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Abstract: In this paper, a multiphase moving particle semi-implicit (MPS) method is developed by introduction of various 
multiphase models into the original MPS method for single-phase flows, and is then applied to the numerical simulations of 
two-layer-liquid and three-layer-liquid sloshing in a 2-D rectangular tank under different external excitations. To validate the 
accuracy of the present multiphase MPS method, the qualitative and quantitative results, including wave profiles, interface elevations 
and impact pressures, are compared with experimental data and other numerical results, which show a good agreement. In particular, 
the evolutions of free surface and phase interfaces are compared and an obvious discrepancy is found, indicating that the phase 
interfaces may suffer from complex deformations while the free surface keeps relatively quiet. Moreover, the different modes of 
phase interface are observed under different excitation frequencies. Then, the violent sloshing of a three-layer-liquid system is 
simulated and the phenomenon of internal wave breaking is well captured, which mainly benefitted from the Lagrangian basis of 
MPS method and its advantage in multiphase flows with complex interfaces. Finally, the three-layer-liquid sloshing with a vertical 
baffle are simulated to investigate the suppressing effect of baffle on multi-layer-liquid sloshing. 
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Introduction  
Liquid sloshing phenomena can be characterized 

as strong and nonlinear motion of liquids in closed 
tanks motivated by external excitations[1-4]. In particu- 
lar, for tanks installed on marine structures, large 
dynamic loads are generated by impacting of sloshing 
flows, which has a negative influence on the strength 
of liquid tanks and the stability of marine 
structures[5-7]. Therefore, the liquid sloshing has 
always been a research focus in marine engineering. 

In the last decades, the CFD method has been 
proven to be effective to compute sloshing flows and 
the tools can be generally divided into the mesh-based 
methods[8-10] and mesh-free methods[11-13]. However, 
the mesh-based methods need an extra algorithm to 
capture interfaces, such as VOF or level set, which 
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may bring additional errors when applied to sloshing 
flows with complex free surfaces. In contrast, the 
computational domain in mesh-free methods[14-17] is 
discretized by a set of particles and the motion of 
particles follows the governing equations in 
Lagrangian description. According to particle distri- 
bution, the shape of free surface can be obtained 
without additional tracking techniques, hence the 
mesh-free methods are more suitable for violent 
sloshing flows. For example, as a popular kind of 
mesh-free method, the moving particle semi-implicit 
(MPS) method[16-17] has been widely used in the study 
of sloshing flows[18-23] since it was proposed. 

However, until now, the mesh-free methods have 
rarely been applied to multi-layer-liquid sloshing, 
which occurs if the tank is filled with several layer of 
immiscible liquids, such as in the oil-water separators 
on FPSOs. Compared with single-phase sloshing, the 
multi-layer-liquid sloshing is more complicated 
because the natural frequency varies drastically 
between different layers. Even under the same 
external excitation, fluids inside different layers may 
exhibit completely different sloshing characteristics 
and the deformations of both free surface and phase 
interfaces are likely to be induced. So far, the studies 
of multi-layer-liquid sloshing are mainly carried out 
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by experimental methods, theoretical analysis and 
mesh-based numerical methods. For instance, La 
Rocca et al.[24] performed both theoretical and 
experimental studies on two-layer-liquid sloshing, and 
a good agreement is obtained. Sciortino et al.[25] 
defined a Hamiltonian mathematical model to 
describe the two-layer-fluid sloshing in a tank with an 
arbitrary shape and an arbitrary rigid motion. The 
obtained results are validated by comparison with a 
laboratory experiment. Molin et al.[26] reported an 
experiment on the three-layer-liquid sloshing and then 
compared the experimental data with simulations by 
potential theory and VOF method, respectively. A 
good agreement is achieved between experimental and 
numerical RAOs of the motions of phase interfaces. 

