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A B S T R A C T

This paper numerically investigated the spatial-temporal characteristics of high-frequency wave scattering in the 
interaction between a vertical cylinder and steep regular waves. The excellent qualitative and quantitative 
agreements with laboratory experiments demonstrate the accuracy of our high-fidelity numerical wave tank. On 
this basis, the evolution of high-frequency scattered waves, Type-1 and Type-2, is analyzed in depth through the 
free surface patterns and the correlated vortical structures using the Liutex vortex identification method. In order 
to more intuitively reveal the primary coherent structures associated with scattered waves, the Proper Orthog
onal Decomposition and Dynamic Mode Decomposition methods are employed for modal analysis. Each domi
nant oscillatory mode corresponds to an individual harmonic component. Moreover, it is found that the most 
energetic mode is highly correlated with the more evident Type-2 waves, which contain the relevant vortical 
structures at each representative stage. In addition, the effects of wave steepness and cylinder diameter on high- 
frequency scattering are systematically studied, including the intensity, size, and propagation speed.

1. Introduction

When steep waves pass through a cylinder, high-frequency wave 
scattering can be identified within certain flow regimes. This highly 
nonlinear phenomenon is first discovered and systematically studied by 
Swan's group (Sheikh and Swan, 2005; Swan et al., 2005; Swan and 
Sheikh, 2015). According to their laboratory experiments under 
different conditions, two types of high-frequency scattered waves, 
Type-1 and Type-2, can be identified, as shown in Fig. 1. The schematic 
shows the time instant when the wave crest passes through the cylinder, 
with all scattered waves propagating upstream. Among them, the 
concentric Type-1 wave surrounds the front cylinder surface, which is 
attributed to the wave run-up and wash-down near the front stagnation 
point. The non-concentric Type-2 waves exhibit the symmetric charac
teristic, which is highly associated with the motion of fluid around the 
cylinder surface. Moreover, another type of concentric scattered wave, 
Type-1*, can be identified in the focused wave conditions (Kasiman, 
2017; Chen et al., 2022a) due to a flow behavior called “bounce-back”. 
The Type-1* wave occurs after the Type-1 wave has propagated upstream 

and gradually moved away from the cylinder surface.
At present, laboratory experiments and numerical simulations are 

the two most important methods to study high-frequency scattered 
waves. In addition to a series of experiments by Swan's group, Li et al. 
(2022) experimentally investigated the interaction between a vertical 
cylinder and moderately to extremely steep regular waves. In their ob
servations, Type-1 and Type-2 waves are identified as expected and 
considered to contribute to the generation of the secondary load cycle. 
Although the experiment is the most straightforward method, it is 
limited by the experimental facilities and the measurement of flow field 
data. Therefore, the numerical simulation is regarded as a powerful tool 
for in-depth analysis. Shi and Zhu (2023) proposed the spectral coupled 
boundary element method and successfully captured the Type-1 and 
Type-2 scattered waves in the ITTC benchmark problem of wave run-up 
on a single cylinder. Nevertheless, due to the “pre-breaking treatment” 
in their method, the wave elevation at certain locations close to the 
cylinder surface shows a discrepancy with the experiments. Although 
the fully nonlinear potential flow method seems to be more efficient, it 
cannot handle the case of extremely high wave steepness and provide 
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abundant flow field data for the analysis of flow mechanisms. With the 
rapid development of high-performance computers, more and more 
scholars use Computational Fluid Dynamics (CFD) to solve and analyze 
high-frequency scattered waves. Chen et al. (2014) used OpenFOAM to 
simulate the interaction between a bottom-mounted cylinder and 
various incident waves. In their visualization of the focused wave con
dition, the presence of scattered waves is confirmed. Chen et al. (2018)
used the Particle-In-Cell (PIC) method to simulate the wave-structure 

Fig. 1. Schematic of different types of high-frequency wave scattering.

Fig. 2. Computational domain.

Fig. 3. Computational mesh: (a) overview on x-z plane (y = 0) and (b) 
magnified view on x-y plane (z = 0).

Table 1 
Test cases: H, wave height; k, wavenumber; λ, wavelength.

Case T (s) Hk/2 D/λ KC

A 1 0.1 0.07 1.52
B 0.2 0.07 3.29
C 0.3 0.07 5.75
D 0.2 0.14 1.65

Table 2 
Mesh parameters for the convergence study: Nt , total number of cells; Δx, uni
form horizontal size in the far field; Δz, uniform vertical size near the free 
surface.

