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ABSTRACT

The surface wake generated by a vessel sailing on the water surface can persist for kilometers and may disclose navigation parameters.
Conventional viscous flow models entail high computational costs for large-scale wake simulation, while potential flow methods also struggle
to efficiently capture kilometer-scale wake structures. In this study, the open-source software high-order spectral (HOS)-Ocean, based on the
HOS method, is extended to simulate the wide-area wave wakes by inducing a moving surface disturbance. The ship is simplified by a moving
two-dimensional (2D) Gaussian pressure distribution. A preliminary analysis is conducted on the effects of pressure distribution steepness,
HOS order, and the use of an equivalent inflow condition. Wake structures under varying Froude numbers Fr (based on ship length or water
depth) and heading angles h are analyzed using power spectral density derived from 2D discrete Fourier transform. A preliminary investiga-
tion into the effects of environmental waves on wakes is conducted. Results demonstrate distinctive spectral signatures and validate the pro-
posed approach, providing an efficient and reliable framework for wide-area wake prediction in surface vessel operations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0308308

I. INTRODUCTION

Advanced surface vessels play a crucial role in ensuring maritime
security. When a vessel navigates at a certain speed, it inevitably gener-
ates a wake that is confined within a triangular wedge-shaped region
and persists over a wide area of the sea. By simplifying a ship into a
“point pressure” source moving on the free surface, Kelvin first pro-
posed and theoretically predicted the range of wave systems, namely,
the famous Kelvin angle, hKelvin ¼ sin�1ð1=3Þ � 19:47�, a value that
remains constant irrespective of the vessel’s velocity.1 Furthermore, the
wake is comprised of both transverse waves and divergent waves.

However, it should be noted that in practice, wake characteristics
are subject to variation due to factors such as ship velocity and the con-
figuration of the hull. Rabaud and Moisy2 analyzed airborne images of
ship wakes and discovered that at high speeds, the wake angle appears
to be inversely proportional to the ship’s velocity. Subsequently,
Darmon et al.3 further investigated the wake using a moving axisym-
metric pressure field model. They concluded that at high Froude num-
bers based on hull length, the angle of maximum wave amplitude
scales inversely with the Froude number, while the overall wake

remains confined within the classical Kelvin wedge. Miao and Liu4

conducted a study on arbitrary pressure distributions. They found that
the apparent wake angle5 was defined by the highest wave peaks, and
most pressure distributions were scaled as the inverse first power of
the Froude number. However, for specific non-smooth pressure distur-
bances, they followed with inverse square relationship. Pethiyagoda
et al.6 considered the limit at low Froude numbers, where transverse
waves dominate, and found that the apparent wake angle decreases as
the Froude number is reduced. Additionally, Moisy and Rabaud7

extended their analysis to non-axisymmetric pressure fields resembling
those of real ships, investigating how the aspect ratio of the pressure
distribution influences the maximum amplitude of waves in the far
field.

The characteristics of the wake left behind the moving object can
reveal information about the structural and navigational parameters of
the vessel. The wake pattern provides direct evidence of the vessel’s
heading, while the lateral displacement between the vessel and its wake
allows for an estimation of its speed.8 Graziano et al.9 determined the
ship’s heading from the orientation of its turbulent wake and estimated
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the velocity based on the azimuthal drift and the wavelength of the
Kelvin wake pattern. Recent studies have increasingly adopted
spectrogram-based approaches for the systematic examination of ship
wake signatures. This emerging methodology enables detailed
time-frequency characterization of wake components, particularly
facilitating the identification and analysis of transverse and diver-
gent wave systems within the complex wake structure.10–13

Spectral analysis of the wake field also enables the decomposition
of its constituent components, thereby supporting the estimation
of vessel heading, speed, and hull geometry.14–16 Furthermore,
Kelvin wake systems may impose impacts on coastal and riverine
banks, harbor infrastructures, as well as vessels moored along
shorelines. The persistent wave energy and resulting hydrodynamic
forces can potentially affect structural integrity and operational
safety in these marine environments.17–21 Therefore, research into
wide-area wakes is of great significance.

In these studies,2–4,6,7 the hull is approximated as a pressure dis-
tribution moving on a free surface, with the most widely used being
the Gaussian pressure distribution with single peak. The distinction
lies in whether the distribution is axisymmetric. Non-axisymmetric
distributions are closer to actual ship hulls than axisymmetric distribu-
tions. Nevertheless, due to the smooth mathematical properties of the
unimodal Gaussian pressure distribution, it cannot adequately charac-
terize the abrupt changes in shape at the bow, stern, and ship board.22

Consequently, the wake calculated utilizing this distribution will neces-
sarily exhibit discrepancies compared to the actual wake. Lo23 exam-
ined two extreme cases of hull-shape functions: a sharp rectangular
shape and a smooth Gaussian shape. Comparison with both experi-
mental and simulated data demonstrates that a realistic hull is expected
to yield results intermediate to these two extremes. Employing a simi-
lar Gaussian-distributed pressure source term, Paprota24 combined the
Fourier–Galerkin method to implement rapid wake prediction within
the MATLAB environment and explored wave patterns for multiple
pressure distributions.

The wake generated by a real vessel in open ocean can extend
over kilometers, necessitating numerical computational domains
of comparable scale. Conventional numerical methods face signifi-
cant challenges in simulating Kelvin wake systems in open seas.
These approaches require extensive computational domains and
carefully designed boundary conditions to maintain sufficient dis-
tance between the body and domain boundaries, thereby avoiding
nonphysical reflections. However, this requirement prevents effi-
cient simulation of complete wave systems. For instance, when
using traditional viscous flow theory to solve the Navier–Stokes
equations for ship-generated waves, the complete wave system dur-
ing ship–wave interaction cannot be fully captured due to domain
constraints in computational fluid dynamics (CFD) simulations.
The presence of lateral constrictions in navigational channels cre-
ates a fundamentally different wave regime from open-water con-
ditions. As ship-induced waves impinge upon the confining banks,
they experience successive reflections that generate secondary wave
systems. These persistent wave interactions produce a complicated
superposition pattern that evolves continuously along the water-
way.25–28 Furthermore, wave absorption zones must be imple-
mented to prevent wave reflection, which expands the required
computational domain and reduces efficiency. The computational
cost and time requirements become substantial under these

conditions, while numerical dissipation arising from insufficient
grid resolution in large domains further degrades solution accu-
racy, rendering its practical implementation particularly
challenging.

While potential flow theory offers improved computational
efficiency for wave problems, simulating the full wake field still
requires substantial resources. The method proposed by Paprota24

achieves higher computational speed; however, its use of a modi-
fied Euler iterative scheme introduces some trade-offs in accuracy.
In contrast, the high-order spectral (HOS) method, originally
developed by Dommermuth and Yue,29 employs a pseudo-spectral
approach combined with fast Fourier transforms (FFT), yielding
exceptionally rapid convergence. Ducrozet et al.30 subsequently
created the open-source software HOS-Ocean based on this
method, which efficiently simulates nonlinear wave propagation
over extensive oceanic areas. Nevertheless, despite relaxed require-
ments for computational grids and time steps, the presence of the
object was not taken into account, resulting in the failure to gener-
ate the surface wake.

