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A B S T R A C T

This study first employs the Improved Delayed Detached Eddy Simulation (IDDES) method to analyze the flow of 
a pump-jet propulsor (PJP) at three different rotor skew angles: 0◦, 30◦, and 60◦. Subsequently, based on the 
Ffowcs Williams–Hawkings (FW-H) acoustic analogy method, the flow noise is computed, and both the far field 
acoustic characteristics and near field noise source distribution are investigated. The results show that as the 
skew angles increase, the efficiency of the PJP also increases, with a maximum improvement of 5.57%. For the 
far field noise monitoring points located laterally and rearward, the overall sound pressure level (OASPL) 
generated by the quadrupole source decreases with increasing skew angles. In the low-frequency range of 
0~300 Hz, the sound pressure level (SPL) for all three skew angles exhibits similar attenuation rates. Using the 
dipole and quadrupole sound source extraction method presented in this study, distinct dipole and quadrupole 
characteristics can be observed on the tip vortices in the wake field, and quadrupole features are also prominent 
at the leading edges of both the rotor and stator blades. The findings of this study could provide some insights 
into the noise mechanism of PJP and offer a reference for noise control technologies.

1. Introduction

In the field of marine engineering research, the pump-jet propulsor 
(PJP) is a highly efficient propulsion technology widely used in appli
cations that require low noise levels, such as military submarines and 
unmanned underwater vehicles (Shi et al., 2022). Compared to con
ventional propellers, the PJP not only provides higher thrust but also 
offers better noise control advantages (Cokmick and Eisenhuth, 1963). 
However, despite its advantages, the PJP still generates underwater 
noise in practical applications, which can have potential impacts on 
stealth performance and the marine ecosystem. Therefore, studying the 
underwater flow noise characteristics and mechanisms of the PJP is of 
significant importance for enhancing its acoustic performance and 
expanding noise control methods (Wu et al., 2023; Zhang et al., 2023).

Some studies have already been conducted on the underwater flow 
noise characteristics of the PJP. Zheng et al. (2024) equipped the hub of 
the PJP with two types of propeller boss cap fins (PBCF) and performed 
numerical calculations of the flow noise for these two configurations 
based on the Ffowcs Williams–Hawkings (FW-H) acoustic analogy 
method. The results showed that the fixed PBCF modifies the 

characteristics of the line spectrum noise but leads to an increase in flow 
noise. In contrast, the rotating PBCF increases the rotor's thrust coeffi
cient by 2.03% to 3.15%, while reducing both the exciting force and the 
line spectrum noise. Li et al. (2025) combined the IDDES method with 
the acoustic analogy approach to investigate the effect of duct param
eters on the flow noise of the PJP under both self-propulsion and 
open-water conditions. They found that the change trends of the PJP 
vortex system and flow noise under different duct parameters are not 
entirely consistent. Strong vortices within the PJP wake are positively 
correlated with higher flow noise when there is no separated flow over 
the duct. Yang et al. (2024) designed two types of serrated structures at 
the trailing edge of the duct of a pump-jet propulsor and investigated 
their noise reduction effects. They found that the vortex-disruption 
capability of the serrated trailing edge contributes to a decrease in the 
noise level of the two PJP configurations with serrated trailing edges 
within the frequency range of 0~1000 Hz. The most substantial noise 
reduction, up to 4.43 dB, was observed at the rear of the PJP. Although 
the SPL showed a slight increase at certain locations, this increase 
remained below 0.5 dB, which is considered negligible in the overall 
context. Qin et al. (2019) also investigated the noise reduction effects of 
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a sawtooth structure at the trailing edge of the duct and found that the 
sawtooth duct can significantly reduce the noise generated by the PJP 
from 10 Hz to 5000 Hz, particularly in the low-frequency range below 
1000 Hz. The OASPL of the PJP is reduced by approximately 2.5~5 dB 
with the maximum reduction of 4.88 dB observed at the design point.

The aforementioned studies on the flow noise of the PJP indicate that 
the FW-H acoustic analogy method has been widely applied. On the 
other hand, these studies also highlight that, due to the more complex 
structure of the PJP, its generated flow noise is influenced by more 
factors compared to traditional propellers, such as duct shape, advance 
ratio, blade shape and so on.

The rotor, stator, and duct are fundamental components of the PJP. 
The skew angle of the rotor, as one of the most basic and important 
parameters in propulsor design, plays a crucial role in influencing both 
the hydrodynamic and acoustic performance of the propulsor. Yu et al. 
(2023) investigated the loading noise generated by two types of pro
pellers, one with no skew and one with skew, under non-uniform inflow 
conditions. They found that, compared to the non-skewed propeller, the 
noise level of the skewed propeller decreases by 9~10 dB near the axial 
direction but increases at specific radiation directions. Furthermore, it 
was observed that the effect of the skew on the tonal noise decreased as 
the advance speed increased. Hadipour et al. (2021) investigated the 
underwater noise of a 7-blade high skew marine propeller under three 
different advance ratios. They found that the oscillation of the noise 
generated at the leading edge of the propeller is greatest, with the 
highest intensity occurring at an advance ratio of J = 0.34. The lowest 
amount of noise energy was produced at the trailing edge. Additionally, 
maximum noise levels were observed at frequencies of 4, 100, and 
120 Hz at the tip, and at frequencies of 4 and 18 Hz at the leading edge. 
Tong et al. (2021) investigated the relationship between the modal 
characteristics of a 6-blade high skew marine propeller and the radiated 
noise. They found that the dominant and coupled modes of the propeller 
are excited by the broadband thrust, but only the dominant modes 
contribute to the radiated noise. As the advance ratio increases from 
13.33 to 20, the radiated noise power from the propeller's vibration 
more than doubles. Additionally, the influence of the integral length on 
the radiated noise power depends on the blade spacing.

