 2. 
 
Table 2 NACA0012 hydrofoil geometry model parameters 

Parameters Value 

Angle of attack/ 10 

Chord length, / mc  1 

Span length, / mL  0.2 

Velocity of incoming flow, 1/ (m s )U   1.789 

 

 
 
Fig. 1 The computational domain 
 

 
 
Fig. 2 Schematic diagram of adaptive grid refinement 
 

The initial computational setup is shown in Fig. 1. 
The inlet boundary is located 2c  upstream of the 
hydrofoil’s leading edge and is set as a Dirichlet 

velocity boundary. The outlet boundary is positioned 
6c away from the hydrofoil to allow sufficient 
evolution of the wake and is set as the Neumann 
conditions. The top and bottom boundaries are 4c  
away from the hydrofoil and are set as no-slip 
conditions. The width of the entire computational 
domain is 0.25c , with the front and back boundaries 
set as symmetric boundary conditions. The distance 
from the hydrofoil's leading edge to the free surface is 
denoted as h , which represents the submersion depth. 
 

 

 
Fig. 3 Comparison of flow field in Y  section 
 

In this study, the hydrofoilʼs submersion depth is 
/h c  0.3, 1.3, and the incoming flow velocity is 

1.789 m/s, corresponding to the Reynolds number 
6/ 1.569 10Re Uc     and the Froude number 

/ 0.571ncF U gc  . The density ratio of air to 

water is 1/998, and the dynamic viscosity ratio is  
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Fig. 4 Comparison of three-dimensional vortex structures identified by different methods 
 

5 31.784 10 /1.138 10   . The surface tension coeffi- 
cient is 0.072 N/m, and the gravitational acceleration 

is 29.81 m / sg  . The dimensionless time is t 
/tU c , where t  is the calculation time. 
To capture the bubble downwash phenomenon 

following wave breaking, an extremely high-resolu- 
tion grid is necessary. Therefore, adaptive mesh 
refinement technology is employed to reduce com- 
putational resource consumption. The refinement 
criteria include a maximum tolerance for the estimated 
error in the velocity field denoted as 3

err 2 10u    

and in the water volume fraction set as 18
err 1 10f   . 

The maximum and minimum refinement levels are 11, 
6, corresponding to grid resolutions of min / 256c  , 

max / 8c  . The validation of the numerical method 
and more details can be found in the previous study[25]. 
The schematic of the mesh refinement is shown in Fig. 
2. As depicted, the grid is primarily refined near the free 
surface, around the hydrofoil, and in the wake region, 
aligning with our expectations for mesh refinement. 

 
 
3. Results and discussions 
 
3.1 Vortex comparison 

At a submersion depth of / 1.3h c  , the hydro- 
foil disturbs the free surface, creating a regular wave 
pattern. In Fig. 3, the velocity field, vorticity field, 
Liutex field and Liutex-Omega field in the Y-plane 
are presented. From Fig. 3(a), it can be observed that 
due to the disturbance, the velocity in the upper region 
of the hydrofoil and the wake area becomes 
fluctuating, increasing the overall turbulence of the 
flow field. Figure 3(b) displays the vorticity field, 
revealing numerous alternating positive and negative 
vortex structures in the hydrofoil wake. However, 
compared to Figs. 3(c), 3(d), the vortex structures in 
the vorticity field appear quite blurred, with unclear 
vortex boundaries, especially around the hydrofoil. 
Figures 3(c), 3(d), utilizing the Liutex method and the 
Liutex-Omega method, effectively capture the vortex 
structures around the hydrofoil and in the wake region.  
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Fig. 5 Evolution of vortex structure around hydrofoil ( 0.52)R   
 

These methods provide a clearer and more defined 
representation of the vortex structures compared to the 
traditional vorticity field. 

Figure 4 shows the three-dimensional vortex 
structures extracted using the 2  method, -Q

criterion method, Liutex method, and Liutex-Omega 
method. Compared with other methods, the 2  
method differs mainly in the upper region of the 
hydrofoil, where transition occurs and vortices shed. 
The 2  method forms a false vortex at the leading 
edge of the hydrofoil, and in the upper region, it only 
captures vortex tube structures, failing to identify the 
turbulent transition. Fig. 4(b) shows the -Q criterion 

method. Compared to Figs. 4(c), 4(d), the -Q crite- 
rion method has a significant threshold selection issue 
and cannot simultaneously display both strong and 
weak vortices. Overall, the Liutex method and 
Liutex-Omega method provide more accurate identifi- 
cation of vortex structures in the hydrofoil flow field. 
The Liutex-Omega method is particularly recom- 
mended due to its ability to solve the threshold issue[1, 20]. 