Consequently, the development of a numerical approach that
can effectively simulate open-sea conditions while minimizing
boundary reflection effects, and simultaneously achieve efficient
generation and evolution of complete Kelvin wake systems, could
help address current computational challenges while providing
useful references for wake pattern analysis, potentially supporting
further investigations in this field. Accordingly, this research builds
upon the HOS method and augments the open-source model
HOS-Ocean by incorporating a surface-moving Gaussian pressure
distribution to represent the ship’s effect, thereby achieving
efficient simulation of ship-generated wakes in open seas and
providing a reliable foundation for further studies on large-scale
ship-generated wave patterns. In addition to the pressure distribu-
tion approximation, alternative approaches such as the boundary
element method (BEM) can be employed to represent the presence
of structures for wave modeling31–37 and so on,38,39 although
these methodologies are not addressed in the present study.
Additionally, it should be acknowledged that this study is con-
ducted within the potential flow framework, which excludes vis-
cous effects and neglects the air–water boundary layer (despite its
thinness).40,41 Viscous ship waves exhibit a larger apparent wake
angle compared to pure gravity waves, with viscous effects induc-
ing energy dissipation that leads to amplitude attenuation over
propagation distance—divergent waves being particularly suscepti-
ble.42–47 Inviscid models tend to overestimate far-field wave
heights due to the absence of such dissipation. Asymptotic analysis
and perturbation methods can provide quantitative descriptions of
this attenuation behavior.48–55 Furthermore, when viscosity is con-
sidered, wave-breaking phenomena may also occur under certain
conditions.56–58 Future refinements could incorporate correspond-
ing correction terms to address these physical phenomena, though
such considerations remain beyond the scope of the current
investigation.

Notably, although the Gaussian pressure distributions employed
across these studies7,23,24 share a broadly consistent functional form,
the specific coefficient within the exponential term often varies. The
impact of this parameter choice on the resulting wake features remains
inadequately quantified, and there appears to be neither a clear
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consensus nor a rigorously justified value for its selection. Therefore,
an exploratory analysis of the influence of this coefficient’s value on
the wake structure will also be conducted.

In Sec. II, the details of HOS, pressure distribution term, and the
workflow in modified HOS with wakes are introduced. In Sec. III, the
method validation and related discussions (shape factor b, HOS order
M, and usage of current) are detailed, and the wake corresponding to
different Froude numbers Fr (based on ship length or water depth)
and heading angles h is calculated, and a preliminary investigation into
the effects of environmental waves on wakes has been conducted. The
conclusions and outlooks are drawn in Sec. IV.

II. NUMERICAL METHOD
A. High-order spectral method

High-order spectral (HOS) method is grounded in potential flow
theory, which rests on the fundamental assumptions that the fluid is
incompressible, and the flow is inviscid and irrotational. Following the
method proposed by Zakharov,59 the surface velocity potential /s is
introduced:

/s x; tð Þ ¼ / x; g; tð Þ; (1)

where x ¼ x; yð Þ denotes the horizontal coordinates; / and g repre-
sent the velocity potential and free-surface elevation, respectively; and
t indicates time. Assume that / and g are O �ð Þ and that the wave
steepness � ¼ kA must be much less than 1, where k is the wavenum-
ber and A is the wave amplitude. The velocity potential / can be
expanded asymptotically as a perturbation series and expanded as a
Taylor series about z ¼ 0 (the still water level) and truncated at the
same orderM, yielding

/s x; tð Þ ¼ / x; g; tð Þ ¼
XM

m¼1

XM�m

k¼0

gk

k!
@k

@zk
/ mð Þ x; 0; tð Þ: (2)

Substituting these into the free-surface boundary conditions
yields the equations for /s and g,

gt þrx/
s � rxg� 1þrxg � rxgð Þ

�
XM

m¼1

XM�m

k¼0

gk

k!

XN

n¼1
/ mð Þ
n tð Þ @kþ1

@zkþ1
wn x; 0ð Þ

� �
¼ 0; (3)

/s
t þ ggþ 1

2
rx/

s � rx/
s � 1

2
1þrxg � rxgð Þ

�
XM

m¼1

XM�m

k¼0

gk

k!

XN

n¼1
/ mð Þ
n tð Þ @kþ1

@zkþ1
wn x; 0ð Þ

� �2

�þ P
q
¼ 0; (4)

where the subscript t denotes partial derivative with respect to time,
and the differential operatorrx represents spatial derivatives. The
term / mð Þ

n denotes the m th order velocity potential at the n th mode,
while wn represents the corresponding eigenfunction.29 The symbol-
g denotes gravitational acceleration, g the free-surface elevation, and
q the fluid density. The term P represents pressure. In the absence of
free-surface disturbances, it is defined as relative pressure and taken to
be zero; otherwise, it corresponds to a surface pressure distribution
term representing perturbations on the free surface.60 A detailed
description of the pressure distribution term introduced in this study
will be provided in Sec. III B.

B. Pressure distribution term

When a ship advances at a constant speed on the free surface,
its disturbance generates a wake. To simulate the capture of this
wake using HOS-Ocean, a moving pressure distribution term P
must be introduced into the dynamic free-surface boundary condi-
tion [Eq. (4)] to represent the disturbance induced by vessel
motion. It should be noted that only a stationary pressure distribu-
tion moving uniformly over the free surface is considered in this
approach; temporal and spatial variations in pressure around the
hull during actual navigation, as well as the ship’s own oscillatory
motions, are neglected. Let x ¼ x; yð Þ and u ¼ U ;Vð Þ denote the
horizontal coordinates and velocity vector, respectively, and the
general form is given by the following equation:

P ¼ P x; tð Þ ¼ P x � utð Þ: (5)

The hull is simplified as a pressure distribution characterized by the
product of a peak coefficient p0 ¼ qgD and a shape factor S x; yð Þ,
where D can be assigned a draft value. Mathematically, the formulation
may be viewed as the transformation of a uniformly pressurized rect-
angular region into a target pressure distribution through a specifically
designed shape factor S x; yð Þ. This method preserves advantageous
geometric characteristics while providing a reasonable approximation
of hull-induced surface disturbances. From a physical standpoint,
building upon the hydrostatic relation P ¼ qgg, the static pressure dis-
tribution of the hull is employed to approximate the dynamic distur-
bances generated during ship motion. Within this framework,
D � S x; yð Þ describes the local draft function across the hull surface,
where D may be selected as either the mean or maximum draft. While
the specific determination of this parameter warrants case-specific
adjustment and its influence requires systematic comparative analysis.
The draft value applied in this study specifically corresponds to that
employed in the referenced literature23 for the same vessel configura-
tion, maintaining consistency for comparative purposes, while the
influence of this parameter has not been systematically analyzed in the
current investigation. The choice of the shape factor is arbitrary; exam-
ples include those used for Wigley hulls or in the pressure distributions
employed by Doctors and Sharma.63 A normalized Gaussian function
is adopted as the shape factor in this study

S x; yð Þ ¼ e
� 1

2 1�r2ð Þ
x�lx
rxð Þ2�2r�x�lx

rx
�y�ly
ry

þ y�ly
ry

� �2h i
; (6)

where lx and ly represent the coordinates of the peak center of the
shape factor, while rx and ry denote its spatial extents in the longitudi-
nal and transverse directions, respectively. The parameter r further
characterizes the shape properties of the distribution, and usually,
r ¼ 0 is taken. Then, the shape factor can be