Current research on the impact of rotor skew angles on noise pri
marily focuses on traditional propellers, with fewer studies conducted 
on PJP. Additionally, most of the existing research concentrates on the 
acoustic characteristics at far-field monitoring points. In fact, the 
structure of the PJP first affects the near-field noise sources, which then 
radiate to the far-field monitoring points. Investigating the mechanisms 
of near-field noise sources can enrich the noise design theory for PJP and 
provide valuable insights for the development of noise control tech
nologies. Yu et al. (2025a,b) studied the sound source distribution of the 
NACA 0012 airfoil at different Reynolds numbers and found that, with 
the attack angle, the quadrupole begins to shift towards the suction side 
at approximately 5◦. The pressure fluctuation dominant mode is similar 
to that of the Lighthill source. The peak frequency of the quadrupole 
corresponds to the frequency of the high-energy vorticity mode. Addi
tionally, the quadrupole is distributed widely downstream, similar to the 
acoustic directivity. Turner et al. (2022) performed direct numerical 
simulations of low-speed flow around the NACA 0012 airfoil at attack 
angles of 0◦, 5◦, and 10◦, revealing significant differences in the quad
rupole contributions, including changes in the major source locations 
and frequencies. They found that the inclusion of quadrupole sources 
results in an increase in the predicted noise power level across all fre
quencies, varying between 2 and 8 dB, compared to the dipole-only case. 
The quadrupole contribution is far from negligible, even at low subsonic 
speeds (Mach 0.3 and 0.4) when airfoil stall occurs. Yu et al. (2025a,b)
investigated the sphere, dipole, and quadrupole sound sources gener
ated by cavitating propellers and found that the lower the cavitation 
number, the higher the surface force fluctuations, which is reflected in 
the increased dipole intensity. The vortex affects the turbulence in the 
wake region, contributing to the quadrupole source. The cavitation 

behavior influences the sphere pressure, with a stronger sphere source 
observed when the cavitation number is smaller and the standard de
viation of the cavitation area is larger.

Previous studies on sound sources primarily focus on airfoils and 
traditional propellers, with limited studies on the flow and noise 
mechanisms of PJP, particularly regarding the effects of variations in a 
single geometric parameter on acoustic characteristics. Therefore, this 
study, based on the IDDES method and the FW-H acoustic analogy, in
vestigates the impact of rotor skew angles on both the far-field acoustic 
characteristics and near-field sound source distribution of the PJP. The 
findings could provide insights for the analysis of PJP noise mechanisms 
and the development of noise control technologies. The structure of this 
study is as follows: Section 2 introduces the numerical theory, including 
the turbulence model, the FW-H equation, and near-field sound sources. 
Section 3 presents a numerical verification of the hydrodynamic per
formance, including grid uncertainty analysis and validation of the 
open-water curve. Section 4 presents the numerical results and discus
sion, including an analysis of the flow field, far-field acoustic charac
teristics, and near-field sound sources. Section 5 concludes the study.

2. Numerical methodology

2.1. Governing equations

In this study, the fluid is single-phase, incompressible water. The 
tensor form of the RANS equations is expressed as follows: 

∂ui

∂xi
=0 (1) 
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where the xi and xj (i, j = 1, 2, 3) refer to the coordinate components. ui 

and uj refer to freestream velocity components. ρ is the fluid density, p is 
the pressure, and uí、 uj́ denote the fluctuating velocity components. Sj 

is a generalized source term.
To close the above equations, An Improved Delayed DES method 

(IDDES) based on k − ω shear stress transport (SST) turbulence model 
(Menter et al., 1994) was employed in this study. It is widely used in the 
field of rotating machinery, the equation form is as follows (Shur et al., 
2008): 
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μt
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(4) 

lIDDES = f̃ d(1+ fe) ⋅ lRANS +(1 − f̃ d)⋅lLES (5) 

where k is the turbulence kinetic energy, ω is the dissipation rate, u→ is 
the fluid velocity vector. μ is the dynamic viscosity. μt is the turbulence 
viscosity, Pk is the production term in the solution process, and Fl, α, σω, 
σk, σω2, are constants. lRANS is the turbulence length scale of RANS, lLES is 
the turbulence length scale of LES. f̃ d is an empirical function mainly 
used for transitioning from the RANS model to scale-resolved model, fe is 
a lifting function designed to prevent a significant reduction in Reynolds 
stress in the near-wall region during the transition process (Yang et al., 
2024a,b).

2.2. FWH acoustic analogy

The FW-H acoustic analogy equation precisely reorganizes the con
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tinuity and momentum equations into a form of the non-homogeneous 
wave equation, and its form is as follows: 
(

∂2

∂t2 − c2
0

∂2

∂x2
i

)

ρʹ=
∂
∂t

{
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(6) 

Based on the FW-H equation, its integral form by free space Green's 
function can be expressed as follows (Xie et al., 2025), consisting of the 
monopole term pʹ

T, the dipole term pʹ
L (Farassat et al., 1980), the quad

rupole term pʹ
Q (Siemens, 2023): 
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where ṕ= ṕT(x, t) + ṕL(x, t) + ṕQ(x, t),it is the sound pressure. Q =

ρ0

[(

1 −
ρ
ρ0

)

vi +
ρ
ρ0

ui

]

ni.

Li =
[
(p − p0)δij − σij

]
ni + ρui(un − vn), Tij = ρuiuj + δij

[
(p − p0) −

c2
0(ρ − ρ0)

]
− σij. ρ0 is the far-field fluid density, ρ is the fluid density. 

Pij = (p − p0)δij − σij, it is the compressive stress tensors, H(f) is the 
Heaviside function. δij is the Kronecker symbol, σij is the viscous stress 
tensor, Tij denotes the Lighthill stress tensor, c0 is the speed of sound in 
the fluid. vn = v→⋅ n→, v→ is the velocity vector of the moving surface, and 
n→ is the unit normal vector pointing from the object surface towards the 
fluid. un = u→⋅ n→, u→ is the velocity vector of fluid. Mr = M→⋅ r̂, r̂ is the 
unit vector from a point on the object surface to the observer, M→ = v→/

c0. The subscript ‘‘ret’’ means that variables inside the square brackets 
are computed at the corresponding retarded time.

2.3. Noise source extraction and simplification

Based on the FW-H equation, Farassat et al. (2007) derived its inte
gral solution, known as the Farassat 1 A formula, the integration surface 
can be divided into permeable and impermeable surfaces. When the 

permeable surface coincides with the object surface, i.e., when the 
integration surface is the surface of a solid body in the fluid, it corre
sponds to the integral solution for the impermeable surface. The for
mulas for the monopole term ṕT, and dipole term ṕL (Brentner et al., 
1998) are as follows: 
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r(1 − Mr)
3

]

ret
ds+ (10) 

∫

f=0

[ρ0cvn
(
Mr − M2

)

r2(1 − Mr)
3

]

ret
ds 

4πpʹ
L(x, t)=

∫

f=0

[
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where cos θ = n→⋅r̂ , θ is the local angle between normal vector n→ to the 
surface and radiation direction vector ̂r. Mi = vi/c0. ̂ri is the component 
of r̂.