The aim of this paper is to carry out the 
numerical simulations of multi-layer-liquid sloshing 
by use of multiphase MPS method. Some pioneering 
works in this field are performed by Kim et al.[27], 
who firstly simulated three-layer-liquid sloshing 
through a new multiphase MPS method, which is then 
coupled with ship motion data in time domain to 
consider interactions between the sloshing flow and 
ship motion[28]. Their MPS results show a good 
agreement with experimental data, but in some more 
violent cases, the captured interfaces are not smooth 
enough due to unphysical particle penetrations. As the 
development of MPS method in recent years, some 
multiphase methods[29-31] with improved accuracy and 
stability are proposed and show great advantages in 
capturing complex phase interfaces in violent 
multiphase flows, hence we think that it is necessary 
to further extend the applications of MPS method in 
multi-layer-liquid sloshing. 

In the following sections, a multiphase MPS 
method would be firstly developed. Then, the simula- 
tions of two-layer-liquid and three-layer-liquid 
sloshing in a 2-D rectangular tank are respectively 
carried out under different external excitations. For 
verification purposes, the MPS results of wave 
profiles, interface elevations and impact pressures are 
compared with experimental data and other numerical 
results in the open literature. Subsequently, the violent 
three-layer-liquid sloshing is simulated and the 
advantages of the present multiphase MPS method in 
capturing complex phase interfaces are validated. 
Finally, the three-layer-liquid sloshing with a vertical 
baffle are simulated to investigate the suppressing 
effect of baffle on multi-layer-liquid sloshing. 
 
 
1. Multiphase MPS method 
 
1.1 Governing equations 
    For mesh-free methods, the computational 
domain is discretized by a set of interacting particles 

which is governed by continuity and momentum 
equations in Lagrangian description[16]. In the present 
multiphase MPS method, the multi-layer-liquid 
system is treated as a single-fluid system but with the 
multi-density field and the multi-viscosity field. 
Therefore, the governing equations of different phases 
keep consistent and can be solved simultaneously, 
expressed as follows: 
 
D
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where  , u  and P  represent the density, velocity 

and pressure of particles. VF , BF  and SF  denote 
viscosity, external body, and surface tension forces, 
respectively. 
 
1.2 Kernel function 
    In MPS, a variety of interactions exist between 
neighboring particles, and to quantitatively estimate 
the strength of interactions, the kernel function is 
employed as weight function. In the present method, 
the improved kernel function recommended by Zhang 
and Wan[32] is adopted, which is defined as: 
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where ijr  and er  represent the particle distance and 

the largest radius of particle interaction, respectively. 
 
1.3 Particle interaction models 
    Particle interaction models[16] are introduced to 
discretize differential operators in governing equations. 
In MPS method, the gradient model, divergence 
model and Laplacian model are defined as: 
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where   is an arbitrary scalar function, Φ  is an 

arbitrary vector, D  is the number of space 

dimensions, 0n  is the particle number density at 
initial arrangement, defined as 
 

= ( , )ij ei
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n W r r
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and   is a parameter to keep the variance increase 
equal to that of the analytical solution, defined as 
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1.4 Semi-implicit Algorithm 
    To guarantee the incompressibility of fluids, a 
semi-implicit algorithm[16] is adopted in MPS and 
each timestep is turned into two separated steps. In the 
first prediction step, temporal velocities of particles 
are explicitly calculated according to viscosity, gravity, 
and surface tension forces. In the second correction 
step, Pressure Poisson Equation (PPE) is solved to 
obtain the pressure field, with which the velocities and 
locations of particles are updated to the next timestep. 

In the present method, the PPE with a mixed 
source term is employed, which is proposed by 
Tanaka and Masunaga[33] and rewritten by Lee et 
al.[34] 
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where   is a blending parameter less than 1, *
iu  is 

the temporal velocity, and k

i
n  is the particle 

number density at current timestep. The mixed source 
term represents a combination of the Divergence-Free 
condition and the Particle Number Density condition, 
which proves to be effective to suppress pressure 
oscillations in original MPS method[16]. 
 