S x; yð Þ ¼ e
�1

2
x�lxð Þ2
r2x

þ y�lyð Þ2
r2y

h i
: (7)

Figure 1 illustrates the distribution corresponding to Eq. (7), with its
center located at the origin (i.e., lx ¼ 0, ly ¼ 0). By assigning different
values to rx and ry , the resulting shape, as observed in the top view,
exhibits an elliptical profile. Currently, the long axis of the shape factor
is parallel to the x axis. Rotate it counterclockwise by an angle h, and
the coordinates after rotation are
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x0 ¼ x cos hþ y sin h;
y0 ¼ �x sin hþ y cos h;

�
(8)

where x0 and y0 denote the coordinates after rotation, serving as inter-
mediate variables in the mathematical formulation. For consistency,
the original coordinates x and y will be retained in subsequent discus-
sions. Subsequently, S x; yð Þ is expressed as follows:

S x; yð Þ ¼ e � cx x�lxð Þ2þ2cxy x�lxð Þ y�lyð Þþcy y�lyð Þ2ð Þ½ �; (9)

where symbol c is defined as

cx ¼
cos2h
2r2x

þ sin2h
2r2y

; (10)

cxy ¼
sin2h
4r2x

� sin2h
4r2y

; (11)

cy ¼
sin2h
2r2x

þ cos2h
2r2y

: (12)

Consider the ship length Ls, beam Bs, draft Ds, and rotation angle
hs, if the shape dimensions at Speak=a (a > 1 is a constant denoting
peak ratio) in Eq. (9) are used to characterize the ship geometry, then

rx ¼ Ls
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 log að Þp ; ry ¼ Bs

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 log að Þp : (13)

In the present study, the pressure distribution is assumed to
move uniformly in the positive x direction at a constant horizontal
velocity U , while V ¼ 0. Denoting time as t, the general form of the
pressure distribution term can accordingly be expressed as

P ¼ P x; y; tð Þ ¼ P x � Ut; yð Þ: (14)

For such a case, the ship’s angle of rotation is zero, i.e., hs ¼ 0, and by

submitting this into Eq. (13), one can obtain: cx ¼ 4log að Þ
L2s

, cxy ¼ 0, and

cy ¼ 4log að Þ
B2
s
, then the shape factor and the pressure distribution can be

written as Eqs. (15) and (16), respectively,

S x; yð Þ ¼ e
�4 log að Þ x�lxð Þ2

L2s
þ y�lyð Þ2

B2s

h i
; (15)

P x � Ut; yð Þ ¼ qgDs � S x � Ut; yð Þ

¼ qgDs � e
�4log að Þ x�lx�Utð Þ2

L2s
þ y�lyð Þ2

B2s

h i
: (16)

The two-dimensional (2D) Fourier transform converts a function
from the spatial domain ðx; yÞ to the frequency domain ðu; vÞ. For a
Gaussian function, its Fourier transform remains a Gaussian function.
For a standard Gaussian shape such as that in Eq. (7), its Fourier trans-
form is given by the following equation:

Ŝ u; vð Þ ¼ 2prxrye
�2p2 r2xu

2þr2y�
2ð Þe�i�2p lxuþlyvð Þ: (17)

The Fourier transform of Eq. (9) is given by the following equation:

Ŝ u; vð Þ ¼ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cxcy � c2xy

q e
� p2

cxcy�c2xy
cyu

2�2cxyuvþcx�
2ð Þ
e�i�2p lxuþlyvð Þ: (18)

Accordingly, the pressure distribution [Eq. (16)] can be depicted
in the frequency domain as follows:

F P x � Ut; yð Þ½ � ¼ qgDs � pLsBs

4log að Þ
� e� p2

4log að Þ L2s u
2þB2

s �
2ð Þe�i�2p lxþUtð Þuþlyvð Þ: (19)

The introduction of a translation term x � Ut in the spatial
domain, according to the shift property of the Fourier transform,
implies the introduction of a phase factor e�i�2p Ut�uð Þ in the fre-
quency domain.

C. Wake solver workflow

The large-domain wake solver is generated based on HOS-
Ocean. HOS-Ocean is an open-source solver released in 2016 by the
LHEEA Laboratory at �Ecole Centrale de Nantes. It is based on the
high-order spectral (HOS) method and is specifically designed for sim-
ulating the propagation of nonlinear wave fields over constant finite
depth in open ocean. Due to its use of periodic boundary conditions,
the solver does not include a separate wave generation boundary.
Instead, the simulation is initialized by specifying the initial surface ele-
vation and velocity potential of the wave field.

FIG. 1. The shape factor S x; yð Þ described
in Eq. (7). (a) Three-dimensional view and
(b) top view.
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Prior to computation, the solver processes user-defined parame-
ters from an input file to configure the numerical scheme and physical
conditions. Most of these parameters are dimensionless using charac-
teristic wavelength and wave period as scaling factors. During initiali-
zation, relevant physical quantities—such as computational domain
size and simulation duration—are similarly dimensionless. This scaling
strategy serves two key purposes: it reduces round-off errors caused by
large disparities in numerical magnitudes and relaxes the constraints
on spatial and temporal discretization when simulating large domains.
As a result, both computational efficiency and numerical stability are
significantly enhanced.

As illustrated in Fig. 2, a rectangular computational domain is
considered, with its coordinate origin located at the bottom-left corner.
The positive z axis is oriented outward, normal to the plane. The
dimensionless parameters xlen and ylen represent the number of wave-
lengths in the x and y directions, respectively. Taking deep-water con-
ditions as an example, Fig. 3 demonstrates the dimensionless
procedure: based on the input significant wave period Tpreal , the signif-
icant wavenumber kpreal and wavelength kh are derived. These are
used to define the characteristic length scale L and timescale T , which
in turn facilitate the normalization of the total simulation duration
Tstop, as well as the domain dimensions xlentot and ylentot . This process
yields the corresponding dimensionless parameters time, xlenstar , and
ylenstar . In the output phase, a scaling parameter is used to determine
whether results should be presented in dimensional or non-
dimensional form, allowing convenient comparison across computa-
tional domains of different physical scales.

After being introduced into HOS-Ocean and rendered dimen-
sionless, the final expression for the pressure distribution term is
obtained as follows:

P x � Ut; yð Þ
q

¼ a � e�b� x�Xð Þ2
L2s

þ y�Yð Þ2
B2s

h i
; (20)

where a ¼ gstar � Ds
L is the dimensionless peak value and gstar ¼ g

L=T2 is
the dimensionless gravity acceleration, b ¼ 4log að Þ represents the
shape parameter, and X ¼ lx þ Ut and Y ¼ ly ¼ ylentot=2 denote
the real-time horizontal location of pressure distribution as shown in
Fig. 4.