Currently, research on near-field sound sources primarily focuses on 
the extraction and analysis of the dipole and quadrupole sound source 
characteristics (Yu et al., 2025a,b; Hu et al., 2022; Kojima et al., 2023; 
Turner et al., 2022). Based on the studies of Yu et al. (2025a,b)Özden 
et al. (2016), and Cianferra et al. (2019),this study extracted p and ṗ 
from equation (11) as the characterization of the dipole sound source, 

and extracted the ∂2Tij
∂xi∂xj 

from equation (9) as the characterization of the 
quadrupole sound source. These were used to analyze the distribution of 
dipole and quadrupole sound sources on the surface of the solid body 
and in the wake field. In this study, Tij is not simplified to ρuiuj, it in 
equation (9) is directly used.

3. Verification and validation

3.1. Geometric model

In this paper, the components of the PJP are shown in Fig. 1(a), 
where the stator has 7 blades, the rotor has 5 blades, the blade airfoil 
shape is NACA 66. The axial length of the duct is 0.225 m, and the tip 
clearance between the rotor blade tip and the inner wall of the duct is 
1 mm. Three rotor skew angles are investigated: 0◦, 30◦, 60◦, in the 
subsequent analysis, these cases are denoted as Case 1, Case 2, and Case 
3, respectively, with the geometric schematics shown in Fig. 1(b), (c), 
(d). The rotor diameter DR = 0.322 m, and the advance ratio J = 0.8, the 
operating condition is shown in Table 1.

Fig. 1. Geometry of rotor blade skew angle.

Table 1 
Operating condition.

DR (m) n (rps) Va (m/s) J

0.322 7 1.8032 0.8
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3.2. Computational domain and mesh

Considering the complexity of the research and computational effi
ciency, the computational domain is established in the commercial 
software STAR-CCM+, version 2302. As referenced from Li et al. (2025), 
the entire computational domain was modeled as a cylinder with a 
diameter of 10 DR, inlet boundary located 5 DR away from the propulsor 
and the outlet boundary positioned at 12 DR. The inlet boundary con
dition was set as velocity inlet, and the outlet boundary condition was 
set as pressure outlet, the surrounding walls were defined as symmetry 
wall, as shown in Fig. 2(a).

In the FW-H acoustic analogy method, the integration surface for 
obtaining sound pressure data can be divided into two types: imper
meable and permeable surfaces. The impermeable surface typically re
fers to the surface of the object, where the integration is performed over 
the physical surface. The permeable surface, on the other hand, is an 
integration surface that encloses the entire object externally. The term 
“permeable” here does not have a real physical meaning but is rather a 
mathematical concept, allowing quantities such as velocity and pressure 
to pass through this surface. In contrast, “impermeable” generally has a 

real physical meaning, referring to the solid surface of the object.
The use of a permeable FW-H integration surface allows for the 

acquisition of nonlinear quadrupole sound pressure data, and this 
method has been widely applied. For a propulsor, which is a rotating 
machinery, the permeable surface is generally a regular cylindrical 
shape. Based on the study by Qin et al. (2019), the size of the permeable 
integration surface in this paper is shown in Fig. 2 (b). To effectively 
capture a larger amount of nonlinear sound sources, the diameter of the 
‘integration surface is set to 2 DR, with its axis aligned with the rotor's 
rotation axis, the total axial length of the integration surface is 5 DR.

Based on the study by Yang et al. (2024), this paper also adopted a 
similar multigrid refinement strategy, as shown in Fig. 3(a), while a 
polyhedral mesh strategy was used in this study. Considering compu
tational efficiency, some studies (Porcacchia et al., 2025; Zhang et al., 
2022) primarily refine the mesh in the rotor tip and hub regions. In 
order to capture the quadrupole noise sources as accurately as possible, 
this paper refined the mesh over the entire wake flow field region. 
Refinement was also particularly focused on the surface of duct, stator, 
rotor, and hub. The basic size of the grid is 0.5% DR m (1.6 × 10− 3 m), 
while the rotor edge features a finer grid size of 2 × 10− 5 m. To ensure 
that the y + values on the PJP surface are as small as possible and 
consistently below 1, the first layer of the grid adjacent to the rotor is 
5 × 10− 6 m, with a normal-direction growth rate of 1.2, comprising 28 
layers. The y + distribution on the surface of the PJP is shown in Fig. 4, 
which meets the computational requirements, ensuring adequate reso
lution of viscous bottom layer flow.

3.3. Numerical setup

In this study, the rotor operated at a fixed rotation rate of 7 rps. The 
turbulence model was IDDES, and the finite volume method was used to 
discretize the control equation system. The pressure term was dis
cretized using a second-order discretization format, and the upwind 
scheme was second-order. The pressure–velocity coupling based on the 
SIMPLE algorithm was used (Yang et al., 2024a,b). The SST k-ω model 
was first used for 2000 steps of steady state calculations. To improve 
computational efficiency, the time step size was set to 0.0007936 s (the 
time for the rotor to rotate 2◦) for transient calculations over a total of 10 
cycles, in order to obtain a stable initial flow field. The time step size was 
then set to 0.0001984 s (the time for the rotor to rotate 0.5◦) for tran
sient calculations over a total of 16 cycles. The inlet flow velocity (Va) is 
set to 1.8032 m/s, the rotational velocity at the rotor blade tip is 
7.0811 m/s, therefore, the actual velocity is: v =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
7.08112 + 1.80322

√
≈ 7.306 m/s, the Courant Friedrichs Lewy (CFL) 

number CFL = u Δt
Δx = 7.306× 0.0001984

0.0016 ≈ 0.90 < 1, could guarantee the 
stability in the numerical calculations.

3.4. Mesh convergence study

In order to ensure the validity of the mesh, a mesh uncertainty 
analysis was performed. Three different mesh sizes, coarse, medium, and 
fine were used in this study, with a mesh size variation rate of 

̅̅̅
2

√
. In this 

study, Case 2 was calculated under the operating condition of J = 0.8 

Fig. 2. Calculation domain and setup.

Fig. 3. Computational mesh.