1.5 Boundary conditions 
    The wall boundary condition in MPS is imposed 
by arrangement of wall particles, among which the 
single layer in close contact with fluid domain is 
classified into the first type and would participate in 
PPE solving. The other wall particles are classified 
into the second type, whose pressures are directly 
obtained by interpolation. When fluid particles get too 
close to the walls, the pressures of wall particles 
increase rapidly and a pressure gradient force opposite 
to the wall is exerted on fluid particles, to prevent the 

penetrations across the walls. Therefore, the wall 
boundary is actually an impenetrable condition. 

Besides, a Dirichlet condition of zero-pressure is 
imposed to free surface particles. For the accurate 
judgment of free surface particles, a high-precision 
detection approach[32] based on the asymmetry of 
particles distribution is adopted here. The main idea is 
that for free surface particles, all neighboring particles 
are located on the side of internal fluid, thus the 
increase of asymmetry can be regarded as an im- 
portant judgement criterion. To quantitatively assess 
the asymmetry, a vector is firstly defined as: 
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    By combination of the high asymmetry condition 
and the low particle number density condition[16] in 
original MPS, the particles satisfying 
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are judged free surface particles, where = 0.9 , 

1 = 0.80  and 2 = 0.97 , respectively. 

 
1.6 Pressure gradient model 
    When the original gradient model in Eq. (4) is 
used for calculation of pressure gradient forces, 
pressure oscillations may be induced due to the tensile 
instability. To overcome this problem, the modified 
pressure gradient model[17] is employed in the present 
multiphase MPS method, written as 
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where , miniP  is the minimum pressure among all  

 
 
 
 
 
 
 

 
 
 
 
 

Fig. 1 (Color online) Sketch of two-layer-liquid sloshing sys- 
tem 
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Fig. 2 (Color online) Snapshots of two-layer-liquid sloshing 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

neighboring particles of the target particle i . With 
above modified model, pressure gradient forces 
between any particles are ensured to be repulsive 
forces, thus the tensile instability can be eliminated. 
 
1.7 Density smoothing scheme 

To deal with the instability caused by density 
discontinuity across phase interface, we employ a den- 
sity smoothing scheme[29] in the present multiphase 
method. In this scheme, the spatial weighted 
averaging of density is performed for particles near 
phase interface, according to the following formula 
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where I  includes target particle i  and its 
neighboring particles. After smoothing, the continuous 
transition between densities of different phases can be 
realized. 
 
1.8 Inter-particle viscosity model 
    In order to consider the viscous force between 
different phases, the concept of inter-particle viscosity 
is introduced. Specifically, when particles belonging 
to different phase interact with each other, the inter- 
particle viscosity[29] is utilized to substitute the real 
viscosities. The value of inter-particle viscosity can be 
obtained by averaging of different viscosities 
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Fig. 3 (Color online) Comparison of interfacial wave elevations and dynamic pressures in two-layer-liquid sloshing 
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where ij  is inter-particle viscosity, i  and j  

are dynamic viscosities of different particles,   is a 
parameter representing different averaging methods: 
for = 1 , arithmetic mean is adopted, for = 1  , 
harmonic mean is adopted. According to the 
numerical tests by Shakibaeinia and Jin[29], the MPS 
results show the best agreement with theoretical 
solutions in the harmonic mean cases, with which the 
viscosity term can be calculated as 
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1.9 Surface tension model 
    For violent sloshing flows, the surface tension 
force is helpful to prevent unphysical penetrations 
between different phases and obtain a natural and 
clear interface. In the present method, the continuum 
surface force (CSF) model[35] is followed, in which the 
surface tension force is converted into a kind of body 
force for particles near phase interface, and can be 
calculated as 
 