Mesh Nt ( × 106) λ/ Δx H/ Δz

Coarse 1.19 50 10
Medium 2.89 100 20
Fine 8.23 200 40

Fig. 4. Location of wave probes.
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interaction of vertical cylinders and also observed similar scattered 
wave patterns under the same working condition as Chen et al. (2014). 
Mohseni et al. (2018) used the IHFOAM to numerically investigate the 
high-frequency scattered wave fields of a truncated vertical circular 
cylinder by regular waves and comparatively analyze their variation 
with wavelength and wave steepness. On this basis, Mohseni and Soares 
(2022) further investigated the effect of different cross-sections, 
focusing on the inline wave force and the scattered wave field. Sun 
et al. (2016) performed the same ITTC benchmark tests as Mohseni et al. 
(2018) using the second-order potential flow solver DIFFRACT and the 
toolbox waves2Foam based on OpenFOAM, respectively. In their CFD 
results, the Type-1 and Type-2 scattered waves are similar to the obser
vation of Swan and Sheikh (2015). In addition, some studies were 
conducted by combining physical experiments with numerical simula
tions. Tang et al. (2024) carried out both laboratory experiments and 
CFD simulations on the secondary load cycle of a vertical cylinder under 
focused wave conditions. By using the three-phase decomposition 
approach, they found a strong correlation between an additional 
quasi-impulsive loading component and the Type-2 wave. On this basis, 
Ding et al. (2025) further found that the high-frequency oscillations of 
higher harmonics beyond the fifth are related to the Type-2 wave by 
analyzing the scattering force's vertical distribution, pressure field, and 
wave field. Similarly, Shan et al. (2025) investigated the wave-structure 
interaction on a rounded square column under focused wave conditions. 
In their experimental and numerical results, the Type-1 and Type-2 
scattered waves were clearly identified, and their effects on the sec
ondary load cycle phenomenon were further studied.

Although increasing attention has been paid to high-frequency wave 
scattering, its flow mechanisms and characteristics are not fully under
stood. Most of the previous studies are still on the identification and 
confirmation of these scattered waves. For CFD simulations, the fully 
resolved data of the entire flow field can help us better understand this 
complex nonlinear phenomenon well. In our previous work (Chen et al., 
2022a), we performed a preliminary study that revealed the strong 
correlation between scattered waves and vortical structures. However, 
how to further utilize massive flow field data has become a troublesome 
problem. In this regard, modal analysis techniques have been gradually 
applied to fluid dynamics (Berkooz et al., 1993; Taira et al., 2017, 2020), 
including Proper Orthogonal Decomposition (POD) (Lumley, 1967) and 
Dynamic Mode Decomposition (DMD) (Schmid, 2010). The POD uses a 
set of orthogonal basis functions to describe the flow filed, which can 
also be used to construct the reduced-order model (Stabile et al., 2017; 
Stabile and Rozza, 2018). However, the temporal coefficients associated 

with POD modes may contain multiple frequency components. To 
address this issue, the spectral POD (Towne et al., 2018) extracts 
time-harmonic modes via Fourier transform. The DMD can extract the 
dynamic modes based on the linear approximation of the system, each of 
which is associated with a particular frequency and growth rate. 
Compared with the POD, this feature is more beneficial for the analysis 
of the flow mechanism. At present, these modal decomposition tech
niques are mainly used for flow around bodies (Gadalla et al., 2021; Yin 
and Ong, 2020; Kamble and Girimaji, 2020), and are rarely used in 
wave-structure interactions. To fill this gap, a modal analysis of the 
interaction between a surface-piercing cylinder and steep regular waves 
is performed to gain insights into the spatial-temporal characteristics of 
high-frequency scattered waves. The primary objectives are to (i) 
analyze the evolution of scattered waves under steep regular waves; (ii) 
reveal the spatial-temporal characteristics using the modal analysis; and 
(iii) study the effects on high-frequency wave scattering.

The remainder of this paper is organized as follows. First, the nu
merical methods of our high-fidelity numerical wave tank are intro
duced briefly in Sec. 2. Sec. 3 gives the detailed numerical setup as well 
as qualitative and quantitative validation. In Sec. 4, the spatial-temporal 
evolution of high-frequency scattered waves are investigated using 
modal analysis. Furthermore, the effects of wave steepness and cylinder 
diameter are considered. Finally, main conclusions are drawn in Sec. 5.

2. Numerical methods

In the present study, all simulations are performed with our high- 
fidelity numerical wave tank (Chen et al., 2022a, 2023) based on 
OpenFOAM v8. In this numerical wave tank, the Ghost Fluid Method 
(GFM) is adopted to deal with large density ratio air-water flows, the 
Generating-Absorbing Boundary Condition (GABC) is used to improve 
the efficiency of numerical wave generation and absorption. In addition 
to the solver itself, the vortex identification and modal analysis utilities 
are also incorporated to enhance the post-processing capabilities.