Fig. 4. Distribution of y + value of PJP surface.
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(Table 1). Considering that repeated adjustment of the mesh parameters 
for grid generation requires considerable effort, and that performing 
additional numerical calculations with the modified meshes entails 
substantial computational cost, an efficient computational strategy was 
adopted. Specifically, the time step was set to the time corresponding to 
a rotor rotation of 2◦, and the results averaged over the last revolution 
were used for the analysis. The numbers of mesh elements in different 
regions are shown in Table 2, and the calculation results for different 
mesh schemes are provided in Table 3. This paper primarily performed a 
grid independence analysis on three parameters: the total thrust coef
ficient KT, the rotor torque coefficient 10 KQ, overall efficiency η. Other 
parameters, including the rotor thrust coefficient KTr, the duct thrust 
coefficient KTd, the stator thrust coefficient KTs, the rotor torque coeffi
cient KQ would be analyzed in the subsequent sections. These 

coefficients are defined as follows: 

J=
Va

nDR
,KTr =

Tr

ρn2D4
R
,KTs =

Ts

ρn2D4
R
,

KTd =
Td

ρn2D4
R
,KT = KTr + KTs + KTd 

10KQ =
10Q

ρn2D5
R
, η =

J
2π

KT

KQ 

where Va refers to the flow velocity, n denotes to the rotational speed. DR 
is the diameter of the rotor, Tr and Q denote the thrust and torque of the 
rotor. Td denotes the thrust of the duct. Ts is the stator thrust. T repre
sents the thrust of the total.

Following Celik et al. (2008), the Grid Convergence Index (GCI) 
method was applied to perform the mesh uncertainty analysis in this 
study. This method provides the convergence rate R, the extrapolation 
values φ21

ext , the relative errors e21
a , the extrapolation errors e21

ext . The fine 
grid convergence index GCI21

fine was also evaluated, with the results 
presented in Table 4. When 0<R < 1, convergence is observed. The 
values of e21

a for these three coefficients are all within 1%, which sug
gests that the grid and numerical methods are reasonable. The maximum 
extrapolation errors e21

ext is 2.28%, which is less than 2.5%; and the 
maximum GCI21

fine is 2.92%, which is less than 3%. Overall, the current 
grid scheme exhibits good convergence to a certain extent, considering 
both computational resources and efficiency, the medium grid scheme 
was adopted for the subsequent numerical calculations.

To verify the reliability of the numerical method, open water per
formance tests were conducted on the pump-jet propeller, and the nu
merical simulation results were compared with the experimental values, 
as shown Fig. 5. The experiment (Su et al., 2026) was conducted in the 
towing tank of the Ship and Ocean Engineering Experiment Centre at 
Shanghai Jiao Tong University. The towing tank is 300 m long, 16 m 
wide, and 7.5 m deep, and is equipped with a high-speed carriage with a 
maximum speed of 10 m/s, as shown in Fig. 5 (a). The open-water test 
was conducted using an open-water box. The PJP was mounted at the 
top of the shaft tube of the open-water box, and the top of the box was 
connected to the towing carriage. The driving motor was installed inside 

Table 2 
Grid number in different domains (unit: Millions).

Mesh Rotating domain(M) Static domain(M) Total(M)

fine 10.93 50.16 61.09
medium 6.75 19.56 26.31
coarse 3.88 7.82 11.70

Table 3 
Numerical simulation results.

Mesh KT 10KQ η

fine 0.7083 1.5312 0.5889
medium 0.7110 1.5426 0.5868
coarse 0.7159 1.5597 0.5844

Table 4 
Grid uncertainty analysis.

Item R φ21
ext e21

a e21
ext GCI21

fine

KT 0.5551 0.7049 0.39% 0.48% 0.6%
10KQ 0.6668 1.5084 0.74% 1.51% 1.86%
η 0.8673 0.6027 0.35% 2.28% 2.92%

Fig. 5. Open water test arrangement and results.
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the box. During the test, the rotor rotational speed was kept constant, 
while the advance speed was varied.

For different advance ratios J, the relative error in efficiency η re
mains within 3.1%, the relative error for Ktt and 10 KQ are within 5%, 
except at the high advance coefficient J = 0.9, the max relative error for 
Ktt and 10KQ are 8.6% and 7.1%. Overall, the errors fall within engi
neering permissible error ranges (X. Huang et al., 2022).

To assess the reliability of acoustic results for the current grid 
scheme, the spectral distribution at the same lateral noise monitoring 
point for three schemes of grids are shown in Fig. 6, with the coordinates 
being (0, 100 DR, 0). Overall, the spectral distribution curves corre
sponding to the three types of grids are relatively close, with no signif
icant differences. There are some differences in the low-frequency and 
high-frequency distributions, which may be related to the ability of 
the grid size to resolve the vortex structures.

4. Results and discussion

4.1. Skew effects on hydrodynamic performance

The hydrodynamic coefficients corresponding to different rotor an
gles are shown in Table 5, with the values taken as the average of the last 
two cycles. As the skew angle increases, the efficiency η also gradually 
increases. However, for the other coefficients, the trend first increases 
and then decreases. Case 2 appears to be a turning point, at which KT, 

Fig. 6. Spectrum distribution corresponding different grid schemes.

Table 5 
Hydrodynamic coefficients: the average values of last two cycles.

KT KTr KTd KTs 10KQ η

Case 1 0.4909 0.4524 0.1157 − 0.0773 1.1022 0.5671
Case 2 0.7121 0.6122 0.1998 − 0.0999 1.5432 0.587
Case 3 0.452 0.4165 0.117 − 0.0814 0.9614 0.5987

Fig. 7. Fluctuations of unsteady force: coefficients have been offset to have a zero-mean value.
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KTr, KTd, KT and 10KQ all reach their maximum values. From the effi
ciency perspective, under the working conditions studied in this paper, 
simply increasing the skew angle leads to a gradual increase in 
efficiency.

From an engineering perspective, Case 2 provides a more balanced 

hydrodynamic performance because it yields the highest KT, while 
maintaining a relatively high efficiency. Compared with Case 2, Case 3 
improves the efficiency by only 2%, but causes a 36.53% loss in thrust. 
Such a thrust loss appears to be an unfavorable trade-off for only a 2% 
improvement in efficiency. Case 3 may be more suitable for operating 

Fig. 8. Instantaneous Q surfaces (Q = 200 s− 2).

Fig. 9. Flow field analysis in the x–y plane.

C. Chen et al.                                                                                                                                                                                                                                    Ocean Engineering 363 (2026) 126582 

7 



conditions where lower thrust and potentially lower noise are priori
tized. During the design of a PJP, if the thrust loss associated with a large 
skew angle needs to be compensated, possible approaches include 
increasing the rotor rotational speed or further optimizing the blade 
geometry. However, increasing the rotational speed may also result in 
higher noise levels. Therefore, the selection of rotor skew angle should 

depend on the specific design objective and operating scenario rather 
than solely on the maximum efficiency value.