=S C F                                                            (17) 
 

where   is surface tension coefficient,   is 
interface curvature, C  is the gradient of color 
function. To keep the continuity of surface tension 
forces, a density-weighted color function[36] is adopted  
here: 
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To calculate the interface curvature, an analytical 

method developed in contoured continuum surface  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4 (Color online) Sketch of three-layer-liquid sloshing sys- 

tem 

 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 5 (Color online) MPS snapshots of three-layer-liquid slo- 

shing for roll motion with 1° amplitude at 1.83 rad/s 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 6 (Color online) MPS snapshots of three-layer-liquid slo- 

shing for sway motion with 0.01 m amplitude at    
3.62 rad/s 

 
force (CCSF) model[37] is used here. The main idea of 
CCSF model is to approximate phase interfaces by 
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contours of color function. In first step, the smoothed 
color function f  at an arbitrary location ( , )x y  is 
obtained by a spatial weighted averaging: 
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    Then, the local contours passing by particle i  
can be obtained through a Taylor series expansion 
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where subscripts x  and y  represent partial de- 

rivatives with respect to x  and y  directions, 

respectively. 
    Finally, the interface curvature at particle i  is 
analytically calculated as 
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1.10 Multiphase collision model 
When two particles get too close, the uniform 

particles distribution may be damaged and the unphy- 
sical penetrations occur. In the present method, the  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

multiphase collision model[29] is employed to exert 
additional repulsive forces if the particle distance is 
below a certain threshold. In this model, the particle 
collision is regarded as the collision of two spheres 
with different masses. Initially, all particles are 
arranged with a constant distance 0l . Once the 

distance is smaller than   times of 0l  in simulation, 
the collision is assumed to happen and the velocities 
of particles are corrected based on following 
equations: 
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where i
u  is velocity vector after collision, n

iju  is 

relative velocity of i  and j  along the normal 

direction, ε is collision ratio. In this study, = 0.5  is 
used. 
 
 
2. Numerical results and discussion 
 
2.1 Validation: Two-layer-liquid sloshing 

In this section, the two-layer-liquid sloshing is 
firstly simulated by the developed multiphase MPS 
method and the results are compared with experiment 
by Xue et al.[38]. Figure 1 shows the sketch of experi- 
mental device. Two immiscible fluids are located in a  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

Fig. 7 (Color online) Time history of interfacial wave elevations at left wall in three-layer-liquid sloshing with different excitation 
frequencies 
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2-D rectangular tank. Driven by the external 
excitation, the tank performs a roll motion with an 
amplitude of 0.01 m and a frequency of 7.57 rad/s. 
The heavier liquid is water with 0.10 m deepness and 
at the upper layer, the diesel oil with 0.05 m deepness 
is arranged. The physical properties of two fluids are 
listed in Table 1. The computational domain is dis- 
cretized by particles with initial distance of 0.002 m, 
thus total number of particles is 26 724. Three wave 
probes are arranged at middle 1( ) , left 2( )  and 

right 3( )  side of tank, respectively, and three 
pressure probes (P1, P2, P3) are installed at right wall. 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

Fig. 8 (Color online) Comparison of interfacial wave elevations 
for roll motion with 1 amplitude at 1.83 rad/s 

 
Table 1 Physical properties of fluids 

Fluid Density 
Dynamic 
viscosity 

Surface tension 
coefficient 

Diesel oil (0#) 846.2 kg/m3 4.5102 m2/s 0.0330 N/m 

Water 1 000.0 kg/m3 1.0103 m2/s 0.0727 N/m 

 
    Figure 2 shows the snapshots of two-layer-liquid 
sloshing obtained by the present multiphase MPS 
method and experiment[38] at several typical time 

instants. As it can be observed, an obvious difference 
exists between the profiles of interfacial wave and free 
surface wave, which is an important hydrodynamic 
characteristics of stratified liquid sloshing. In general, 
the numerical results show a good agreement with 
experiment on profiles of both free surface and phase 
interface, through which the capacity of multiphase 
MPS method can be validated. 