During the solution phase, Fourier transforms are utilized in
HOS-Ocean to compute derivative operators in spectral space.
Differential operations are replaced by multiplicative manipulations
[as shown in Eq. (21)], leading to a significant improvement in compu-
tational efficiency

F @f
@x

� �
¼ ikxF f½ �; F @f

@y

� �
¼ ikyF f½ �: (21)

In addition, to mitigate numerical instability, a transition period
is introduced in the free-surface boundary conditions through the use
of a relaxation scheme, which enables a smooth progression from lin-
ear initial conditions to fully nonlinear computation. Further details
on this approach can be found in Ref. 60. As shown in Fig. 5, the solu-
tion of the free-surface boundary conditions [Eqs. (3) and (4)] involves
an iterative procedure for /s and g. In HOS-Ocean, an integrating fac-
tor proposed by Fructus et al.61 is employed to appropriately transform
the variables, enabling the linear part of the equations to be integrated
analytically, while the nonlinear part is treated numerically. The time
stepping for the iterative solution is performed using an adaptive-time-
step, six-stage, fifth-order (fourth-order) Runge–Kutta method. This
method estimates the current local truncation error by computing
numerical solutions at two different orders (fifth and fourth). If the
estimated error exceeds the prescribed tolerance, the procedure
reduces the time step and recalculates the current step. When the error
falls within the acceptable range, the current step is accepted, and the
next time step is predicted and adjusted based on both the error mag-
nitude and a safety factor. This strategy enhances computational effi-
ciency while maintaining accuracy. The step size correction factor is
constrained within reasonable bounds, preventing excessive growth or
reduction of the time step. The adaptive time step is stringently con-
strained to the minimum value among three critical parameters: the
computationally optimized step from error estimation, the prescribed
output interval, and the stability limit imposed by the linear compo-
nent of the model. This triple safeguard mechanism provides a com-
prehensive safeguard for numerical precision and computational
stability throughout the simulation. For further details, refer to Ref. 30.

III. RESULTS AND DISCUSSION
A. Numerical verification and validation

To evaluate the computational capability of HOS-Ocean in simu-
lating ship wakes with the introduction of a moving pressure distribution
term, calculations are performed for Fr ¼ 0:414 at a water depth of 171m
(under deep-water conditions where results become insensitive to water
depth). The symbol Fr is the Froude number based on ship length Ls,

Fr ¼ Uffiffiffiffiffiffi
gLs

p : (22)

Referring to the pressure distribution model established by Lo,23

the parameter b is set to 8, corresponding to a contour level of e�2 rela-
tive to the peak value for characterizing the hull length and beam.
Using the DTMB 5415 as the reference hull form—with a length of
142.0m, beam of 18.9m, and draft of 6.16m—the shape of the pressure
distribution function is determined via Eq. (20). As depicted in Figs.
6(b) and 6(c), the frontal and profile views both show a Gaussian-type
pressure distribution symmetric about the origin, where the pressure
peak occurs. Figure 6(a) reveals an elliptical footprint in the top-view
plane, exhibiting smooth fore-aft transitions unlike the abrupt geometricFIG. 2. HOS-Ocean domain.
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changes typical of actual ship bows and sterns. The three-dimensional
representation of the pressure distribution is provided in Fig. 7.

First, a study on grid convergence is conducted. To accommodate
the moving pressure distribution defined over the computational grid,
the domain size must be sufficiently large to prevent the distribution
from exiting the boundaries. Moreover, as HOS-Ocean utilizes peri-
odic boundary conditions, employing a domain with adequate trans-
verse extent also helps mitigate periodicity-induced artifacts in the
simulated wake. For this case, the order of HOS is M ¼ 3, and the
dimensionless parameters in Fig. 3 are set as follows: xlen ¼ 45,
ylen ¼ 20, Tpreal ¼ 10, and Tstop ¼ 45. On this basis, five sets of grids
are set up, and the number of grid nodes n1 and n2 in the x and y
directions are shown in Table I. The row labeled “Time” indicates the
actual computational time consumed, and the computing device fea-
tures a 3.60GHz Intel Core i7-9700 single-core processor. The

parameter g represents the free-surface elevation at the first wave peak
(x ¼ 118m) along the transverse section located 46m from the center-
line. The relative errors between results obtained with successively
refined grid resolutions are provided.

Figure 8 shows the computational results, specifically the wave
field corresponding to Result-4, and the wave pattern is consistent
with the one from Lo. Within the same length range (800m), four
peaks and troughs are observed, indicating wavelengths that are
broadly consistent with literature values. The scattering angle of the
divergent wave conforms to the Kelvin angle. This preliminary qualita-
tive analysis confirms the computational accuracy of the method
employed in this paper. The elevation data of the free surface along the
x axis at a distance of y0 ¼ 46m from the pressure center was
extracted. The entire data are translated to align the coordinate axes
with the experimental setup.

As shown in Fig. 9, comparing results from different mesh con-
figurations reveals that numerical outcomes gradually converge toward
a stable value as the number of meshes increases. It is observed that in
HOS-Ocean, coarse meshes exhibit shorter computation times com-
pared to fine meshes but appear to yield larger results. This discrep-
ancy may stem from coarse meshes’ less precise representation of
pressure. When the grid configuration uses n1 ¼ 128 and n2 ¼ 64,
this discrepancy is most pronounced. This finding suggests that, while
dimensionalization in HOS-Ocean to some extent reduces the neces-
sity for grid points, these points must still be determined with adequate
caution. One can progressively refine the grid in order to address the
limitations of coarse grids, as evidenced by the configurations that cor-
respond to Result-2 and Result-3. Nevertheless, a small discrepancy
still remains between these results and those obtained at convergence.
However, if the objective is merely to expeditiously evaluate the quali-
tative plausibility of computational outcomes, such grid configurations
may be sufficient. As the grid size is decreased to the configurations
corresponding to Result-4 and Result-5, the results converge almost.
As presented in Table I, the relative error is observed to be 7.3%. It is
worth noting that the grid points in HOS-Ocean, based on a pseudo-
spectral method, essentially correspond to frequency-domain discreti-
zation points.

Since Result-4 closely approximates Result-5 with less simulation
time, Result-4 is considered for numerical validation. The result is
compared with the experimental measurements from Lindenmuth
et al.64 and the numerical results from Gourlay.65 In the near field, spe-
cifically near the first and second major wave crests, the computational

FIG. 3. Dimensionless processing
procedure.

FIG. 4. Schematic diagram of the pressure distribution location.

FIG. 5. Solving procedure in wake solver.
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results exhibit significant deviations. This is primarily due to discrep-
ancies between the pressure distribution and the actual hull geometry.
In the near field, the waves are primarily dominated by hull disturban-
ces. However, elevation agreement is satisfactory in the far field.
Overall, incorporating the moving pressure distribution term into
HOS-Ocean enables the generation of reasonably accurate surface
wake results (Fig. 10).

B. The effects of shape parameter b

It can be observed that the differences among the pressure distri-
butions studied in Refs. 7, 23, and 24 fundamentally stem from the
choice of the contour level defined relative to the peak value of the

FIG. 6. Three-view diagram of pressure
distribution, where z ¼ P=qg.

FIG. 7. Three-dimensional view of pressure distribution.

TABLE I. Grid convergence analysis: mesh configurations, computational expense,
and resulting accuracy metrics.