The fluctuation of the hydrodynamic coefficients over time is shown 
in Fig. 7. Due to the large differences in the average values of the co
efficients corresponding to different skew angles, and because the fluc
tuation amplitudes (real values minus the average values) are relatively 
small compared to the real values, directly plotting the real values would 
make it difficult to clearly display the fluctuations over time for all three 
skew angles on the same graph. Therefore, this paper chooses to plot the 
time history curves of the fluctuation values (real values minus the 
average values).

Overall, for Δ KT, Δ KTr, Δ KTd, Δ KQ and Δ η, these parameters 
exhibit periodic peaks and valleys. However, the peak values for Case 1 
(skew angle is 0◦) are always higher than those for Case 2 and Case 3, 
this likely indicates that the skew angle helps distribute the load more 
evenly on the blade surface, resulting in smoother flow and smaller 
fluctuations in the hydrodynamic coefficients. In contrast, the period
icity of Δ KTs is less pronounced and the fluctuation amplitude is smaller, 
with the maximum value not exceeding 0.0004, much lower than the 

Fig. 10. Spectrum analysis of sound pressure at P 1.

Table 6 
OASPL values at different monitoring points.

P 1 (dB) P 2 (dB)

Surface 
total

Dipole Quadrupole Surface 
total

Dipole Quadrupole

Case 
1

70.01 60.6 18.84 73.55 52.81 16.51

Case 
2

70.92 61.39 11.29 69.99 48.91 10.18

Case 
3

63.63 49.96 8.31 60.44 41.34 8.63

Fig. 11. Spectrum analysis of sound pressure at P 2.
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peak values of the other parameters. This may suggest that the axial 
force generated by the stator is less influenced by rotor rotation, and the 
variation in skew angle has a smaller impact on changes in axial force.

4.2. Flow field analysis

Fig. 8 shows the instantaneous Q surfaces of the PJP. For Case 1, the 
tip vortices filaments are not standard spiral, as the skew angle in
creases, the shape of the tip vortices becomes more regular, and the 
spiral pattern becomes more pronounced. Secondary vortices are vortex 
structures that develop along the axial direction and have a much 
smaller diameter compared to the primary vortices. A similar vortex 
structure was also observed in the study by Q Huang et al. (2022), 
however, in the present study, as the skew angle increases, the sec
ondary vortices exhibit a gradually more pronounced and stable trend. 
In Fig. 8(c), the secondary vortex structure for Case 3 is the most pro
nounced. According to Di Mascio et al. (2014) the secondary vortices 
play an important role in the destabilization of the tip vortices, when the 
flow develops downstream to a certain distance, both the secondary 
vortices and tip vortices disappear. This is likely due to the merging of 
these two structures, resulting in the formation of a horse-shoe vortex 
structure.

Overall, the increase in skew angle seems to have a tendency to make 
the wake field develop more regularly and the flow more stable, spe
cifically, the tip vortices and secondary vortices become more pro
nounced, stable, and regular, with their spatial extent in the downstream 
direction increasing as the skew angle increases. Considering the 

efficiency η from Table 5, a more stable and uniform flow field con
tributes to an increase in η.

The distribution of Turbulent Kinetic Energy (TKE) and vorticity is 
shown in Fig. 9. The distribution of TKE shows a certain correlation with 
vorticity. Near the hub, the distributions of TKE and vorticity are quite 
pronounced, and the shapes of the distribution areas are similar. How
ever, in the region between the hub and the blade tip, vorticity more 
clearly reveals the traces of the rotor trailing vortex in the wake, which 
remain visible even as the wake develops downstream to 2 DR. In 
contrast, TKE dissipates more quickly as the wake moves downstream, 
becoming less distinct beyond 1 DR .

4.3. Flow noise analysis

To investigate the effect of the skew angle on the far-field flow noise 
characteristics, the locations of the far-field monitoring points are shown 
in Fig. 10 (a). Considering the symmetry of the rotational motion in the 
yOz plane, only one lateral monitoring point, P 1, was selected for the 
PJP. A second monitoring point, P 2, is placed directly downstream on 
the axis. The coordinates of P 1 and P 2 are (0, 100 DR, 0) and (100 DR, 0, 
0) respectively.

When a permeable integration surface is used, the sound pressure 
obtained on the integration surface consists of the sum of the monopole 
and dipole contributions, i.e., the linear terms. The quadrupole sound 
pressure is treated as a separate contribution and represents the 
nonlinear term. Table 6 summarizes the OASPL values for different 
acoustic contributions. Here, “surface total” denotes the OASPL 
computed from the linear surface terms (ṕT + ṕL). “Dipole” refers to the 

Fig. 12. The dipole source distribution in the x–y plane.
Fig. 13. The pressure distribution in the x–y plane.
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OASPL associated with the dipole term (pĹ), whereas “Quadrupole” 
denotes the OASPL contributed by the quadrupole term. The OASPL can 
be defined as follows (Xie et al., 2026): 

SPL=20 lg (p / p0) (12) 

OASPL=10 lg
[
ΣN( 10SPLN/10)] (13) 

where p is the sound pressure, p0 is the reference sound pressure, which 
is taken as 1 × 10− 6 underwater. N is the number of frequency points 
within the frequency band, SPLN is the SPL value corresponding to the N 
th frequency.

For the lateral monitoring point P 1, the minimum OASPL of the 
linear terms is obtained in Case 3, whereas Case 2 yields the maximum 
value, which is 7.29 dB higher than that of Case 3 and 0.91 dB higher 
than that in Case 1. This may indicate that, for the present blade ge
ometry, varying only the skew angle may lead to an initial increase and 
subsequent decrease in OASPL values, with a possible turning point near 
30◦. One possible reason maybe that, for same monitoring point located 
in the lateral direction, the rotor configuration in Case 2 may intensify 
the interaction between vortex structures and the inner wall of the duct, 
thereby enhancing pressure fluctuations and increasing the OASPL 
values. Nevertheless, this result may suggest that, during the design of 
PJP configurations, increasing the skew angle does not necessarily result 
in a continuous decrease in OASPL values for certain blade geometries 
and advance ratios. Instead, a turning point may occur in the variation of 

OASPL with skew angles.
In contrast, the OASPL associated with the quadrupole contribution 

decreases monotonically with increasing skew angles. This trend is 
likely related to the evolution of the flow field: as discussed in Section 
4.2, increasing the skew angles tends to produce a more uniform and 
stable wake, thereby reducing the quadrupole-source OASPL.