In Fig. 3, the comparison of interfacial wave 
elevations and dynamic pressures in two-layer-liquid 
sloshing is carried out. It can be seen that the inter- 
facial wave elevation at middle of tank is obviously 
smaller than that at left and right walls, where the two 
evolution curves are anti-symmetric and a beating 
phenomenon can be observed. On the whole, the MPS 
results agree well with IVOF simulation[38] and expe- 
rimental data[38], especially with the former. Meantime, 
a good agreement is also obtained on the evolutions of 
dynamic pressures. Only a slight discrepancy appears 
in the region where the dynamic pressure is relatively 
smaller, which may be induced by the less effec- 
tiveness of pressure sensor for small dynamic pressure 
in experiment. 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 9 (Color online) Comparison of different modes of phase 

interfaces in experiment and multiphase MPS simulations 
 
2.2 Three-layer-liquid sloshing 
    For the more complicated three-layer-liquid 
sloshing, a series of simulations are performed with 
the model[26] shown in Fig. 4. Three immiscible fluids, 
including cyclohexane, water and dichloromethane, 
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are contained in the tank, with the physical properties 
given in Table 2. Thus, two phase interfaces exist 
besides the free surface (FS), called cyclohexane- 
water (CW) interface and water- dichloromethane 
(WD) interface. The tank is able to perform either 
sway or roll motion. In this section, two cases with 
different tank motions are considered. In case 1, the 
tank performs a sway motion with an amplitude of 
0.01 m and a frequency of 1.83 rad/s. In case 2, the 
tank performs a roll motion with an amplitude of 1 
and a frequency of 3.62 rad/s. 
 
Table 2 Physical properties of fluids 

Fluid Density 
Dynamic 
viscosity 

Surface tension 
coefficient 

Cyclohexane 780 kg/m3 1.014103 m2/s 0.00247 N/m

Water 1 000 kg/m3 1.0103 m2/s 0.07270 N/m

Dichloromethane 1 300 kg/m3 3.9104 m2/s 0.02780 N/m

 
Figures 5, 6 present the MPS snapshots of 

three-layer-liquid sloshing in two cases. As it can be 
observed, the first mode of CW interface is excited in 
case 1, because the frequency of roll motion is close to 
first natural frequency of the middle layer[26]. While, 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 

 
Fig. 12 (Color online) Comparison of phase interfaces captured 

by different multiphase MPS methods 
 
in case 2, the third mode of CW interface is captured 
as the frequency of sway motion increases to the third 
natural frequency of the middle layer. 

Moreover, the different excitation frequencies 
also induce a discrepancy on the interfacial wave ele- 
vations, as shown in Fig. 7. In case 1, the elevation of  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

Fig. 10 (Color online) Snapshots of three-layer-liquid sloshing with 3 roll amplitude at 1.83 rad/s and 0.04 m sway amplitude at 
3.62 rad/s 

 

 
 
Fig. 11 (Color online) Time history of interfacial wave elevations at the left tank wall in violent three-layer-liquid sloshing 
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free surface reaches a steady state soon, while the 
elevations of CW and WD interfaces are much larger 
and keep growing until = 90 st  due to the appearance 
of first mode. In case 2, both free surface and phase 
interfaces reach a steady state soon at = 30 st , but 
the elevation of free surface is larger than that of CW 
and WD interfaces due to the appearance of third 
mode. 

The calculated elevations of free surface and 
phase interfaces are compared with experimental data[26] 
in Fig. 8, showing a good agreement. Moreover, as  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

shown in Fig. 9, the different modes of phase 
interfaces in multiphase MPS simulations also keep 
consistent with experimental pictures. 
 