Result-1 Result-2 Result-3 Result-4 Result-5

n1 128 180 256 360 512
n2 64 100 128 200 256
Time/s 600 1500 3240 8040 16200
g=m 2.26 1.96 1.59 1.37 1.27
Error% 13.27 18.88 13.84 7.3

FIG. 8. The wave field predicted by the Gaussian pressure distribution for Result-4.
The white dashed line marks the line y 0 ¼ 46m away from the centerline of the
ship in HOS-Ocean domain. FIG. 9. Verification for grid convergence.
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shape factor, at which the hull dimensions are characterized. The val-
ues of Moisy and Rabaud,7 Lo,23 Paprota24 for beta are p2, 4log 10ð Þ, 8,
respectively. In other words, they correspond to different proportions
of the peak values. Since a is proportional to b, i.e., a ¼ eb=4, it can be
known that the value of Moisy is the largest, followed by Paprota, and
Lo is the smallest. Their curves are compared as shown in Fig. 11. For
convenience, only the results along the x axis are displayed, i.e., y ¼ 0,
and lx ¼ ly ¼ 0. While all distributions maintain a peak value of 1,
the pressure distribution employed by Lo exhibits the flattest profile
among the compared cases. A larger value of b results in a steeper
curve; similarly, a larger a also leads to a sharper distribution. This
relationship is consistently reflected in the slope of the function.

From a statistical perspective, the symbols l and r in the
Gaussian function represent the mean and standard deviation of the
data, respectively, characterizing the distribution of the data. The stan-
dard deviation r describes the “dispersion” of the data. A low r value
indicates data that is concentrated around the mean, with a rapid
decline on both sides of the peak, resulting in a “sharp” curve.

Conversely, a high r value signifies dispersed data, characterized by a
gradual decline on both sides of the peak, leading to a “flat” curve.
Thus, a larger standard deviation corresponds to a broader and flatter
distribution, while a smaller one produces a narrower and steeper
distribution.

The wakes corresponding to five different b values (as shown in
Table II) were calculated, and the data at y0 ¼ 46m were compared as
well. The results are shown in Fig. 12, with Fig. 13 providing a local
enlargement of the shaded area. It should be noted that a sharper pres-
sure distribution imposes stricter requirements on the computational
grid; compared to a flatter distribution, capturing such a profile accu-
rately within the same domain generally demands a higher grid resolu-
tion. However, for the sake of convenience in discussion, the same grid
configuration is used throughout.

The surface elevations in the far field are nearly uniform, but
exhibit differences at the maximum wave crest and trough. As beta
increases, the pressure profile steepens, causing this peak to grow. It
can be observed that when taking one-fifth of the peak value, the peak
difference is relatively large because the pressure distribution is flatter
at this point, and the flow changes are relatively gradual. For Moisy
and Rabaud,7 Lo,23 Paprota,24 the results are very similar. For actual
ship hulls, whose bows, sterns, and sides are relatively steep, selecting a
larger beta value is more reasonable. However, it should be noted that
HOS-Ocean employs a global Fourier transform; excessively large val-
ues can cause the curve transitions to become non-smooth, potentially
leading to computational crashes.

Although researchers commonly employ Gaussian pressure dis-
tributions to approximate hull-induced surface disturbances using
consistent functional forms, variations exist in the selection of the
shape parameter b. Current literature predominantly presents the dis-
tribution expressions without substantiating the parameter selection
methodology or comprehensively addressing its hydrodynamic impli-
cations. This study consequently investigates the fundamental role of
this parameter, conducting preliminary comparative analysis of

FIG. 10. Validation for result.

FIG. 11. Shape factor (x direction) corre-
sponding to different beta values.

TABLE II. Parameter configurations: shape parameter b and its equivalent peak fac-
tor a.

b 6.44 8 4 log 10ð Þ p2 11.98

a 5 7.39 10 11.79 20
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representative b values (which exhibit relatively close numerical prox-
imity). The results indicate that the variations in wake characteristics
among these parameter configurations remain relatively modest within
this range. Systematic investigation of b’s influence requires methodi-
cal computation of wake patterns across progressively varying values
(from minimal to substantial magnitudes), with detailed parametric
analysis scheduled for subsequent research on improved pressure dis-
tribution models. Additionally, b exerts the same effect on both the x
and y directions. To better approximate the actual hull, different beta
values may be applied to the x and y directions, as shown in the follow-
ing equation:

P x � Ut; yð Þ
q

¼ a � e� b1 � x�Xð Þ2
L2s

þb2 � y�Yð Þ2
B2s

h i
; (23)

where b1 and b2 represent the shape coefficients in the x and y direc-
tions, respectively.

C. The HOS order M and usage of current

The impact of varying the order M in HOS-Ocean on the results
is examined. Owing to the pseudo-spectral method employed in HOS-
Ocean, Fourier transforms are frequently used, which can inevitably
introduce aliasing effects. Aliasing errors arising from nonlinear prod-
ucts of order up toM in the pseudo-spectral procedure were systemati-
cally addressed by applying zero-padding in the spectral domain. The
number of collocation points was extended following the half-rule to
fully eliminate aliasing effects. To address this, a de-aliasing parameter
p is incorporated into the model. For complete de-aliasing, it is optimal
to set p ¼ M; however, to reduce computational cost, a smaller value
of p may be used to achieve partial de-aliasing.30 The p-value must not
exceed M. Considering that first-order de-aliasing may be inadequate
to guarantee numerical accuracy, this study performs simulations only
for orders M > 1. Full de-aliasing (i.e., p ¼ M) is applied for
M ¼ 2; 3. For higher orders (M ¼ 4; 5), a partial de-aliasing scheme
with p ¼ 3 is adopted to maintain computational efficiency. The actual
computation time increases significantly with the orderM. The results
are shown in Fig. 14. The order M has little effect on the results, with
outcomes for different orders being very close. Balancing computa-
tional accuracy and efficiency, an order of M ¼ 3 meets the
requirements.

When using a moving pressure distribution in HOS-Ocean, the
required computational domain size increases proportionally with
both the moving speed and the simulation duration. Higher speeds or
longer simulation times necessitate a larger domain. To maintain accu-
racy, the number of grid points must also be increased accordingly,
leading to higher computational cost. In addition, it requires a certain
amount of time for the wake to reach a stable state. In the context of a
moving pressure distribution, this distance cannot be overlooked. To
mitigate this, an equivalent inflow condition is considered: as illus-
trated in Fig. 15, the pressure distribution is placed at a distance of two

FIG. 12. g at y0 ¼ 46m for different b.

FIG. 13. The shaded area from Fig. 12. FIG. 14. Surface elevation for different orders.
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ship lengths 2Ls from the left boundary, with the inflow velocity set
equal to the ship velocity U . Furthermore, prolonged simulations may
introduce interference from periodic boundary conditions on the
Kelvin wake, necessitating a constraint on the minimum domain size
to avoid such artifacts. This constraint is intrinsically linked to the ves-
sel’s velocity and the total simulation duration. To determine the lower
bound of the domain size, the wedge-shaped region of the wake is con-
sidered. Starting from the apparent wake angle happarent, the geometric
condition is adopted

tan happarent
� � � ylentot

2 � xlentot : (24)

Considering that a transition period Tpre of 80–100 s is
required in HOS-Ocean for the Kelvin wake to develop after
introducing the pressure distribution, the required domain
length can be estimated based on the total simulation time Ttot

and the wave propagation distance. The longitudinal domain
size should satisfy

xlentot � 1:5Ls þ Ttot � Tpreð Þ � U ; (25)

where Ls denotes the ship length and U the ship speed. Thus, by
combining Eqs. (24) and (25), the appropriate computational
domain size or simulation duration can be rationally determined
to mitigate the influence of periodic boundary conditions, based
on happarent. Here, happarent can be selected according to the water
depth h and navigation velocity U , such as the classical Kelvin
wake angle of 19:28� under deep-water conditions. It should be
noted that this formulation neglects viscous effects, implicitly
assuming the Kelvin wake can propagate indefinitely without
attenuation. A more refined approach would require incorporating
viscous terms into the free-surface boundary conditions, which lies
beyond the scope of this study.

