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Abstract: The wake of a submarine is a crucial element that greatly affects its stealth and hydrodynamic performance. To investigate 
the propagation and evolution characteristics of submarine wakes in a stratified fluid, particularly under free surface conditions, a 
numerical method to simulate the linearly stratified environment was developed. A thermocline model based on Boussinesq 
assumption was introduced to match the continuously stratified fluid. The volume of fluid (VOF) method was utilized to capture free 
surface waves, while a fully structured grid and the SST -k   turbulence model were combined to solve the complex flow of 
submarines. Grid independence study in homogenous flow near the free surface was initially conducted. Furthermore, the 
hydrodynamic performance, wake evolution characteristics, free surface signatures as well as decay of velocity under different 
stratification levels were analyzed. Results demonstrated that the numerical method employed was efficient in simulating stratified 
flows. Moreover, it showed that density stratification had a significant impact on the hydrodynamics and wake characteristics of a 
submarine, especially under strong density stratification circumstances. 
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0. Introduction  

With improving anti-submarine efficiency being 
a top priority, scientific interest in submarine detec- 
tion technology continues to expand, particularly 
within the military field. Historically, sonar has been 
the mainstream approach for acoustic detection. How- 
ever, in recent years, non-acoustic detection methods 
such as hydrodynamic and thermal wake detection 
have shown rapid development[1]. Therefore, it is 
necessary to pay greater attention to submarine wakes. 
The actual ocean environment comprises of density 
and thermal stratification, as well as waves on the free 
surface. When a submarine moves through the strati- 
fied fluid, it generates a turbulent wake with intricate 
coherent structures and internal waves, which can then 
interact with the free surface[2]. Consequently, it is 
essential to develop numerical simulations that can 
help to investigate the mechanisms responsible for this 
phenomenon. 
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Numerous scholars have conducted researches 
related to submarine navigating at depth. The main 
objective of these studies include hydrodynamic 
performance at straight-ahead[3], drift[4], pitch[5], 
rotating[6-7] and maneuvering motions[8-9], as well as 
self-propulsion[10-12], free running simulations[13-14]. 
Investigating the effect of Reynolds number on hydro- 
dynamics and turbulent wakes is one of the most 
important aspects of these researches. The Reynolds 
number is defined as 
 

=
UL

Re


                                                                      (1) 

 
where U  represents the incoming velocity, L  
represents the characteristic length of the submarine 
hull and   represents the kinematic viscosity. For 
example, Posa and Balaras[15] focused on the effects of 
the Reynolds number on the structure of the boundary 
layer in the stern area as well as the near wake. 
Ortiz-Tarin et al.[16] investigated the high Reynolds 
number axisymmetric wake of a slender body with a 
turbulent boundary layer using a hybrid simulation. 
The transition of the wake to a state of complete 
self-similarity was investigated by looking for the first 
time into the far field of a slender-body wake. 

With the growing demand for submarines to 
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undertake more coastal missions, the influence of free 
surface and waves on hydrodynamic loads on sub- 
marine has drawn attention recently. Sudharsun et 
al.[17] detected and established the presence of 
Bernoulli hump (BH) characteristics, and then showed 
the path ahead for submarine detection using BH from 
observations of sea surface heights. Amiri et al.[18-20] 
evaluated the free surface effect on the maneuverabi- 
lity of an axisymmetric underwater vehicle (UV) in 
the horizontal plane, explored and gained more know- 
ledge about the viscosity effect on a shallowly sub- 
merged UV hydrodynamics. Wang et al.[21] revealed 
that the presence of the hull and the interaction with 
the free surface strongly affect the inflow and wake of 
the propeller, producing higher local advance coe- 
fficient and blade loads near the surface. The length- 
based Froude number defined as follows governs the 
resistance force due to the wave system 
 

0 =
U

Fr
gL

                                                                  (2) 

 
where U  and L  represent the same definition in 
Eq. (1), g  is the gravity acceleration. 