For the downstream monitoring point P 2, the OASPL values of both 
the linear and nonlinear contributions decrease with increasing skew 
angles. The linear-term OASPL is reduced by up to 13.11 dB, while the 
nonlinear (quadrupole) contribution decreases by up to 7.88 dB. These 
results indicate that the downstream flow-noise OASPL is highly sensi
tive to variations in the rotor skew angles. Overall, the OASPL of the 
quadrupole contribution is 52~59 dB lower than that of the surface total 
(linear) contribution, although its maximum value still approaches 
19 dB. For monitoring points at different azimuthal locations, increasing 
the skew angles consistently leads to a reduction in the quadrupole term 
OASPL.

As indicated by the spectral results in Figs. 10 and 11, the linear 
contribution exhibits tonal features at multiple blade-passing fre
quencies (2 fb, 3 fb, 7 fb), whereas the component at 1 BPF is less distinct, 
this may be associated with the use of a permeable integration surface 
and its size. Building on the studies of Qin et al. (2019), Li et al. (2025)
and Zheng et al. (2024), we note that these studies also adopted a 
permeable integration surface to compute the PJP noise, and in their 
results, the peaks at 1 BPF are similarly not very distinct. One possible 
explanation is that the presence of the duct in the PJP affects the 
development of rotor-induced vortex structures, which in turn alters the 
pressure field in the flow and consequently influences the integration 
results obtained from the permeable surface. As the skew angle in
creases, the dipole noise spectra show a clear reduction: for Case 3, the 
SPL is lower than that of Case 1 over most of the low-frequency range 
(0~140 Hz), and this trend holds for nearly the entire frequency range 
above 140 Hz as well. These results suggest that increasing the skew 
angle may effectively mitigate dipole-dominated noise.

For the quadrupole contribution, the SPL decay curves for the three 
skew angles almost coincide in the 0~20 Hz range. This may be because 
variations in skew angle have a limited influence on low-frequency, 
large-scale turbulent structures (e.g., shaft-order components such as 7 
and 14 Hz). Since quadrupole noise is closely associated with the fluid 
motion itself, the spectral decay trends of the three cases remain very 
similar at low frequencies. In the 20~300 Hz range, the amplitude dis
tribution of the spectral curves generally follows the order follows the 
ordering Case 1 >Case 2 >Case 3, and the overall fluctuation patterns 
are also similar. This suggests that, within approximately the 3~8 BPF 
band, increasing the skew angle can reduce quadrupole-dominated 
noise, and this reduction is observed for both the lateral and down
stream directions.

4.4. Sound source analysis

The distribution of dp/dt on the mid-longitudinal plane of the wake is 
shown in Fig. 12. An enlarged view is provided, in which a Q criterion 
slice is superimposed to characterize the vortex structures and to 
examine the relationship between the sound sources and the flow field. 
As is indicated by the black dashed boxes in Fig. 12, the dipole source 
distribution is strongly correlated with the vortex structures, around an 
isolated vortex (e.g., region “②”) two distinct dipole lobes with alter
nating positive/negative (red/blue) signatures can be clearly identified 
on either side of the vortex. Similar dipole patterns are observed in both 
the hub vortex and tip vortex regions, suggesting that dp/dt can, to some 
extent, effectively reveal dipole-like features.

Regions” ①“,” ③“, “④” indicate that when two vortices have not 
fully merged and only partially intersect, the dp/dt field still exhibits a 
single dipole-like pattern. It is also worth noting that, although a 
red–blue dipole signature appears in region” ⑤”, no vortex structure is 
present within this area. This may indicate that the dipole features 

Fig. 14. The quadrupole source distribution in the x-y plane.
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revealed by dp/dt are distributed around the vortex structures.
As discussed in the previous analysis of wake flow field, increasing 

the skew angle makes the wake structures more regular and uniform. A 
similar effect is also observed for the dipole sound sources: in Case 3, the 
distribution in the blade-tip region appears more uniform and more 

orderly.
Fig. 13 shows the pressure distribution in the same region together 

with the Q-criterion slice. Compared with Fig. 12, the most notable 
difference is that the pressure field does not exhibit dipole features. As 
indicated by the black dashed boxes” ①, ②,③,④“, only a low-pressure 
(blue) region is observed in the vortex-structure areas. In the region 
between the two vortices (“⑤”),only a single high-pressure region 
appears.

The distribution of the quadrupole sound sources in the wake on the 
mid-longitudinal plane is shown in Fig. 14. Around a single vortex slice, 
a distinct quadrupole pattern can be observed, as indicated by the four 
arrows labeled “①,②,③,④” in the white dashed box in Fig. 14 (a), four 
pronounced lobes appear around the vortex core, with alternating red 
and blue regions and a clear separation between adjacent lobes, making 
the quadrupole signature readily identifiable. The other black dashed 
boxes in Fig. 14 also capture this feature well.

However, in regions”⑤,⑥” where two vortices are present but 
partially intersect, only a single quadrupole feature is observed, similar 
to the dipole pattern. This may be related to the fact that the two 
extraction methods have similar limitations in spatial resolution. When 
the spatial resolution is insufficient, the vortex structures cannot be fully 
resolved and remain partially merged. For such vortex structures, both 
extraction methods can still only exhibit a single source characteristic. 
The influence of spatial resolution on the results obtained by the two 
extraction methods could be further investigated in future work.

Fig. 15 shows the distribution of dipole sound sources on the duct 
and stator surfaces. A dipole pattern is observed on the inner wall of the 
duct in the upstream inflow region, manifested as alternating red and 
blue patches distributed circumferentially around the inner wall, as 
shown in Fig. 15 (a). The number of these alternating patches is five, 
which is consistent with the number of rotor blades, indicating that the 

Fig. 15. The dipole source distribution on the duct and stator surface.

Fig. 16. The dipole source distribution on the rotor surface.
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pressure fluctuations induced by rotor rotation affect the time derivative 
of pressure on the duct inner wall. In contrast, in the downstream region 
on the outer wall of the duct, the dipole source distribution appears to 
exhibit no strong regularity.