2.1. Governing equations

For large density ratio two-phase flows, it can be assumed that each 
phase is incompressible, the governing equations can be written as fol
lows: 

∇ ⋅ U = 0, (1) 

Fig. 5. Comparison of wave elevation at WPB0 for case B: (a) mesh convergence study and (b) numerical validation.
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∂U
∂t

+∇⋅(UU) − ∇⋅(ν∇U) = −
∇pd

ρ , (2) 

where U is the velocity, ρ is the air density or the water density, pd = p−
ρg⋅x is the dynamic pressure, g is the acceleration of gravity, x is the 
coordinate vector, and ν is the kinematic viscosity. Note that the surface 

tension term is neglected due to the large-scale flow characteristics in 
marine hydrodynamics. On the other hand, considering that all subse
quent simulations are conducted under non-breaking wave conditions, 
the laminar model is used throughout this study.

To address the issue of spurious velocities near the free surface in 
wave simulations (Afshar, 2010), the RHS of Eq. (2) is treated with the 

Fig. 6. Comparison of free surface from top view at uniform time interval of 0.08 s for case B. (The left column shows experimental photos (Swan and Sheikh, 2015) 
taken by the high-speed digital camera, and the right column shows numerical results in the present study.).
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GFM. The basic idea behind the GFM is to handle jump conditions at the 
free surface by constructing a corresponding “ghost” cell on the other 
side via one-sided extrapolation. On this basis, the interface-corrected 
discretization for the pressure gradient and Laplacian term can be ach
ieved to meet the jump conditions. The implementation of the GFM in 
our numerical wave tank is based on the early work by Vukčević et al. 
(2017), which ignores the surface tension due to the large-scale char
acteristic of marine hydrodynamics. After special treatment of parallel 
computing, we have successfully applied the GFM in three-dimensional 
practical problems (Chen et al., 2022a). In Appendix A, we use a 
two-dimensional case to demonstrate the necessity of the GFM in wave 
simulations, especially in analyzing flow structures.

The volume of fluid (VOF) method (Rusche, 2003) is employed to 
capture the air-water interface, and its transport equation is as follows: 

∂αv

∂t
+∇ ⋅ (αvU)=0, (3) 

where αv is the volume fraction of water and αv = 0.5 is regarded as the 
interface throughout the study. To improve the accuracy, a piecewise- 
linear interface calculation (PLIC) based geometric VOF method 
released in OpenFOAM v8 is used instead of the original interface 
compression algebraic method (Weller, 2008). The detailed description 
of the PLIC-VOF method can be found in our previous work on high 
Froude number flows (Chen et al., 2022b).

2.2. Wave generation and absorption

For wave generation and absorption, a novel active generating- 
absorbing boundary condition (GABC) (Wellens and Borsboom, 2020; 
Borsboom and Jacobsen, 2021) incorporated in the third-party library 
waves2Foam (Jacobsen et al., 2012) is adopted to achieve high 
computational efficiency. Compared to other methods, the most prom
inent feature of the GABC method is that it does not require the relax
ation/dissipation zone to avoid wave reflections near the outlet. With 
this significant advantage, the computational domain can be shortened, 
thus reducing the computational mesh. This boundary condition is 
developed based on the classical Sommerfeld radiation condition and 
enhances the ability to deal with dispersive waves in practical problems. 
In most CFD-based numerical wave tanks, the target wave is typically 
generated using specified velocity and volume fraction boundary con
ditions. However, the GABC is the boundary condition about dynamic 
pressure pd, and no further special volume fraction boundary conditions 
need to be applied in the setup. After solving the pressure Poisson 
equation to obtain the dynamic pressure at the new time step, the ve
locity and the volume fraction can then be updated accordingly. For a 
detailed derivation of the GABC from the expression of velocity potential 
to the expression of variables in the Navier-Stokes equations, interested 
readers can refer to (Wellens and Borsboom, 2020; Borsboom and 
Jacobsen, 2021). The final expression for the GABC is given here: 

Fig. 7. Time histories of normalized wave elevation for case B: (a) overall view at WPB1 and WPB5, (b) overall view at WPB2-WPB5, and (c) enlarged view of one 
wave period at WPB2-WPB4.
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Fig. 8. Free surface evolution of one wave period for case B: (a) t/T = 3.56, (b) t/T = 3.7, (c) t/T = 3.9, (d) t/T = 4.14, (e) t/T = 4.24, and (f) t/T = 4.36. (The left 
column is the top view colored by normalized wave elevation, and the right column is the perspective view.)
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where ()b represents the variables on the boundary face, ()c represents 
the variables of the adjacent cell center, Δ is the distance between the 
boundary face center and the adjacent cell center, c(z) is a depth-varying 

function, SG is the source term for wave generation, ap is the diagonal of 
the coefficient matrix of Eq. (2), ρ+ is the density of water, and H(UN)

consists of the contribution from neighboring cells and the contribution 
from explicit source terms, excluding the pressure gradient term in Eq. 
(2). It is worth mentioning that in our numerical wave tank, the GABC 
has been modified to adapt to the above-mentioned GFM framework. 