    All of the researches mentioned above, whether 
conducted in deep water or with a free surface, 
assumes a constant density of the fluid. However, in 
the real ocean environment, the density of seawater 
varies with depth. Therefore, for a more realistic 
representation of practical operational conditions, it is 
crucial to perform simulations on the hydrodynamic 
and wake characteristics of submarines in density- 
stratified flows. In the process of studying stratified 
fluid, the internal Froude number is usually defined to 
describe the levels of stratification, defined as follows: 
 

=
U

Fr
NL

                                                                      (3) 
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where N  denote buoyancy frequency, its definition 
is listed in Eq. (4), 0  is the reference density, 

/ z   represents the density gradient. 
Scholars have conducted extensive researches on 

the hydrodynamic performance and wakes of simple 
shaped geometries in stratified fluid. Madison et al.[22] 
presented the first quantitative and systematic study 
through independent variations of Re  and Fr  of 
the canonical stratified sphere wake problem. Nume- 
rical experiments of the stratified sphere wake were 
solved using a finite volume solver in OpenFOAM 
based on Boussinesq assumption. Szmelter et al.[23] 

used the same approximation to solve the Navier- 
Stokes equation and conducted numerical simulations 
of single or multiple spheres under different Re  and 
Fr . Ortiz-Tarin et al.[24], Chongsiripinyo et al.[25] 
studied the wake structure changes of ellipsoids and 
spheres using LES and DNS methods, respectively. 
Using the RANS multiphase flow model, Ma et 
al.[26-27] were able to capture the internal interface 
waveform by solving the volume fraction of the 
phases. Additionally, they utilized the standard sea- 
water state equation to jointly solve the energy equa- 
tion in the form of temperature. By specifying the 
temperature distribution in the flow field and the 
functional relationship between density and tempera- 
ture, continuous density stratification was achieved. 
Cao et al.[28] and Huang et al.[29] were able to achieve 
linear density stratification in the background domain 
based on the thermocline model. They compared the 
resistance, wake, internal waves, and free surface 
characteristics of both a sphere and a generic sub- 
marine Joubert BB2 model in both homogeneous and 
stratified fluid environments. 
    Based on the literature review mentioned above, 
it is evident that there are still limitations in existing 
studies. Most of the researches on the free surface 
effect has been conducted in homogeneous fluid, 
while studies in stratified fluid have mainly focused 
on hydrodynamic performance or buoyancy effects of 
wakes, with little consideration given to the impact of 
free surface. Therefore, there is a critical need to 
investigate the coupling effect of submarine wakes 
with the free surface in density stratified fluids. 

The organization of this paper is as follows: 
Firstly, the numerical methods are introduced, which 
include the governing equations, stratified fluid model, 
turbulence modeling, and free surface modeling me- 
thods. Afterwards, the computational conditions are 
presented, which include the geometry, computational 
domain, and discretized grids. This is followed by a 
detailed discussion of the simulation results. Finally, a 
conclusion is provided. 
 
 
1. Numerical methods 
 
1.1 Governing equations 

The analysis in this report was conducted using 
Simcenter STAR-CCM+ 2302 software. This compu- 
tational aided engineering (CAE) solution solves 
multidisciplinary problems in both fluid and solid 
continuum mechanics, within a single integrated user 
interface. The CFD solver utilizes a cell-centered 
finite volume discretization applied to cells of arbi- 
trary polyhedral shapes. The numerical model consi- 
ders the Navier-Stokes equations and the conservation 
laws of mass and momentum, with the Boussinesq 
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approximation applied. Although the fluid considered 
is inhomogeneous with vertical density variations due 
to its stratification, the Boussinesq approximation 
assumes that such density variations are negligible 
except within the buoyancy term[30]. Therefore, the 
governing equations reduce to their incompressible 
form given by[31] 
 

= 0i

i

u

x




                                                                         (5) 
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                    (6) 

 
where   is the density of the fluid, 0  is the 

reference density, u  is the flow velocity, p  is 

pressure, g  is the acceleration due to gravity, x  is 

the spatial coordinate and the stress tensor   is 
based on the fluid’s kinematic viscosity. 
 