Fig. 16 shows the dipole-source distribution on the rotor surface. 
Overall, relatively large values of dp/dt are observed near the blade tip, 
especially on the pressure side of the rotor. On the suction side, the 
variations of dp/dt near the tip in Case 1 are more pronounced than those 
in Case 2 and Case 3, indicating that the dipole-source distribution on 
the rotor surface is less uniform in Case 1. Combined with the effects of 
skew angle on the hydrodynamic coefficients shown in Fig. 7, increasing 
the skew angle not only promotes a more uniform load distribution over 

the blade surface but also improves, to some extent, the uniformity of 
the dipole-source distribution on the blades.

The distribution of quadrupole sound sources on the duct and stator 
surfaces is shown in Fig. 17. Overall, relatively large quadrupole-source 
levels occur near the body boundaries, including the upstream (inflow) 
region of the duct, the leading- and trailing-edge regions of the stator 
blades, and the junction between the stator and the duct. Compared with 
the dipole source distribution, variations in the rotor skew angle have a 
less pronounced effect on the quadrupole source distribution on the duct 
wall.

The distribution of quadrupole sound sources on the rotor surface is 
shown in Fig. 18. The quadrupole sources are particularly pronounced 

Fig. 17. The quadrupole source distribution on the stator and duct surface.

Fig. 18. The quadrupole source distribution on the rotor surface.
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near the blade leading edge, trailing edge, and tip regions, which differs 
to some extent from the dipole-source distribution. A possible reason is 
that the Lighthill stress tensor in the quadrupole source term, Tij =

ρuiuj + δij
[
(p − p0) − c2

0(ρ − ρ0)
]
− σij, contains the velocity components 

ui and the viscous stress tensor σij, the presence of a solid wall causes 
these quantities to exhibit sharp variations at the fluid–wall boundary, 
leading to more pronounced source levels near the body surfaces. After 
the flow passes the boundary and the wall-bounded flow becomes pro
gressively more stable, the variations of these quantities become less 
intense, and the source levels decrease accordingly. This behavior is also 
observed on the outer duct surface in Fig. 17, where the quadrupole- 

source levels are relatively small in the mid-span region.
To better analyze the sound-source distribution inside the duct, a 

cylindrical cut plane is introduced within the duct, and the source dis
tribution on this cut plane is examined. A schematic of the cylindrical 
cut plane is shown in Fig. 19. The cut plane has a radius of 0.6 R (where 
R is the rotor radius) and 0.9 R, the axial length is 1.5 R.

The dipole source distribution on the cylindrical cut plane at r/ 
R = 0.6 is shown in Fig. 20. In Fig. 20(a) the black dashed line “①” 

Fig. 19. The cylindrical cut plane.

Fig. 20. The dipole source distribution on the cylindrical cut plane at r/R = 0.6.

Fig. 21. The quadrupole source distribution on the cylindrical cut plane at 
r/R = 0.6.

Fig. 22. In the study by Hu et al., the difference between cases (a) and (b) lies 
in the serration geometry at the airfoil trailing edge.
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denotes the inlet of the rotating–stationary interface between the 
rotating domain and the stationary domain, and “②” denotes the outlet. 
It can be seen that dp/dt exhibits relatively strong fluctuations at the 
interface. From the distribution of the colored patches, Case 1 appears to 
show the most pronounced features among the three skew-angle cases. 
In the region downstream of the stator trailing edge and upstream of 
“①”, an evident alternating red–blue pattern is observed, the number of 
patches of a single color is also five, consistent with the number of rotor 
blades. This suggests that rotor rotation can also influence the upstream 
dipole-source distribution.

The quadrupole source distribution on the cylindrical cut plane at r/ 
R = 0.6 is shown in Fig. 21. Prominent feature is that clear quadrupole 
signatures could be observed at the leading edges of both the stator and 
rotor blades, manifested as four distinct lobes with alternating red and 
blue regions. This indicates that the quadrupole extraction approach 
used in this study can capture not only the quadrupole-source charac
teristics associated with purely fluid motion (as in Fig. 14), but also the 
quadrupole features induced by moving bodies in the flow. A similar 
phenomenon was also reported by Hu et al. (2022), as shown in Fig. 22. 
However, their study was conducted in a gaseous medium and differs 
from the present work in geometric configuration and acoustic source 
mechanism. Therefore, for the flow-noise sources underwater, the 
quadrupole extraction method adopted in this study is effective for 
qualitative visualization, but it still has some limitations in quantitative 
analysis and in capturing the detailed acoustic mechanisms.

The dipole and quadrupole source distribution on the cylindrical cut 
plane at r/R = 0.9 shown in Figs. 23 and 24, respectively. Overall, the 
dipole distribution at r/R = 0.9 is similar to that observed at r/R = 0.6. 
However, in Case 1, a more pronounced dipole pattern appears on 
working side of the rotor blade section. Considering Fig. 16(b), this may 
be attributed to a less uniform load distribution near the blade tip in 
Case 1, which results in a stronger dp/dt distribution. In addition, 
noticeable quadrupole features can be observed along the leading edges 
of both the stator and rotor blades. This may suggest that the quadrupole 
extraction method adopted in this study is effective for visualizing flow- 
induced sound source at different positions within the PJP.

5. Conclusion

In this paper, the flow field of a PJP with 3 different rotor skew 
angles is simulated. The flow-induced noise is then computed using the 
FW-H acoustic analogy method to investigate the effects of skew angle 
on the OASPL and spectral characteristics at the lateral and downstream 
far-field monitoring points. By extracting and simplifying the acoustic 
source terms, the influence of skew angles on the interaction between 
wake vortex structures and acoustic sources is further examined, 
together with its impact on the distributions of dipole and quadrupole 
sound sources on the PJP surfaces. The conclusions are obtained as 
follows:

For the geometric model and operating conditions considered in this 
study, increasing the rotor skew angle from 0◦ to 30◦ and 60◦,increases 
the overall efficiency η by 3.51% and 5.57%, respectively. When the 
skew angle is 60◦, wake flow structures such as the tip vortices and 
secondary vortices are the most pronounced and persist over a longer 
downstream distance. Overall, increasing the skew angle tends to make 
the wake more uniform and stable, thereby promoting an improvement 
in efficiency.