Fig. 9. Instantaneous iso-surfaces of Liutex magnitude R = 12 at (a) ϕ = 0, (b) ϕ = π/2, (c) ϕ = π, and (d) ϕ = 3π/2 for case B, colored by instantaneous streamwise 
vorticity. (The left column is the front view, and the right column is the back view.)
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The description about this modification can refer to (Chen et al., 2022a).

2.3. Post-processing methods

For the post-processing of the flow field, the Liutex vortex identifi
cation method (Liu et al., 2018; Gao and Liu, 2018) is implemented as an 
independent utility to extract the vortical structures. As the most 
prominent feature, the Liutex method is based on a vector R = Rr, 
where R represents the pure rigid-body rotational magnitude and r 
represents the local rotational axis. A detailed introduction to the Liutex 
method is given in Appendix B. According to our previous experience in 
wave-structure interaction (Chen et al., 2022a), the Liutex method has 
been shown to eliminate shear contamination and thus give reliable 

vortical structures. On this basis, the Liutex method is adopted to 
identify the instantaneous vortical structures in this problem.

To further investigate the main mechanisms of this complex flow, the 
modal analysis method is employed to extract the primary coherent 
structures of interest involved. Among them, the two most important 
methods are Proper Orthogonal Decomposition (POD) and Dynamic 
Mode Decomposition (DMD). The basic ideas behind these two modal 
decomposition methods are introduced briefly in Appendix C. Given the 
widespread use of modal analysis in analyzing the wake of flows around 
bodies, we aim to extend this approach to analyze the flow mechanisms 
in wave-structure interactions. On the other hand, the modal analysis 
was usually performed on specific two-dimensional slices to save storage 
and memory. Instead, we will provide the flow field data of the entire 

Fig. 10. Instantaneous contours of Liutex magnitude R from the top view at (a) ϕ = 0, (b) ϕ = π/2, (c) ϕ = π, and (d) ϕ = 3π/2 for case B.

Fig. 11. Energy distribution of the first ten dominant POD modes: (a) individual energy and (b) cumulative energy.
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computational domain for a comprehensive and straightforward un
derstanding. In the following analysis, the ITHACA-FV library (Stabile 
et al., 2017; Stabile and Rozza, 2018) and the pyDMD Python package 
(Demo et al., 2018) are used for POD and DMD, respectively.

3. Numerical setup and validation

3.1. Numerical setup

In the present study, the numerical setup is based on experiments 
(Swan and Sheikh, 2015) in the Department of Civil and Environmental 
Engineering at Imperial College London. In the experiments, a 
bottom-mounted surface-piercing circular cylinder with a diameter D of 
0.115 m is used to investigate high-frequency scattered waves under 
steep incident wave conditions.

Fig. 2 shows the rectangular computational domain, whose size is 
− 3 m ≤ x ≤ 3 m, − 1 m ≤ y ≤ 1 m, and − 1.2 m ≤ z ≤ 0.3 m (length ×
width × height). Note that the depth h = 1.2 m is the same as the 
working depth of the wave flume in the experiments. The origin of the 
reference coordinate system is the intersection of the mid-longitudinal 
(y = 0) and mid-transverse (x = 0) planes at the still water level, 
which is also the horizontal center of the circular cylinder. Fig. 3 shows 
the block-structured computational mesh. As shown in Fig. 3(b), an O- 
grid block with a radius of 4D is used, and the height of the first layer is 
set to 10− 3 m. Moreover, the region near the free surface is refined to 
avoid excessive numerical dissipation during wave propagation and 
capture small-scale flow structures of interest.

For boundary conditions, the GABC is applied to the inlet and outlet. 

Fig. 12. Eigenvalue distribution of the first ten dominant DMD modes on the 
complex plane.

Fig. 13. Time histories of temporal coefficients associated with (a) POD and (b) DMD modes.

Fig. 14. Spectra of temporal coefficients associated with POD (a) mode 1, (b) mode 4, and (c) mode 6.

Table 3 
Normalized frequencies and Strouhal numbers (St) of dominant POD modes and 
DMD modes: fw, incident wave frequency, St = f⋅D/Umax.

mode POD DMD

f/fw St f/fw St

1 1 0.30 1.00336 0.30
3 - - 0 0
4 2 0.61 2.00359 0.61
6 3 0.91 3.00458 0.91
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Considering steep non-linear regular waves studied, the Stokes fifth 
order wave theory is specified at the inlet for wave generation, with a 
ramp time of one wave period T at the beginning. In addition, for the 
volume fraction field, the zeroGradient boundary condition ∂α/ ∂n = 0 is 
used for the inlet and outlet. The no-slip boundary condition is imposed 
on the cylinder and bottom. The Neumann boundary condition is used 
for the atmosphere, and the symmetry boundary condition is used for 
the lateral sides.