1.2 Equation of state 

In open sea areas, more vertical stratification of 
density is mainly caused by temperature stratifica- 
tion[32]. Considering the influence of temperature on 
density, in order to achieve linear distribution of den- 
sity, a linear equation of state was used to compute the 
density field  , based on the temperature T , as 

follows 
 

0 0( ) = [1 ( )]T T T                                                (7) 
 
where   is the thermal expansion coefficient, 0T  is 
the reference temperature. Thus, given the upper and 
lower temperature distribution of the stratified region, 
the corresponding density distribution can be calcu- 
lated. The effectiveness and computational accuracy 
of this method have been verified and confirmed in 
previous publications[28-29]. 
 
1.3 Turbulence modeling 

The -k   turbulence model is a two-equation 
model that solves transport equations for turbulent 
kinetic energy ( )k  and specific dissipation rate ( ) . 

Wilcox[33], as the originator of the -k   model, 
claims the superiority of his model over the -k   
model, and the   transport equation over other scale 
equations. One of the reported advantages of the 

-k   model over the -k   model is its improved 
performance for boundary layers under adverse pre- 
ssure gradients. However, its most significant advan- 
tage is that it can be applied throughout the boundary 
layer, including the viscous-dominated region, without 
requiring any further modification. Additionally, the 

standard -k   model can be used in this mode 
without the computation of wall distance. However, 
the biggest disadvantage of the -k   model, in its 
original form, is that boundary layer computations are 
sensitive to the values of   in the free-stream. This 
translates into extreme sensitivity to inlet boundary 
conditions for internal flows, a problem that does not 
exist for the -k   models. The variants SST -k   
included in Simcenter STAR-CCM+ have been 
modified in an attempt to address this shortcoming. 
The transport equations for the kinetic energy k  and 
the specific dissipation rate   are referred to 
Simcenter STAR-CCM+ User Guide (2023)[34]. 
 
1.4 The volume of fluid method 
    The volume of fluid method is an effective 
approach for simulating the effect of air above the free 
surface of water and capturing the interface between 
the two fluids[35-36]. In this method, a volume fraction 
function   is defined, where the value of the volume 
fraction in each grid cell is equal to the ratio of the 
volume of one of the fluids in the cell to the total 
volume of the grid cell. Thus, the volume fraction 
function   represents the ratio of the volume of 
water to the total cell volume. If a cell lies entirely in 
water, then the value of   is unity, and if it lies 
entirely in air, the value of   is zero. For cells at the 
interface of water and air, the value of   ranges 
from zero to one, depending on the proportion of 
water and air in the cell. The volume fraction   is 
advected by the flow field and is obtained as follows 
 

+ = 0U
t





                                                            (8) 

 
    The volume fraction in each grid cell is obtained 
to reconstruct an approximate interface or track the 
free surface. The density   and viscosity   at any 
point are obtained by volume phase averaging. 
 

= + (1 )w a    , = + (1 )w a                  (9) 
 
where w  and a  corresponds to the density of air 

and water, w  and a  correspond to the dynamic 
viscosity of air and water. 
 
 
2. Computational conditions 
 
2.1 Computational domain 
    The submarine geometry used in the present 
study is the bare hull DARPA Suboff model, whose 
detailed geometric description can be found in Groves 
et al.[37], Chen et al.[38]. The axisymmetric bare hull 
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geometry consists of three main parts, a bow, a stern 
and a parallel middle body. The length of the bow part, 
parallel middle part, and stern part are 1.016 m,  
2.229 m and 1.111 m. The main dimensions of the 
hull are listed in Table 1. 
 