For the lateral monitoring point, the OASPL of the quadrupole 
contribution decreases progressively with increasing skew angle, with a 
maximum reduction of 10.53 dB. For the linear (surface total) contri
bution, the minimum OASPL occurs at a skew angle of 60◦, which is 
7.29 dB lower than the maximum value observed at 30◦. For the 
downstream monitoring point, the OASPL of both the linear and 
nonlinear contributions decrease stepwise as the skew angle increases: 
the linear contribution is reduced by 13.11 dB, and the nonlinear 
(quadrupole) contribution is reduced by 7.88 dB. Overall, the skew 

Fig. 23. The dipole source distribution on the cylindrical cut plane at r/R = 0.9.

Fig. 24. The quadrupole source distribution on the cylindrical cut plane at 
r/R = 0.9.
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angle has a pronounced effect on the quadrupole-term OASPL, and 
increasing the skew angle consistently leads to a reduction in the 
quadrupole contribution for monitoring points at different directions.

The near-field source analysis of dipole and quadrupole contribu
tions in the wake indicates that using dp/dt to represent the dipole 
source can reveal clear dipole-like signatures on an isolated vortex tube 
slice. Likewise, using ∂Tij

∂xi∂xj 
to represent the quadrupole source can also 

exhibit distinct quadrupole-like features on vortex-tube slices. In the 
wake field, the distributions of dipole and quadrupole sources are 
largely consistent with the regions of the tip vortex and hub vortex, 
indicating that vortex structures are an important factor for source 
identification based on the FW-H acoustic analogy method.

The analysis of sound source on the PJP surface shows that rotor 
rotation can induce pronounced dipole signatures on the inner wall of 
the duct, and the number of these features is consistent with the number 
of rotor blades. The quadrupole sources are particularly evident near the 
inlet and outlet edges of the duct and around the leading and trailing 
edges of both the stator and rotor blades, whereas they are much weaker 
in the intermediate regions. This is likely related to the abrupt variations 
in the fluid velocity and viscous stress tensor in the Lighthill stress tensor 
as the flow first comes into contact with the solid wall.

Since the development and dissipation of vortex structures in the 
wake flow field have an important influence on flow-induced noise, 
future related work could focus on modal analysis of the coupling be
tween wake vortex dynamics and sound source evolution to quantita
tively analyze the contribution of each mode to the far-field noise. 
Dynamic Mode Decomposition (DMD), as a data-driven modal decom
position technique, approximates the temporal evolution operator from 
time-resolved snapshots and decomposes an unsteady field into spatial- 

temporal modes with specific frequencies, growth/decay rates, and 
spatial structures. Applying DMD to these flow and sound source fields 
can separate coherent structures according to their characteristic fre
quencies and growth rates, thereby establishing a more direct link be
tween vortex structures development and its contribution to flow- 
induced noise.
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Appendix A. Table of Symbols and Abbreviations

Since this paper involves a large number of physical quantities and abbreviations, we added a table of symbols and abbreviations to uniformly 
define the units and physical meanings of each symbol to improve readability.

Table A.1 
Table of symbols and abbreviations

symbol physical meaning unit

xi, xj coordinate components m
u→ fluid velocity vector m⋅s− 1

ui, uj components of u→ m⋅s− 1

uí, uj́ fluctuating velocity components m⋅s− 1

ρ fluid density kg⋅m− 3

p pressure Pa
Sj generalized source term ​
k turbulence kinetic energy J⋅kg− 1

σk constant ​
Pk production term ​
μt turbulence viscosity Pa⋅s
μ dynamic viscosity Pa⋅s
σk constant ​
ω dissipation rate ​
Fl, α, σω, σω2 constants ​
f̃d empirical function ​
fe lifting function ​
lRANS turbulence length scale of RANS m
lLES turbulence length scale of LES m
ṕ sound pressure Pa
ṕT monopole term sound pressure Pa
ṕL dipole term sound pressure Pa
ṕQ quadrupole term sound pressure Pa
vi, vj velocity component of moving surface m⋅s− 1

n→ unit normal vector on surface ​
ni component of n→ ​
ρ0 far-field fluid density kg⋅m− 3

Pij compressive stress tensors Pa

(continued on next page)
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Table A.1 (continued )

symbol physical meaning unit

H(f) Heaviside function ​
σij viscous stress tensor Pa
δij Kronecker symbol ​
Tij Lighthill stress tensor Pa
c0 speed of sound in the fluid m⋅s− 1

vn normal velocity component of moving surface m⋅s− 1

un normal velocity component of fluid m⋅s− 1

Mr the Mach number in radiation direction ​
r̂ unit vector from a point on moving surface to observer ​

M→ Mach number vector ​

Mi component of M→ ​

θ local angle between n→ and r̂ ◦

r̂i component of r̂ ​
DR rotor diameter m
n rotational speed of rotor rps
Va advance speed m⋅s− 1

J advance ratio ​
KTr rotor thrust coefficient ​
ΔKTr KTr minus its mean value ​
KTs stator thrust coefficient ​
ΔKTs KTs minus its mean value ​
KTd duct thrust coefficient ​
ΔKTd KTd minus its mean value ​
KT total thrust coefficient ​
ΔKT KT minus its mean value ​
KQ rotor torque coefficient ​
ΔKQ KQ minus its mean value ​
η overall efficiency ​
Δη η minus its mean value ​

Appendix B. Calculation of dp/dt in Section 2.3

Following the studies of Gong et al. (2026) and Sezen et al. (2021), in the basic transport equation, the material derivative of pressure is expressed 
as Equation (1). Therefore, the time derivative of pressure can be obtained as shown in Equation (2). 

Dp
Dt

=
∂p
∂t

+ v→⋅∇p (B.1) 

∂p
∂t

=
Dp
Dt

− v→⋅∇p (B.2) 

where p, v→ denote the pressure and velocity in the flow field, respectively. Specifically, they correspond to the pressure and velocity values of 
computational cells.

In the numerical implementation, a second-order backward difference scheme is adopted, the pressure derivative and velocity at each compu
tational cell could be expressed as Equations (3) and (4), respectively. 

Dp
Dt

=
3p0 − 4p1 + p2

∂t
(B.3) 

v→=
3X0 − 4X1 + X2

2Δt
(B.4) 

where p0 denotes the current time-step pressure, p1 denotes the first previous time-step pressure, and p2 denotes the second previous time-step 
pressure. X0 denotes the current time-step position, X1 denotes the first previous time-step position, and X2 denotes the second previous time-step 
position. Δt is the time-step.

Finally, for the pressure-time derivative, the solution is as equation (5): 

dp
dt

=
3p0 − 4p1 + p2

∂t
−

3X0 − 4X1 + X2

2Δt
⋅∇p (B.5) 
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