A blended Euler/Crank-Nicolson scheme is used to discretize the 
temporal term, and the blending factor is set to 0.95 (Zhuang and Wan, 
2021). The second-order limitedLinearV scheme (Larsen et al., 2019) is 
used to deal with the advection term of the momentum equation. For 
diffusion terms, the second-order linear and GFM-corrected linear 
schemes are used for the momentum and pressure Poisson equations, 
respectively. In addition, the gradient term of the dynamic pressure is 
calculated using the GFM-corrected linear scheme. The PIMPLE 

algorithm is employed to handle the pressure-velocity coupling, where 
the specific criteria for the residuals can be found in (Chen et al., 2022a). 
A fixed time step Δt = 5 × 10-4 s is adopted for all simulations, which is 
1/2000 of the wave period in the present study. On the other hand, it 
also satisfies that the maximum Courant–Friedrichs–Lewy number is 
always less than 1. The total simulation time is 15 wave periods.

To investigate the effects of wave height and cylinder diameter, a 
series of working conditions are simulated for comparison, as listed in 
Table I. Among them, case B is consistent with the experiment. On this 
basis, cases A, B, and C correspond to low, medium, and high steepness, 
and the wave period is fixed. Moreover, case D serves to study the large 
diameter, and the wave condition is the same as case B. In addition, the 
Keulegan–Carpenter number (KC) is also provided here: 

KC=
Umax⋅T

D
, (5) 

Fig. 15. Contours of streamwise velocity in mid-longitudinal plane (y = 0) for (a) mode 1, (b) mode 3, (c) mode 4, and (d) mode 6. (The left column shows the POD 
modes, and the right column shows the DMD modes.)

Fig. 16. Contours of vertical velocity in mid-longitudinal plane (y = 0) for (a) mode 1, (b) mode 3, (c) mode 4, and (d) mode 6. (The left column shows the POD 
modes, and the right column shows the DMD modes.)
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where Umax is the maximum horizontal velocity of the water particle, 
based on the Stokes fifth order wave theory, without considering the 
presence of the cylinder, and T is the wave period.

3.2. Mesh convergence and validation

In this section, a mesh convergence study is carried out for case B, 
where three different sets of meshes (i.e., coarse, medium, and fine) are 

Fig. 17. Iso-surfaces of Liutex magnitude R = 18 in POD mode 1 from the (a) front view, (b) top view, and (c) side view.

Fig. 18. Iso-surfaces of Liutex magnitude R = 0.008 in DMD mode 1 from the (a) front view, (b) top view, and (c) side view.

Fig. 19. Front views of vortical structures obtained using the Liutex method in (a) DMD mode 4 and (b) DMD mode 6.
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employed. Table II gives the detailed mesh configuration, mainly about 
the mesh resolution within one wavelength and one wave height. To 
quantitatively verify the mesh requirements, a wave probe WPB0 is used 
to record the wave elevation at 0.1m in front of the cylinder, as shown in 
Fig. 4. It should be noted that Fig. 5 shows the total wave field, not the 
incident wave field without considering the cylinder. Fig. 5(a) first 
shows the comparison of three sets of meshes. Here, t = 0 is taken from 
the time instant when the results are periodically stable. It can be clearly 
observed from the enlargements that the medium and fine meshes give 
similar results near the peak and trough, while the coarse mesh exhibits 
slight discrepancies. Therefore, the medium mesh is sufficient to predict 
wave elevation. However, considering the following flow field analysis, 
the fine mesh configuration is adopted throughout the study, i.e., λ/ Δx 
= 200 and H/ Δz = 40.

Fig. 5(b) further compares the wave elevation of the fine mesh at 
WPB0 with the experiment and the numerical simulation by Kasiman 
(2017). The comparison shows that our result is in excellent agreement 
with the experimental measurement and others’ numerical prediction, 
demonstrating the accuracy of our numerical wave tank. In addition, the 
secondary cycle can be clearly identified, which can also be observed at 
WPB1 in Fig. 7(a). This phenomenon is attributed to the Type-2 waves: 
when the wave trough passes through the cylinder, the water mound 
subsequently forms at the front stagnation point. The detailed flow field 
analysis will be discussed later. Fig. 6 visualizes the development of the 
free surface and compares it with the experimental photos. It is worth 
noting that our numerical results here are taken just after the first 
incident wave reaches the cylinder, which means there are no other 
disturbances on the free surface before. Overall, the evolutions of 
concentric Type-1 and symmetric Type-2 scattered waves are well 
identified in our numerical simulation, which is qualitatively the same 
as the laboratory results. Based on the above preliminary observations, 
we will focus on these scattered waves, especially the more predominant 
Type-2 waves, in the following analysis.