Table 1 Main particulars of DRAPA Suboff submarine 
Description Value 

Overall length, oaL /m 4.356 
Perpendicular length, 

ppL /m 4.261 

Maximum hull diameter, D /m 0.508 
Center of buoyancy, RX /m 0.4621 oaL  

Volume of displacement,  /m3 0.708 
Wetted surface, waS /m2

5.998 

 
    Figure 1 shows the DARPA Suboff bare hull 
geometry, along with the coordinate system used in 
the present research. The origin of the coordinate 
system is located at the bow of the hull, while the 
buoyancy centre of the submarine, which is also the 
centre of moment used in the simulation, is located at 

/ = 0.462oax L  aft of the leading edge of the hull. 

The positive -x axis and -z axis are pointed toward 
the stern and the free surface, respectively. 
 
 
 
 

 
 

 
 

Fig. 1 (Color online) The DARPA Suboff bare hull geometry 
 

In the present research, the straight-ahead simu- 
lations of a 1/1-scale DARPA Suboff geometry with 
constant advance velocity based on Froude number 

0 = 0.462Fr  and at submergence depths = 1.1H D  
under different density stratification levels based on 
internal Froude number =Fr  , 3, 2 and 1 are 
performed. The submergence depth is defined as the 
distance between the model centreline to the calm 
water level. 

For validation purposes, the resistance force, 
vertical force and pitching moment obtained from the 
homogenous simulations are compared against the 
data provided by Amiri et al.[20]. As mentioned before, 
in the present study two main simulation categories 
are involved: Simulations where there is no density 
stratification and simulations where density stratifica- 
tion levels based on internal Froude number Fr  
changes from 3 to 1. In both cases, the computational 
domain is a rectangular cube. As shown in Fig. 2, a 
rectangular box was used for the background compu- 
tational domain with upstream face at = 2 oax L , 

downstream face at = 5 oax L , and sides and top at 

, = 1 oay z L . These distances were selected based on 
RANS verification and validation studies. 
 
 
 
 

 
 

 
 
 

 
 
 

Fig. 2 (Color online) The computational domain 
 
2.2 Grid generation 
    Block-structured grid with hexahedral cells were 
generated utilising an O-C topology for the body and 
an H topology to refine the free surface. To accurately 
capture the flow details within the boundary layer, a 
very sophisticated grid was arranged with a total of 22 
layers of grid nodes and a growth rate of 1.1. Since the 
SST -k   turbulence model utilized in the current 
research uses the standard wall function to represent 
near-wall turbulence, the cell next to the wall have 
laid within the logarithmic region of the boundary 

layer, which is equivalent to +30 < <100y . 
    Furthermore, local mesh refinements are applied 
to capture both the surface waves generated by 
DARPA Suboff and the pressure drop in the wake 
region. In this respect, thirty cells in wave height and 
a growth ratio of 1.2 are used to adequately capture 
the wave systems generated by DARPA Suboff. 
Figure 3 shows the generated grid in -x z  plane of 
the computational domain in the shallowly submerged 
case at 0 = 0.462Fr , = 1.1H D . 
 
 
 
 

 
 

 
 
 

 
 
 
 

 
Fig. 3 (Color online) The grid in the shallowly submerged 

simulation ( = 0)y  

 
2.3 Solvers 

STAR-CCM+ uses the finite volume method 
(FVM) to discretize directly the integral form of the 
governing equations over the finite volumes represen- 
ting the discretized form of the computational domain. 
To obtain a sharp interface, STAR-CCM+ uses the 
high-resolution interface capturing (HRIC) scheme to 
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discretize the convective term. The simulations are 
performed as unsteady, a first-order implicit scheme is 
used to perform the temporal discretization. For 
spatial discretization, a second-order upwind method 
is used. Moreover, a segregated flow solver is used to 
control the overall solution. Herein, the segregated 
solver is another name for a SIMPLE-type solver. In 
free surface simulations the time-step size is set to 
ensure the CFL number is less than one as which is 
recommended by STAR-CCM+ for simulations in- 
volving the free surface. Finally, in the present study, 
the simulations converged to a steady solution after  
50 s in unsteady simulations and simultaneously the 
absolute values of residuals diminish to values less 
than 10−3. 
 