2.3 Violent three-layer-liquid sloshing 

In this section, the violent three-layer-liquid slo- 
shing is further studied, in which the tank motion is 
bichromatic, with a sway motion and a roll motion at 
the same time. The amplitude and frequency of the 
sway motion are 0.04 m and 3.62 rad/s, and that of the 
roll motion are 3 and 1.83 rad/s. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

 

Fig. 13 (Color online) MPS snapshots of the three-layer-liquid sloshing without baffles or with vertical baffles of three different 
heights 
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From the snapshots in Fig. 10, the first, second 
and third modes of CW interface are all observed. Due 
to the increase of sloshing intensity, the breaking of 
internal wave occurs at about = 90 st . Figure 11 
shows the evolution of interfacial wave elevations. In 
the present case, both the free surface and phase 
interfaces experience large elevations. In particular, 
the deformation of free surface becomes complex due 
to the formation of multiple free surface waves. 
    Figure 12 compares the phase interfaces captured 
by the present method to the MPS results by Kim et 
al.[27]. The waveforms are in good agreement, but the 
phase interfaces in the present simulation are 
smoother and there are no unphysical penetrations 
between different phases, validating the accuracy of 
the multiphase MPS method in this paper. 
 

2.4 Sloshing with a vertical baffle 
To suppress the sloshing in single-phase flows, a 

baffle is usually installed inside the tank. For a further 
investigation on the suppressing effect of baffle in 
multiphase flows, the three-layer-liquid sloshing with 
a vertical baffle is studied in this section. The model is 
similar to the one in Fig. 4, but with a vertical baffle at  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

the middle of tank bottom. To analyze the influence of 
baffle height, three different heights bh , including 

0.075 m, 0.225 m and 0.490 m, are respectively consi- 
dered. In all cases, the tank performs a roll motion 
with an amplitude of 3 and a frequency of 1.83 rad/s.  

From Fig. 13, it can be seen that the vertical 
baffle could significantly reduce the intensity of slo- 
shing. In the case of b = 0.075 mh , the sloshing of the 

lowest layer is well inhibited, while the sloshing of the 
middle layer is still violent. Meantime, when the 
lowest liquid passes through the baffle, a hydro jump 
is formed and cause deformation of WD interface. As 
the baffle height increases to 0.225 m or 0.490 m, the 
sloshing of all layers is inhibited, thus the free surface 
and phase interfaces remain nearly horizontal. 

In Fig. 14, the interfacial wave elevations in 
different cases are compared to further illustrate the 
suppressing effect. Firstly, the free surface wave is 
quiet in this case, thus the effect of baffle is not 
significant. For the CW and WD interfaces, the wave 
elevation is obviously reduced with the increase of 
baffle height. Especially in the cases of b = 0.225 mh  
and b = 0.490 mh , the interfaces keep stable and 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
Fig. 14 (Color online) Comparison of interfacial wave elevations without baffles or with vertical baffles of three different heights 
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almost unchanged during the entire simulation, indica- 
ting that the sloshing wave has been fully inhibited. 

 
 
3. Conclusions 

In this paper, a multiphase MPS method is deve- 
loped and successfully applied to simulate the multi- 
layer-liquid sloshing. The following conclusions can 
be drawn from the work here: 
    (1) Numerical algorithms of the multiphase MPS 
method are introduced in detail, and through the simu- 
lation of two-layer-liquid sloshing, its accuracy is well 
validated. The numerical results, including the wave 
profiles, interface elevations and impact pressures, 
show a good agreement with experimental data and 
other numerical results. 
    (2) A series of three-layer-liquid sloshing are 
simulated and various modes of phase interfaces are 
found under different excitation frequencies. It is 
observed that the phase interfaces may suffer from 
complex deformations while the free surface keeps 
relatively quiet. Beneficial from the Lagrangian basis 
of MPS method, both free surface and phase interfaces 
are accurately captured and the phenomenon of 
internal wave breaking is well reproduced. 

(3) The suppressing effect of baffle on the multi- 
layer-liquid sloshing is validated through the simula- 
tion of three-layer-liquid sloshing with a vertical 
baffle. From the comparison with the case without 
baffle, it shows that the vertical baffle is able to 
significantly reduce the sloshing intensity and limit 
the interfacial wave elevations. Moreover, As the 
height of baffle increases, the suppressing effect 
grows stronger rapidly. 
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