4. Results and discussion

4.1. Evolution of high-frequency scattered waves

Fig. 7 shows the time histories of normalized wave elevation for case 
B. As shown in Fig. 7(a), the high-frequency scattered waves cannot be 
clearly identified at the front and rear stagnation points, i.e., WPB1 and 
WPB5. Nevertheless, Fig. 7(b) shows that the presence of scattered 
waves is detected as small oscillations in the time histories of wave 
elevation at WPB2-WPB4. For a better understanding, Fig. 7(c) further 
shows the enlarged view of one wave period with six representative time 
instants highlighted. Correspondingly, Fig. 8 visualizes the instanta
neous free surface at these time instants, where the incident wave 
propagates from left to right in the top view. Since the wave field in 

Fig. 8 has been fully developed, the subsequent incident waves will 
interact with the developed high-frequency scattered waves, resulting in 
some discrepancies in the wave patterns between Fig. 6 and Fig. 8. The 
evolution of high-frequency scattered waves in one wave cycle can be 
summarized as follows. After the water mound forms at the front stag
nation point, Fig. 8(a) shows that the fluid begins to travel back 
downstream along the cylinder surface due to the positive velocities 
induced by the approaching wave crest. This behavior is responsible for 
the generation of small symmetric disturbances known as Type-2 waves. 
As the Type-2 waves propagate downstream, they gradually evolve from 
disturbances near the cylinder surface to crescent-like waves, as indi
cated in Fig. 8(c). Fig. 8(d)–(f) show the subsequent evolution of Type-2 
waves in the second half cycle. Similarly, the Type-2 waves arise and 
develop upstream under the negative velocities induced by the wave 
trough. In addition, Fig. 8(d) shows that the concentric Type-1 waves can 
be roughly identified in front of the cylinder but are absent in the first 
half cycle. This difference can be attributed to the strong nonlinearity of 
steep waves, where the crest height is higher than the trough depth. In 
other words, the nonlinearity causes the magnitude of the wave-induced 
velocity at the trough to be smaller than that at the crest, which makes 
the associated wave run-up and wash-down behaviors less pronounced 
(Kasiman, 2017). It can also be inferred from the higher run-up height at 
the front stagnation point WPB1, as shown in Fig. 8(a).

According to our previous study (Chen et al., 2022a), the 
high-frequency scattered waves have a significant correlation with 
vortical structures. Therefore, the instantaneous vortical structures are 
extracted using the Liutex method to further analyze the 
spatial-temporal distribution characteristics of scattered waves, as 
shown in Fig. 9. Here, the arrow indicates the direction of wave prop
agation, and the transparent surface represents the instantaneous free 
surface. As the wave crest passes through the cylinder, Fig. 9(a) shows 
that a pair of large-scale counter-rotating vortices (crescent shape) can 
be clearly identified below the water mound, corresponding to the first 
occurrence of Type-2 waves in one wave period. On the other hand, some 
small-scale structures (marked by the red circle) are identified around 
the front of the cylinder, indicating the presence of Type-1 waves. After 
that, the fluid travels back, accompanied by a pair of slender structures, 
i.e., the early stage of Type-2 waves. When the subsequent wave trough 
arrives, the large-scale vortical structures representing the Type-2 waves 
are identified again near the stagnation point, as shown in Fig. 9(c). 
Driven by the wave-induced oscillatory flow, the fluid moves down
stream, reproducing a similar development to first half cycle. Mean
while, the previously generated large-scale structures are still 
propagating upstream and interacting with the oncoming next wave 
crest. Fig. 10 further shows the instantaneous contours of the Liutex 
magnitude, where the scattered waves are visualized to be more 
apparent. As shown in Fig. 10(a), the pattern of concentric Type-1 waves 
is well illustrated with the Liutex magnitude. In addition, the intensity of 

Fig. 20. Comparison of normalized wave elevation at (a) WPB1 and (b) WPB3.
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Fig. 21. Comparison of free surface from the top view at (a) t/T = 3.56, (b) t/T = 3.7, (c) t/T = 3.9, (d) t/T = 4.14, (e) t/T = 4.24, and (f) t/T = 4.36. (The left column 
is the results of case A, the middle column is the results of case B, and the right column is the results of case C.)
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Type-2 waves can also be intuitively represented by the Liutex 
magnitude.