2.4 Initial and boundary conditions 

The boundaries located at upstream and top and 
bottom are treated as velocity inlet boundaries, a 
uniform velocity based on Froude number are speci- 
fied. The reason to use velocity inlet boundaries at top 
and bottom is to prevent the flow from reflecting back 
to the domain and also to represent an open sea, which 
indicates deep water and infinite air conditions. The 
downstream boundary is selected as outlet, which 
represents a far field with no influence on the 
submarine. Finally, both boundaries located at two 
sides of the domain are considered as symmetry 
boundaries. A no-slip wall boundary condition is used 
over the submarine hull. In simulations with free 
surface, in order to damp the wave systems generated 
by the DARPA Suboff near the side boundary away 
from the hull and outlet boundary the computational 
domain is divided into two zones: Computational zone 
and damping zone. In this regard, a damping function 
as a momentum source term is added to the vertical 
velocity component equation to cancel this component 
over the distance it is applied to. The method 
implemented in STAR-CCM+ is a combination of 
both linear and quadratic functions of the vertical 
velocity component. 
 
 
3. Verification and validation 
 
3.1 Grid independence study 

In the present section, the results of the grid 
independence study (GIS) are presented. The GIS is 
conducted at 0 = 0.462Fr , = 1.1H D  for the 
shallowly submerged case without density stratifica- 
tion. The grid convergence study is conducted on 
three grids namely, coarse, fine and very fine each 
containing 4 437 042, 6 996 722 and 14 998 180 cells. 
Initially, the coarse grid was chosen as base grid 
which is relatively coarser. The grid refinement ratio 
1.5 was applied in each direction to get a finer grid 

form coarse grid. Shown in Fig. 4 is a gallery of 
images showing the variation of grid resolution with 
each grid level of the computational domain. 
 
 
 
 

 
 

 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 4 (Color online) Grids used in the GIS 
 

    Figure 5 represents the distribution of +y  over 
the surface of DARPA Suboff using the fine grid. As 

can be seen in Fig. 5, the +y  value is mostly 
distributed in the range from 30 to 100 over the body 
surface, where the wall function is applicable. 
 
 
 
 
 
 
Fig. 5 (Color online) Contour of +y  over the Suboff hull 

surface using the fine grid 
 

Using the grids mentioned before, numerical 
simulations are performed to estimate the resistance 
force in x direction, the vertical force in z  direction 
and the pitching moment about -y axis acting on the 

DARPA Suboff in the shallowly submerged homo- 
genous simulation. 
    Table 2 shows the normalized resistance force 

TC , vertical force LC  along with the normalized 

pitching moment MC  obtained from the shallowly 
submerged one. The normalization of the forces and 
moment are carried out using the following equations: 
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where xF , zF  and yM  are the resistance force, the 

vertical force and the pitching moment acting on the 
hull,   is the reference density and U  is the 
incoming velocity. 

As Table 2 suggests, there is a strong trend of 
convergence among the forces and moment values for 
all simulations conducted. Furthermore, percentage of 
difference in solution results in the shallowly sub- 
merged simulations are shown in Table 3. As can be 
inferred, the variations in all the variables between 
grids fine to very fine are smaller than the variations 
between grids coarse to fine. This drop in the varia- 
tions of the variables is considered as a proof of 
convergence of the solution results. 
 