Due to the symmetry of the pressure distribution, its fore and aft
sections are identical, thus eliminating the need to adjust the bow
direction as would be required for a real vessel. A comparative analysis
of the results obtained using this approach is presented in Fig. 16. The
result obtained using current are comparable to the one within moving
pressure, indicating that substituting current for moving pressure dis-
tribution in HOS-Ocean is reasonable. In subsequent wide-area wake
numerical simulations, current will be utilized as an equivalent
substitute.

D. Kelvin wake at different Froude number Fr
and sailing angle h

The Kelvin wakes corresponding to different Froude numbers
and different sailing angles were calculated. Perform a two-
dimensional, discrete Fourier transform on the free-surface elevation
of the wake at steady state. The general form is as follows:

g fx; fy
� � ¼ DxDy

XN�1

n¼0

XM�1

m¼0
g m; nð Þe�i2p ml=Mþnk=Nð Þ; (26)

fx ¼ l
MDx

l ¼ 0; 1;…;M � 1ð Þ; (27)

fy ¼ k
NDy

k ¼ 0; 1;…;N � 1ð Þ: (28)

The 2D power spectral density (2D-PSD) can be expressed as
Eq. (26) multiplied by a coefficient

PSD fx; fy
� ��� �� ¼ DxDy

MN

XN�1

n¼0

XM�1

m¼0
g m; nð Þe�i2p ml=Mþnk=Nð Þ

��� ���2;
(29)

where M and N represent the discrete values of the free-surface eleva-
tion in the x and y directions, respectively. Dx and Dy denote the sam-
pling intervals, while l and k are the indices in the x and y directions,
respectively. fx and fy are the spatial frequencies in the x and y direc-
tions, respectively. Multiplying them by 2p yields the spatial wave
numbers kx and ky .

Consider the linear dispersion relation in infinite water depth, i.e.,

x2 ¼ gk; (30)

where x is the angular frequency, k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
denotes the wave-

number. According to the Doppler effect, when the ship travels along
the positive x axis at velocity U in the reference frame, then

x0 ¼ x� Ukx: (31)

Under the assumption that the Kelvin wake remains stationary
relative to the vessel, i.e., x0 ¼ 0, combining Eqs. (30) and (31) yields,

FIG. 15. HOS-Ocean domain within a constant flow velocity.

FIG. 16. Comparison of current and moving pressure.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 122139 (2025); doi: 10.1063/5.0308308 37, 122139-10

Published under an exclusive license by AIP Publishing

 01 January 2026 14:32:28

pubs.aip.org/aip/phf


ffiffiffiffiffi
gk

p ¼ Ukx and g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
¼ Ukxð Þ2, and then the dispersion rela-

tion follows that

k2y ¼ k2x
U4

g2
k2x � 1

 !
: (32)

The curves for different U are shown in Fig. 17(a). When the ship sails
at a certain angle to the x axis, such as 0�, 45�; and 90�, the theoretical
dispersion relation curve is shown in Fig. 17(b).

The dispersion relation specifies the condition that the wavenum-
ber components kx and ky must satisfy for Kelvin waves to form
behind a uniformly moving object. It explains why ship waves are con-
fined within a V-shaped sector. When kx becomes sufficiently large,
the term U4k2x=g

2 dominates, leading to ky / U2k2x . This indicates
that ky increases quadratically with kx , resulting in short wavelengths
perpendicular to the direction of motion and wave crests nearly
aligned with the ship’s trajectory. Such short waves are typically influ-
enced by surface tension, which falls beyond the scope of this disper-
sion relation.

Setting ky ¼ 0 yields the cutoff wavenumber kcx ¼ g=U2, repre-
senting the minimum kx required for ship wave formation. Only when
kx � kcx does k2y remain non-negative, allowing visible ship waves to
develop. This implies that the maximum wavelength in the x direction
is kx;max ¼ 2pU2=g. Thus, higher ship speeds correspond to longer
achievable wavelengths in the x direction.

As kx approaches the cutoff wavenumber kcx , the term
(U4k2x=g

2 � 1) tends to zero, causing ky ! 0. This indicates that the
wave component along the y-direction diminishes, and the wave prop-
agates almost entirely along the x axis (the ship’s direction), corre-
sponding to the transverse wave system.

Furthermore, when the ship’s speed U increases significantly, kcx
approaches zero. This implies that the minimum kx required for ship
waves becomes very small, allowing waves with extremely long wave-
lengths (i.e., very small kx) to develop in the x direction. Consequently,
waves generated by high-speed vessels can extend over considerable
distances. Under such conditions, the term U4k2x=g

2 again becomes
dominant, leading to ky / U2k2x . As a result, the wave crests align
increasingly with the ship’s direction, and the wake system becomes
notably narrow and elongated.

The wake results and power spectral density at different Froude
numbers are shown in Fig. 18. All simulations employ identical com-
putational grid configurations and durations. The solid red line

corresponds to the Kelvin angle, while the dashed orange line repre-
sents the apparent wake angle. Bright regions indicate wave crests, and
dark regions denote wave troughs. Consistent with classical Kelvin the-
ory, the entire wake is confined within a wedge-shaped region. This
wedge persists over a broad span, propagating several kilometers. As
speed increases, the wake’s dispersion distance also grows. Within an
identical time duration, a wave system generated by a vessel with larger
velocity covers a larger propagation distance.

When Fr ¼ 0:3, the wake is predominantly composed of trans-
verse waves (also referred to as bow waves), while divergent waves are
hardly noticeable. Under this condition, the Kelvin angle hKelvin and
the apparent wake angle happarent nearly coincide. As Fr increases, the
transverse and divergent waves exhibit opposite trends: the divergent
waves become increasingly pronounced and gradually dominate the
wake structure. Until at Fr > 0:7, transverse waves are almost entirely
absent. Throughout this process, the apparent wake angle happarent pro-
gressively deviates from the Kelvin angle hKelvin and continues to
decrease with increasing Fr.

In the power spectral density plot, the white line represents the
theoretical dispersion relation curve. At low Froude numbers, the
power spectral density (PSD) is dominated by two distinct peaks corre-
sponding to the cutoff wavenumbers of transverse waves, with negligi-
ble spectral energy associated with divergent waves. As Fr increases, a
curved spectral component emerges and progressively organizes into a
well-defined X-arm pattern, signifying the excitation of divergent
waves. Concurrently, the separation Dkx ¼ 2kcx between the spectral
peaks decreases, indicating a monotonic reduction in the cutoff wave-
number kcx approaching zero. This evolution is accompanied by atten-
uation of spectral energy near the vertex region—consistent with the
decay of transverse waves—and a redistribution of energy toward the
developing arms as divergent waves become dominant. Furthermore,
the included angle between the spectral arms increases systematically
with Fr, in accordance with the corresponding decrease in the appar-
ent wake angle happarent . This pattern of change is consistent with the
theoretical representation shown in Fig. 17(a).