Based on the above analysis, the evolution of high-frequency scat
tered waves can be summarized as follows. The spatial-temporal dis
tribution discussed here mainly refers to the evolution of scattered 
waves within one wave cycle, including their positions and phases. For 
temporal characteristics, the propagation of symmetric Type-2 waves, 
including onset and development, occurs twice in one wave cycle. From 
the perspective of spatial characteristics, one is in front of the cylinder 
(upstream) during the passing through of wave trough, and the other is 
behind the cylinder (downstream) during the passing through of wave 
crest. As for Type-1 waves, they only appear once in one cycle when the 
wave crest passes by.

4.2. Modal analysis

To gain deep insights into the high-frequency scattered waves, the 
modal analysis is performed in this section, including the POD and DMD. 
Considering this problem differs from the flow around bodies, where 
large-scale vortex shedding dominates, we do not directly provide the 
Liutex field for modal analysis. Instead, we choose to perform the modal 
analysis on the velocity field to first identify the primary motion patterns 
in the flow field. After obtaining the extracted modes, the Liutex method 
can be applied to investigate the involved vortical structures and detect 
the presence of high-frequency scattered waves. This approach also 
helps to more objectively verify the evolution of scattered waves sum
marized by observation in the previous section. The three-dimensional 
snapshots are sampled from the entire flow field, i.e., each cell corre
sponds to an element in the snapshot. The time span of the snapshots is 3 

Fig. 22. Comparison of Liutex magnitude R from the top view at (a) ϕ = 0, (b) ϕ = π/2, (c) ϕ = π, and (d) ϕ = 3π/2. (The left column is the results of case A, the 
middle column is the results of case B, and the right column is the results of case C.)
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wave cycles, and the uniform time interval between each snapshot is 1/ 
10 wave period.

Fig. 11 first shows the energy distribution of the first ten dominant 
POD modes, including the individual energy of each mode and the cu
mulative energy. Among them, except that mode 3 represents the static 
mode, the other adjacent modes can be regarded as conjugate pairs, such 
as mode 1 and mode 2. As shown in Fig. 11(b), the first five modes 
contain more than 98% of the total energy. Therefore, only these modes 
are investigated in the following analysis. On the other hand, Fig. 12
shows the eigenvalue distribution of the first ten dominant DMD modes 
on the complex plane (ordered by magnitude), where Re(λ) and Im(λ)
represents the real and imaginary parts of the eigenvalues, respectively. 
It can be observed that mode 3 is on the unit circle, and its imaginary 
part is 0, representing the static mode. Moreover, four pairs of complex- 
conjugate modes are located near the unit circle, indicating that these 
modes are periodically stable. They do not decay or grow over time, as 
demonstrated later in Fig. 13. This feature is consistent with the periodic 
oscillatory flow conditions of regular waves and will be visualized later.

Fig. 13 shows the time histories of the temporal coefficients associ
ated with POD and DMD modes. Considering that conjugate modes have 
similar modal information (such as mode shapes and corresponding time 
coefficients), the main difference lies in the phase. For clarity, only one 
of each conjugate pair is given below. It can be clearly observed that the 
coefficients of the POD and DMD modes exhibit similar variations. The 
oscillatory modes vary periodically, while the static modes remain 
basically constant. Since the eigenvectors of POD modes do not have 
frequency information, it is necessary to perform the Fourier transform 
on the temporal coefficients to obtain the characteristic frequency. 
Fig. 14 presents the spectra of the temporal coefficients associated with 
the dominant POD modes using the Fourier transform. Table III further 
lists the normalized frequencies and Strouhal numbers of the dominant 
POD and DMD modes. Among them, the characteristic frequencies of 
POD modes are extracted based on the peaks of Fig. 14, while the fre
quencies of DMD modes can be directly obtained from the eigenvalues. 
Furthermore, the frequencies are all nondimensionalized by the incident 
wave frequency for a better understanding. For the POD oscillatory 
modes, Fig. 14 shows that the spectra all have a distinct peak just cor
responding to the first, second, and third harmonics in sequence. Simi
larly, Table III demonstrates that the DMD oscillatory modes also 
represent the first, second, and third harmonics, respectively. This 
consistency can be attributed to the nature of the strong periodic oscil
lations of the regular waves themselves.

After analyzing the eigenvector information of dominant modes, the 
mode shapes are investigated next. Fig. 15 and Fig. 16 first visualize the 
streamwise and vertical velocities in the mid-longitudinal plane for the 
POD and DMD modes, respectively. Overall, the flow patterns are 
consistent between POD and DMD modes. Moreover, the high-order 
characteristics can be intuitively displayed from the velocity 

distribution, where the length between fluctuations becomes shorter. As 
for the negative horizontal velocity region in mode 3, it is caused by the 
nonlinearity of steep incident waves, where the velocity amplitudes near 
the wave crest are larger than those near the wave trough.