Table 2 Normalized resistance force, vertical force and 
pitching moment obtained from different grids 

Mesh TC  LC  MC  

Coarse 2.064103 8.503104 7.182104

Fine 2.047103 8.555104 7.223104

Very fine 2.041103 8.581104 7.219104

 

Table 3 Normalized resistance force, vertical force and 
pitching moment obtained from different grids 

Difference/% TC  LC  MC  

Coarse to fine 0.82 0.61 0.57 
Fine to very fine 0.29 0.30 0.06 

 
Figure 6 depicts the centerline wave profile of 

the Suboff obtained from simulations using grids 
coarse, fine and very fine. Generally, based on Fig. 6, 
a good agreement is observed between the three 
curves, except for a small discrepancy near the down- 
stream boundary. Finally, due to the negligible 
variation in solutions between grids fine to very fine, 
with respect to the variation in solutions between grids 
coarse to fine, all the remaining simulations in the 
present study are conducted using the grid fine. 
 
 

4. Results and discussion 
In this section, the results concerning the resis- 

tance force, vertical force and pitching moment are 
firstly presented. After that, a detailed analysis is 
conducted on how the density stratification affects the 

hydrodynamics and flow field of a shallowly sub- 
merged submarine traveling beneath the free surface. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 6 (Color online) Free surface centreline profiles obtained 

by different grids and comparison with literature data 
 
4.1 Forces and moment 

Firstly, the simulation results of the resistance 
force, vertical force and pitching moment acting on 
the Suboff bare hull geometry are presented at 
different density stratification levels measured by 
internal Froude numbers. Figure 7 shows the nume- 
rical resistance force coefficient acting on the Suboff 
at internal Froude numbers from =Fr   to = 1Fr . It 
can be clearly inferred that as the Fr  decreases, 
which means a stronger density stratification, the 
resistance shows a trend of decreasing first and then 
increasing. The total resistance ( )TC  can be divided 

into frictional components ( )fC  caused by wall 

shear stress and pressure components ( )pC  induced 

by pressure differences between the bow and the stern. 
When Fr  decreases, that is, when the density 
stratification increases, the frictional resistance of the 
submarine hull does not change much, while the 
pressure resistance changes drastically. Thus, the 
change in total resistance is mainly caused by the 
change of pressure components. In addition, the case 
of = 1Fr  where the strongest density stratification 
occurs is the most special one, the pressure resistance 
suddenly increases several times, making it a turning 
point among all the cases. 

Figure 8 shows the vertical force and pitching 
moment coefficients acting on the submarine hull. As 
can be seen, the vertical force is less affected by 
density gradient compared to that of the resistance 
force. As the internal Froude number decreases, the 
vertical force coefficient remains almost constant. On 
the other hand, the pitching moment coefficient exhi- 
bits a trend of initially decreasing and then suddenly 
increasing as Fr  decreases, which is similar to the 
trend in resistance. It can be seen that when Fr  
changes from 3, 2 to 1, the increase in density gradient 
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led to a significant change in the hydrodynamic 
characteristics. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 7 (Color online) Resistance force coefficients acting on the 

Suboff hull at different internal Froude numbers 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 8 (Color online) Vertical force and pitching moment coe- 

fficients acting on the Suboff hull at different internal 
Froude numbers 

 

4.2 Free surface waves 
    When a submarine navigates near the free surface, 
it will be influenced by the free surface inevitably, 
which in turn affects the shape of the free surface 
waves. Previous researches have shown that when a 
submarine traveling beneath the free surface, it will 
excite various types of waves on the free surface, such 
as Bernoulli bumps and Kelvin waves. However, how 
these wave patterns change when influenced by 
density stratification has not been revealed and it 
remains the focus of this paper. 
    Figure 9 shows the free surface profile near the 
submarine at different density stratification levels. It 
can be seen that as Fr  decreases, the waves on the 
free surface become more significant. There are two 
significant features: Firstly, a convex bulge is formed 
at the front of the submarine bow, which is due to the 
maximum dynamic pressure at this location, resulting 
in a blocking effect, secondly, a wave crest is formed 
at the rear of the submarine body, and increases as 
Fr  decreases. When = 1Fr , the wave crest becomes 