The evolution of vortex structures around the 
hydrofoil identified by the Liutex-Omega method is 
illustrated in Fig. 5. It can be observed that, at the 
submersion depth of / 1.3h c  , the free surface 
remains unbroken, and the vortex structures around 
the hydrofoil do not interact with the free surface. The 
evolution of vortex structures on the upper surface of 
the hydrofoil is depicted: Initial vortex tubes detach 
( 1.52)t  , followed by the formation of vortex fila- 

ments around the tubes ( t  1.70, 1.97). These fila- 
ments expand their motion range into the hydrofoil’s 
wake ( 2.68)t  , ultimately resulting in complex 

vortex structures downstream ( 10)t  . Further 

instantaneous vortex structures at 10t   are pre- 
sented in Fig. 6. The Liutex-Omega method effe- 
ctively captures the transition process of the flow field 
on the upper surface of the hydrofoil, with the vector 
nature of Liutex allowing for the expression of the 
rotation axis direction of the vortex structures[26]. In 
the laminar region, the vortex structures attach to the 
leading edge of the hydrofoil in layers rotating in the 
same direction, subsequently forming detached 
two-dimensional vortex tubes. These tubes undergo 
gradual deformation, lifting and stretching from the 
leading edge, resulting in hairpin vortex structures that 
can induce new vortices, creating turbulent transition 
region. Ultimately, a fully developed turbulent region 
forms at the hydrofoil's trailing edge, characterized by 
highly complex wake vortex structures. 
 
3.2 Bubble dynamics 

In this part, the wave-breaking condition /h c 
0.3  is adopted. The volume of entrained gas over 
time is extracted, as shown in Fig. 7. As illustrated in 
Fig. 7(a), the change in entrained gas volume can be 
divided into three stages: The initial stage ( 4)t  , 

the rapid-developing stage (4 8)t   and the stable 

stage ( 8)t  . 
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Fig. 6 Instantaneous vortex structure 10*t   ( 0.52)R   
 

 

 

 
Fig. 7 Development stage of bubble entrainment ( 0.52)R   
 

In the initial stage, due to the obstruction of the 
hydrofoil, the wave surface continuously rises to form 
a leading wave. When the wave height exceeds a 

certain threshold, the leading wave rolls forward, 
entraining a large cavity. A water tongue is formed 
subsequently that rolls forward again, entraining a 
smaller cavity. As shown in Fig. 7(b), due to the 
upward movement of vortex structures in the 
hydrofoil wake, these two large cavities quickly break 
and escape from the free surface, causing a sudden 
drop in the volume of entrained gas.  

In the rapid-developing stage, the upper region of 
the hydrofoil continuously undergoes breaking, with 
cavities being entrained and breaking into small 
bubbles, resulting in an overall increase in the total 
volume of entrained gas. As shown in Fig. 7(c), a 
large number of vortex structures form in the breaking 
leading wave region, and the trailing edge of the 
hydrofoil also forms vortices that continuously shed 
and mix further downstream. 

In the stable stage, as depicted in Fig. 7(d), the 
leading wave forms a continuously breaking two- 
phase mixing zone, but the overall volume of 
entrained gas remains relatively stable. Additionally, 
in this stage, the vortex structures from the hydrofoil 
no longer exhibit distinct shedding due to the 
influence of free surface vortex structures. Instead, 
they mix with the vortices generated by wave 
breaking, forming a more chaotic vortex region. 

Figure 8 shows the temporal variation in the total 
number of entrained bubbles, which also corresponds 
to the three stages described in Fig. 7. In the initial 
stage, due to the relatively mild breaking of the free 
surface and the larger volume of entrained bubbles, 
the overall number of bubbles is low. In the rapid- 
developing stage, the large cavities entrained in the 
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previous stage rapidly break up, forming a large 
number of small bubbles. During this stage, the 
intensity of free surface breaking increases con- 
tinuously, leading to a rise in the total volume of 
entrained gas and an increase in the number of 
bubbles. Consequently, the number of bubbles shows 
a rapid upward trend in this stage. In the stable stage, 
the total volume of gas entrained in the flow field 
remains relatively stable, and the number of bubbles 
maintains a high value. 
 