The apparent wake angle happarent is preliminarily extracted.
According to the theoretical formula for wake angle considering bow-
stern wave interference from the referenced literature,2,22,62 the expres-
sion is given as

happarent ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2Fr4=l2 � 1

p
2p2Fr4=l2 � 1

; (33)

FIG. 17. Theoretical shape of the Kelvin
wake pattern in the spectral domain.
(a) The ship is assumed to be moving in
positive x direction; and (b) a ship with a
heading of h counterclockwise with respect
to the positive x axis, U ¼ 15:452m=s.
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where l denotes the (non-dimensional) distance between the effective
origins of the bow and stern waves. As illustrated in Fig. 19, theoretical
curves of the wake angle are plotted for l ¼ 0:5; 0:6; and 0:9. The
wake angle profile produced by the Gaussian pressure distribution
aligns closely with the theoretical curve corresponding to l ¼ 0:6, indi-
cating that the effective non-dimensional length represented by this

pressure distribution is 	0.6. Moreover, the results demonstrate that
for a constant Froude number Fr, a reduction in the effective length l
leads to a corresponding decrease in the observed wake angle happarent .
This systematic variation underscores the sensitivity of the wake pat-
tern to the spatial separation between the bow and stern-wave sources
and provides a quantitative basis for evaluating the representational

FIG. 18. Kelvin wake at different Froude
number Fr from 0.3 to 1.0.
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accuracy of the pressure distribution model in capturing hull-induced
wave phenomena.

As illustrated in Fig. 20, the outcomes for heading angles of 45�

and 90� are demonstrated. The direction of travel is indicated by the
pink arrows. As is evident, the shape of the power spectral density
undergoes a corresponding rotation, aligning with the pattern depicted
in Fig. 17(b).

E. Kelvin wake at varied water depth h

Subsection III D discussed the relationship between the
length-based Froude number and the ship wake. This subsection
examines the variation of the Kelvin wake with water depth, intro-
ducing the depth-based Froude number, defined as Frh ¼ U=

ffiffiffiffiffi
gh

p
,

where h represents the water depth. The relationship between these
two Froude numbers can be readily seen from the following
equation:

Frh ¼ Fr �
ffiffiffiffi
Ls
h

r
: (34)

Since the water depth varies and may not satisfy the deep-water
condition, it is necessary to consider the general form of the dispersion
relation, which modifies Eq. (30) by introducing a coefficient, as shown
in Eq. (35). Correspondingly, Eq. (32) is then changed to Eq. (36)

x2 ¼ gk � tanh khð Þ; (35)

k2y ¼ k2x
U4

gtanh khð Þ� �2 k2x � 1

 !
: (36)

Using polar coordinate transformation, with the wave vector
magnitude k as the parameter and u as the angle between the wave
vector and the kx axis

kx ¼ k cosu;
ky ¼ k sinu;

�
(37)

FIG. 19. Comparison of the apparent wake angle happarent for different effective
lengths l with HOS-Ocean results.

FIG. 20. Wake at heading angles of 45�

and 90�.
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cos2u ¼ gtanh khð Þ
U2k

: (38)

Let tmp ¼ gtanh khð Þ
U2k , and it is evident that the condition 0 
 tmp


 1 must be satisfied in order to ensure that cos2u lies within the
specified interval ½0; 1�. For each value of k that satisfies this condition,
the corresponding value of cosu and sinu can be computed.
Ultimately, the nonlinear dispersion relation can be expressed as
follows:

k2x ¼ k2 � tmp;

k2y ¼ k2 � 1� tmpð Þ:

(
(39)

The wake at varying water depths was calculated for Fr ¼ 0:414, with
the relevant parameters displayed in Table III, where
k ¼ gT2

2p tanh khð Þ denotes wavelength. The theoretical dispersion rela-
tion curve is shown in Fig. 21.

Additionally, let n ¼ kh, after substituting Frh into tmp, one can

obtain tanh nð Þ
Frh2n


 1, and the cutoff wave number for the nonlinear dis-

persion relation can be written as kcx ¼ g
U2 tanh nð Þ. For the deep-water

condition, the cutoff wave number can be written as a function of Fr,
i.e., kcx ¼ 1

Fr2L. As demonstrated in Fig. 22(a), the initial decrease in kcx
is rapid as Fr increases. However, when Fr exceeds 0.3, the rate of
decrease slows down and the value of kcx gradually approaches zero. At
Fr ¼ 1, the result is almost zero. The patterns illustrated in Figs. 17(a)
and 18 are consistent with this behavior. In addition, as depicted in
Fig. 22(b), when Frh < 0:6, kcx approaches the cutoff wavenumber
g=U2 corresponding to the deep-water dispersion relation. As the
water depth decreases, the kcx simultaneously diminishes. It is evident
that this trend undergoes a substantial acceleration when Frh < 0:9,
accompanied by a rapid decline in kcx until it attains a value of zero
when Frh � 1. As illustrated in Figs. 21 and 23, this pattern is demon-
strated from both theoretical and numerical perspectives.

The computational results are presented in Fig. 23, where the
right column shows the power spectral density, with the red and white
curves representing the theoretical dispersion relations for nonlinear
and linear cases, respectively. All calculated Froude numbers Frh are
less than 1:0. Within this Froude number range, the compositional
structure of the Kelvin wake remains unchanged compared to the
deep-water case, still consisting of transverse and divergent waves.
However, as Frh increases, i.e., as the water depth h decreases, the
included angle between the two arms of the Kelvin wake gradually
widens. At Frh ¼ 0:6977, corresponding to a relative water depth

TABLE III. Water depth-related parameters.

h mð Þ Frh k mð Þ h=k

25 0.9867 130.38 0.192
30 0.9007 137.30 0.218
35 0.8339 142.49 0.246
50 0.6977 151.29 0.330

FIG. 21. Theoretical shape of the Kelvin
wake pattern at different Frh in the spec-
tral domain.

FIG. 22. Cutoff wavenumber kcx for differ-
ent Foude numbers. (a) Varies with sailing
speed U. (b) Varies with water depth h.
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h=k ¼ 0:33, the overall waveform closely resembles that under deep-
water conditions. Furthermore, the dispersion relation curves derived
from the power spectral density show strong agreement with the theo-
retical nonlinear dispersion relation, while deviations from the linear
theory occur at the cutoff wavenumber kcx , where the actual value is
smaller and approximately proportional to the water depth.

F. Kelvin wake in the presence of environmental waves

The HOS-Ocean model is designed to simulate large-scale non-
linear waves, including irregular waves. This section is a progression
on from the preceding foundation, with the objective of simulating
Kelvin wakes in a random wave environment. In this manner, an ini-
tial examination is provided of how the external environment affects
the wake. In the extant open-source HOS-ocean model, the sole

available wave spectrum is the JONSWAP spectrum. The project was
formally designated the Joint North Sea Wave Project (JONSWAP)
and was first mooted in 1969. The spectral density function S xð Þ for
the JONSWAP spectrum can be expressed as

FJ xð Þ ¼ CJx
�5exp � 5

4x4

	 

c
exp � x�1ð Þ2

2r2

h i
; (40)

CJ ¼ 3:279E; c ¼ 3:3; r ¼ 0:07 x < 1ð Þ;
0:09 x � 1ð Þ:

(
(41)

The spectral peak enhancement factor, denoted by c, is conventionally
set to 3.3. The symbol E denotes the energy density of the wave field,
which can be estimated using the relationship Hs ¼

ffiffiffiffiffiffi
4E

p
, where Hs is

the significant wave height of that wave field. It is important to note

FIG. 23. Kelvin wake at different Froude
number Frh (water depth h).
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that Eq. (41) represents a normalized spectral density function, where
both the peak frequency xp corresponding to the spectral peak, and
the gravitational acceleration g, are set to 1.