too large to maintain its shape, wave breaking happens. 
It is likely the reason that caused the sudden change in 
resistance force and pitching moment under this 
condition. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9 (Color online) Free surface profiles near the submarine 

hull at different internal Froude numbers 
 

To further reveal the distribution characteristics 
of waves on the free surface, wave heights along the 
centerline of the free surface is plotted in Fig. 10. It 
shows that the density stratification has a significant 
influence on the wave distribution. First, the density 
stratification directly changes the amplitude and phase 
of the waves. When =Fr 3, 2, the density gradients 
are not so large, they show similar trends. However, 
these two conditions are opposite to the phase in 
homogenous flow. When Fr  decreases to 1, the 
waves are significantly affected by the density gra- 
dient. Except for the wave crest located at the rear of 
the submarine, the whole wave is located below the 
free surface, forming a concave internal wave. The 
enlarged region in the figure shows the overlap of the 
waveforms, corresponding to the wave breaking area 
presented in Fig. 9. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 10 (Color online) Free surface centreline wave heights 

comparison at different internal Froude numbers 
 

    Figure 11 shows a schematic diagram of waves 
on the free surface, which reveals that when there is 
no density stratification, the submarine near the free 
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surface exhibits a regular Kelvin wave shape similar 
to ship waves. The wave crest and trough alternate 
with regularity, and there is an undisturbed area in 
front of the submarine bow. When there is a density 
stratification, the typical Kelvin wave shape no longer 
exists. The overall wave pattern is more divergent 
with greater anisotropy between wave crests and 
troughs. Under the influence of density stratification, a 
typical phenomenon is the formation of a wave crest 
in front of the bow, which is a unique phenomenon 
called upstream blocking exists in the stratified wakes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11 (Color online) Free surface wave signatures induced by 

the submarine at different internal Froude numbers 
 
4.3 The evolution of wakes 

Besides the characteristics of the free surface, 
investigations on the evolution and propagation fea- 
tures of submarine wakes are very important aspects, 
which are of great significance for the stealth and 
detection of a submarine. Five cross-sections behind 
the submarine hull located at / =oax L 1.25, 1.75, 2.25, 
2.75 and 3.25 are selected to reveal the flow 
distribution characteristics in the wake. As shown in 
Fig. 12, vertical vorticity contours are plotted on these 
slices. It demonstrates that when there is no density 
stratification, the distribution of vorticity is basically 
symmetrical about the -y axis and -z axis, with 

equal magnitude and opposite direction. Because the 
vorticity originates from the disturbances induced by 
the submarine, as the flow develops downstream, the 
strength of the vorticity gradually decreases and 
eventually interferes with the free surface. When the 
density gradient begins to dominate the flow, the 
distribution of vorticity is no longer symmetrical 
about the -z axis, and shows an upward stretching 
shape. With the increase of the density gradient, this 
stretching deformation becomes more significant. 
When Fr  decreases to 1, the submarine wake and 

free surface merge and interfere with each other. This 
indicates that the greater the density gradient, the fluid 
parcels will be affected by the vertical buoyancy force. 
The symmetry of the vertical motion of the flow will 
be lost. Under the influence of the free surface, this 
asymmetry is further enhanced. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12 (Color online) Wake evolution characteristics based on 

vertical vorticity contour at different internal Froude 
numbers 

 
Figure 13 shows the isopycnic lines behind the 

Suboff hull. When a submarine travels in a linearly 
stratified fluid, it disrupts the original density stratifi- 
cation and forms a downstream propagating distur- 
bance. At a relatively close distance to the hull, the 
flow will not be affected by the stratification where 
the flow field is almost vertically symmetric. As the 
distance goes further downstream, buoyancy force 
induced by density gradient begins to function, the 
flow is no longer symmetric. When Fr  is relatively 
small, the density gradient takes effect at the very 
beginning and changes the evolution characteristics of 
the wake. 