 
 
Fig. 8 The curves of bubble number over time 
 

 
 
Fig. 9 The instantaneous vortex structure at 3.76*t   ( R   

0.52)  
 

Regarding the mechanisms of air entrainment, 
two types have been observed: Types Ⅰ, Ⅱ. Figure 9 
shows the Liutex field in the Y-plane at 3.76t  . 
From this figure, we can observe the upward motion 
of vortex pair structures generated at the trailing edge 
of the hydrofoil, which impacts the free surface. Type 
Ⅰ entrainment is primarily caused by the obstruction 
effect of the hydrofoil and is the main source of gas 
entrainment in the flow field. However, by examining 
the vortex structures using the Liutex-Omega method, 
we find that this portion of entrained gas is influenced 
by the upward-moving vortex structures at the trailing 
edge of the hydrofoil, limiting its downstream move- 
ment and complicating its dynamics. Type Ⅱ entrain- 
ment is mostly caused by the hydrofoil wake’s vortex 
pair structures moving upward and reaching the free 
surface, which rolls and entrains gas. 

The time-averaged bubble size spectrum is calcu- 
lated using the following equation: 
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where b  is the total computational domain, bv  is 
the volume of a single bubble. 
 

 
 
Fig. 10 Time-averaged bubble particle size spectrum 
 

As shown in Fig. 10, we observe that the bubble 
size distribution follows a power-law distribution. 
This is due to the fact that the bubbles are produced 
through wave breaking, and the main motion feature 
of the bubble population is shear-induced breaking. 
Previous studies[27-28] have demonstrated that the 
bubble size distribution resulting from pure wave 
breaking follows a 10/3 power-law distribution. In 
this study, as the bubble volume increases, the slope 
of the bubble size distribution also increases. This 
trend is similarly observed in bubbles generated by the 
breaking of flow around structures penetrating the free 
surface[7-8, 29-30]. In our study, this phenomenon is 
mainly influenced by the vortex pairs in the hydrofoil 
wake. Figure 11 shows the vortex pair structures at 

10t  . The upward motion of the hydrofoil's vortex 
pairs can be found clearly, which impacts the bubbles 
in the flow field. This effect is particularly significant 
for larger bubbles, causing them to quickly escape 
from the free surface or break up, thereby reducing 
their residence time in the water. At the same time, 
small bubbles are swept down deeper, In the size 
spectrum, this results in a decrease in the number of 
large bubbles and a shift in the bubble size distribution 
slope from 10/3 to 9/2. 
 
 
4. Conclusions 

In this study, the third-generation vortex identifi- 
cation method is embedded into the incompressible  
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Fig. 11 The instantaneous vortex structure at 10*t   ( 0.52)R   
 
multiphase flow solver Basilisk to analyze the flow 
field structure and bubble entrainment phenomena 
around a shallowly submerged hydrofoil. Using 
adaptive mesh refinement technology, we simulate the 
flow field structures around the hydrofoil at two 
submersion depths, / 0.3h c  , / 1.3h c  . The 
third-generation vortex identification technology is 
employed to explain the bubble entrainment pheno- 
mena in the flow field. The main conclusions of this 
paper can be summarized as follows: 

(1) Compared to other vortex identification 
methods, the third-generation vortex identification 
technology provides better identification results, 
particularly the Liutex-Omega method, which effe- 
ctively addresses the threshold selection problem. 

(2) Two mechanisms of air entrainment, types Ⅰ, 
Ⅱ, are observed. Using the Liutex method, it is found 
that the wake vortex structures in the hydrofoil 
directly cause type II, and they also have an impact on 
type I bubble entrainment motion. 

(3) The upward motion of the hydrofoil wake 
vortex structures causes large bubbles in the flow field 
to quickly rise or break, reducing their residence time 
in the water. As bubble size increases, the slope of the 
bubble size spectrum shifts from 10/3 to 9/2. 
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