Taking the spectral peak period Tpreal ¼ 10 s, Fr ¼ 0:414 for
the deep-water condition, the Kelvin wake under random wave
conditions was calculated for a range of significant wave heights,
Hs ¼ 0:6; 0:8; and 1:0m. For the purposes of facilitating discus-
sion, the selection of wave random phases is fixed at the grid nodes.
This means that identical grid random phase seeds yield consistent
results. In order to ensure reproducibility, this seed remains

unchanged for each simulation run. The results are presented in
Fig. 24. In the presence of environmental waves, Kelvin wakes
become relatively less distinct, particularly in the far field where
transverse waves, which are comparable in amplitude to environ-
mental waves, become nearly indistinguishable. The random waves
manifest in the power spectrum as scattered points near the disper-
sion relation curve. These points become increasingly prominent
across the spectrum as significant wave height Hs increases, which
means that they exert varying degrees of influence on Kelvin
wakes.

FIG. 24. Kelvin wake in the presence of
environmental wave, e.g., random wave.

FIG. 25. Surface elevation at y0 ¼ 46m
away from the centerline.
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Random wavefronts are regarded as the superposition of a finite
number of harmonic components, which satisfy a Gaussian distribu-
tion model. Therefore, the elevation of the wavefront at time t can be
expressed as follows:

gr x;y; tð Þ ¼
XM

m¼1

XN

n¼1
amn cos krmxþ krny�xmntþ vmn

� �
: (42)

In the given Eq. (42), the symbol amn represents the amplitude corre-

sponding to each wavenumber kr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
krmð Þ2 þ krnð Þ2

q
, xmn denotes

the corresponding frequency, which satisfies the dispersion relation,
and the phase vmn follows a uniform distribution between 0 and p.
Ultimately, the superposition of the environmental wave and the free-
surface elevation of the Kelvin wake yields

gtot ¼ gKelvin þ gr : (43)

As shown in Fig. 25, the elevation profile at a transverse distance
of y’¼ 46m from the centerline is presented. The random ocean waves
introduce stochastic interference with the Kelvin wake. When con-
structive interference occurs, the wave elevation increases, making the
wake more pronounced, whereas destructive interference reduces the
elevation and renders the wake less discernible. In general, the presence
of ambient waves reduces the detectability of the Kelvin wake. For all
the different significant wave heights Hs considered in the computa-
tions, the same random phase vmn is applied, resulting in consistent
waveform characteristics. The intensity of interference with the Kelvin
wake scales with the significant wave height, where higher significant
wave heights induce more pronounced interference effects from the
random waves. Furthermore, due to the irregular nature of the random
waves, the peaks and troughs of the wake may become less regular, as
observed in the wave crest at x ¼ 1500m.

A preliminary spectral analysis was conducted on the longitudi-
nal free-surface elevation recorded at a transverse offset of 46m from
the centerline. The results, presented in Fig. 26, compare the case with
no ambient waves (Hs ¼ 0 m) to that with a superimposed random
wave field. In the absence of ambient waves, the spectrum of the
Kelvin wake is dominated by a sharp peak near 0.0066Hz, with mini-
mal energy distributed outside this narrow band. When ambient waves

are present, the spectral peak becomes more pronounced, and the
energy distribution broadens significantly, exhibiting increased contri-
butions across both lower- and higher-frequency ranges.

This section of the study aims to provide a preliminary investiga-
tion into the capability of the open-source software HOS-Ocean for
generating Kelvin wakes through introduced pressure distribution in
the presence of ambient waves. The analysis presented here is inten-
tionally preliminary and qualitative, serving as an initial reference for
further studies on Kelvin wake generation in the presence of environ-
mental waves. More in-depth and quantitative explorations are
reserved for subsequent research.

IV. CONCLUSIONS

Based on the high-order spectral (HOS) method implemented in
the open-source solver HOS-Ocean, this study simulates ship-
generated surface wakes by introducing a moving pressure distribution
into the dynamic free-surface boundary condition. This approach effi-
ciently captures wide-area wake patterns with significantly reduced
computational cost. Quantitative validation against experimental mea-
surements confirms the accuracy and reliability of the numerical
results.

The influence of the shape factor coefficient b on the pressure dis-
tribution was investigated: while larger values of b are recommended
for realistic hull representation, excessively high values should be
avoided in HOS-Ocean to ensure numerical stability. A third-order
HOS truncation was found to provide an optimal balance between
computational efficiency and accuracy. Furthermore, the equivalence
between a moving pressure distribution and a stationary pressure field
under inflow conditions was numerically demonstrated.

Analysis of wake patterns and power spectral density distribu-
tions across various Froude numbers (Fr and Frh) qualitatively vali-
dates the proposed methodology. Furthermore, the presence of
different Kelvin wakes and power spectral densities corresponding to
varying speeds and water depths indicates the potential exposure of
navigation parameters and the necessity of conducting wide-area wake
calculations. Preliminary investigations suggest that Kelvin wakes
become more difficult to detect in the presence of environmental
waves, such as random waves. It should be emphasized that the current
Kelvin wake simulation model is developed within the potential flow
framework using the High-order spectral method, primarily applicable
to wave conditions with low steepness. While the model demonstrates
good capability in capturing the overall structure and far-field charac-
teristics of Kelvin wakes, it cannot resolve strongly nonlinear phenom-
ena such as stern-wave breaking, rooster tail formation, and viscous
roll-up effects. The model’s constraints originate in two fundamental
assumptions: first, the inviscid and irrotational hypothesis breaks
down under conditions involving free-surface reconnection and air
entrapment; second, the exclusion of viscous forces precludes adequate
representation of associated energy dissipation mechanisms.66 Future
investigations will consider incorporating viscous correction terms to
address these physical processes.

In short, this work establishes an efficient and reliable framework
for large-scale wake simulation, offering practical value for the predic-
tion and analysis of ship wakes in real-world applications.

In the future, the pressure distribution model can be further
improved to more accurately characterize the disturbance of the actual
ship hull on the free surface. In addition to approximating hull geome-
try using predefined mathematical equations, external realistic hull

FIG. 26. Spectral analysis: g at y0 ¼ 46m away from centerline.
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data [e.g., from Computer-Aided Design (CAD) models or CFD
results] can be introduced and processed to better represent the ship
body, thereby achieving higher precision in wake simulation. While
direct application of discrete hull surface data would theoretically pro-
vide optimal accuracy, this approach introduces significant implemen-
tation challenges. The fundamental requirement for unique pressure
mapping at each ðx; yÞ coordinate becomes problematic with complex
hull geometries such as bulbous bows, where non-unique vertical map-
pings occur. Furthermore, capturing localized steep curvature would
necessitate substantial grid refinement. However, since the HOS-
Ocean model employs a global Fourier transform, it currently does not
support local grid refinement in the pressure area, making it difficult
to capture sharply varying pressure distributions. Is it feasible to imple-
ment local mesh refinement to further enhance computational effi-
ciency? While this may be challenging to achieve within the high-
order spectral (HOS) framework alone, hybrid approaches—such as
viscous-potential flow coupling strategies67–73—could offer a viable
solution.
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