 
4.4 The decay of velocity 

When studying the wake characteristics of a 
submarine, an important aspect is to assess its propa- 
gation distance and lasting time. Therefore, it is very 
important to investigate the decay of velocity. Figures 
14, 15 show the changes in the non-dimensional axial 
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velocity /u U  and vertical velocity /w U  versus 
the distance behind the submarine, respectively. The 
decay characteristics of the axial velocity u  can be 
used to evaluate the propagation distance of the wake, 
and the decay characteristics of the vertical velocity w 
give the speed of the wake rise to the free surface. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 13 (Color online) Density fluctuations at downstream 

cross-sections at different internal Froude numbers 
 

As shown in Fig. 14, under uniform incoming 
flow conditions, the axial velocity behind the sub- 
marine is slightly smaller than the incoming flow 
( / < 1.0)u U  due to the obstruction of the submarine 

body. When =Fr 3, 2, the decay at the beginning is 
oscillatory, but faster than that of the uniform flow 
condition. As the distance increases, the disturbance 
of the wake decreases and axial velocity approaches to 

/ = 1.0u U  asymptotically. However, the = 1Fr  
condition is relatively special, its axial velocity is 
basically greater than 1. This indicates that due to the 
influence of the asymmetric wake, other velocity 
components merge into the axial velocity. Further- 
more, its decay rate is faster and gradually approaches 
to / = 1.0u U . Despite this, a relatively large axial 
velocity indicates that the propagation distance and 
duration of the wake under this condition will be 
broader and longer than those of the previous two 
cases. 

Figure 15 show the similar characteristics ob- 
tained in Fig. 14. All operating conditions show the 
characteristics of oscillation decay. In homogeneous 
flow, it is basically symmetrical in the vertical 
direction, while in stratified flow, it oscillates below 
the origin point, and its amplitude is getting smaller. 
However, when Fr  decreases to 1, the amplitude is 
on the contrary becoming larger, indicating that the 
vertical motion is more pronounced, which means that 
the wake is more likely to rise up. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 14 (Color online) Axial velocity decay characteristics along 

the centreline at different internal Froude numbers 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 15 (Color online) Vertical velocity decay characteristics 

along the centreline at different internal Froude numbers 
 
 
5. Conclusions 

In this paper, a thermocline model based on 
Boussinesq assumption was proposed to achieve the 
continuously linear stratified fluid. Various cases with 
different density stratification levels were conducted 
after gird independence study was introduced to verify 
the numerical methods. The hydrodynamic perfor- 
mance, as well as wake evolution characteristics and 
free surface signatures in the shallowly submerged 
conditions were investigated. The main conclusions 
were listed as follows: 

Density stratification have a significant impact 
on the hydrodynamic forces and moment acting on the 
submarine. As Fr  decreases, the frictional resistance 
does not change much, while the pressure resistance 
changes drastically. When strong density stratification 
occurs, the pressure resistance may suddenly increase 
several times. As for the vertical force, it is less 
affected by density gradient and remains almost con- 
stant. The pitching moment exhibits a trend similar to 
the that of resistance. 

The typical Kelvin waves shape no longer exists 
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in strong density stratification case. The overall wave 
pattern is more divergent with greater anisotropy 
between wave crests and troughs. A unique pheno- 
menon called upstream blocking is formed in front of 
the submarine bow. The symmetry of the vertical 
motion in the wake flow is lost due to density gradient, 
which will be further enhanced with the presence of 
the free surface. 

Decay of velocity is beneficial to assess propaga- 
tion distance and lasting time of the submarine wakes. 
As density stratification increases, the propagation 
distance and duration of the wake is likely to be larger 
and longer. At the same time, the vertical motion is 
more pronounced, which means that the wake is more 
likely to rise up to the free surface. 
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