In order to clarify the correlation between the high-frequency scat
tered waves and the dominant modes, the Liutex method is used to 
extract the involved vortical structures. Fig. 17 and Fig. 18 first show the 
results of POD mode 1 and DMD mode 1, which are the most energetic 
modes respectively. It should be noted that the values of the iso-surfaces 
are different. This is because the temporal coefficients and amplitudes of 
the modes extracted by the POD and DMD methods are different, as can 
be seen from Fig. 13, Fig. 15, and Fig. 16. In Fig. 17, four pairs of 
symmetric counter-rotating vortical structures can be identified in the 
POD result, namely І, ІІ, І́ , and ІІ́ . The shape and location of these 
structures are very similar to the instantaneous structures associated 
with Type-2 waves, as shown in Fig. 9 and Fig. 10. Among them, І́  and ІІ́  

are actually the corresponding structures of І and ІІ in the other half 
cycle. І and ІІ are concentrated in the lower part in front of the cylinder, 
representing the spatial development of Type-2 waves during the pas
sage of wave trough. Correspondingly, І́  and ІІ́  are concentrated in the 
upper part behind the cylinder, representing the spatial development 
during the passage of wave crest. For the DMD result, Fig. 18 shows that 
three pairs of vortical structures can be identified in the lower part in 
front of the cylinder, namely І, ІІ, and ІІІ. The newly identified structure 
ІІІ in the DMD mode 1 corresponds to the initial disturbance of Type-2 
waves. Also, І represents the final stage of Type-2 waves becoming 
crescent-shaped, and ІІ represents the intermediate stage between І and 
ІІІ. In contrast to the POD result, the DMD result gives a more complete 
spatial development of Type-2 waves, although it only contains the 
correlated vortical structures within half a wave cycle. On this basis, 
Fig. 19 further shows the vortical structures in other DMD oscillatory 
modes. In general, the primary structures in mode 4 and mode 6 are very 
similar to those in mode 1, as shown in Fig. 18. However, the presence of 
Type-1 waves is detected in modes 4 and 6, which is not observed in the 
most energetic mode 1. As indicated by the arrows in Fig. 19, the 
semicircular structures surround the front of the cylinder, corresponding 
to the region where wave run-up and wash-down behaviors occur. Given 
that the Type-1 waves are only found in low-energy modes, it can be 
inferred that their contribution to the high-frequency scattered wave 
field is relatively minor compared to the Type-2 waves.

4.3. Effects of wave steepness and cylinder diameter

After obtaining the detailed spatial-temporal characteristics, the ef
fects of wave steepness and cylinder diameter on scattered waves are 
studied in this section. Fig. 20 compares the normalized wave elevation 
at two representative locations, WPB1 and WPB3. As the incident wave 
steepness becomes higher, Fig. 20(a) shows that the run-up height 

Fig. 23. Comparison of normalized wave elevation at (a) WPB1 and (b) WPB3.
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increases at the front stagnation point WPB1. At the same time, the 
secondary peak caused by Type-2 waves becomes more significant at 
WPB3, indicating that the intensity of Type-2 waves becomes higher. 
However, the occurrence of these secondary peaks is close in time, 
which means that the phase of Type-2 waves has not changed much. 

Fig. 21 further visualizes the evolution of the free surface in one wave 
cycle. Through the comparison, it can be found that the shape and 
location of scattered waves are almost identical. Although case A has the 
lowest steepness, the presence of scattered waves can still be roughly 
identified. As the steepness increases, the scattered waves become more 

Fig. 24. Comparison of free surface from the top view at (a) t/T = 3.56, (b) t/T = 3.7, (c) t/T = 3.9, (d) t/T = 4.14, (e) t/T = 4.24, and (f) t/T = 4.36. (The left column 
is the results of case B, and the right column is the results of case D.)
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apparent, especially for Type-1 waves. As shown in Fig. 21(c)–(e), the 
Type-1 waves due to wave run-up and wash-down can be clearly iden
tified in front of the cylinder in case C. This feature can be attributed to 
the higher run-up height, as previously described in Fig. 20(a). To more 
intuitively show the intensity of scattered waves, the contours of the 
Liutex magnitude are compared in Fig. 22. The enhancement of both 
scattered waves with increasing wave steepness can be clearly indicated 
by the magnitude. In addition, it is found that Type-2 waves are 

relatively stronger after the cylinder encounters the crest, especially at 
the lowest steepness. On the other hand, as the wave steepness increases, 
the significant high-magnitude region of case C in Fig. 22(d) (marked by 
the white dashed box) suggests that the interaction between the previ
ously generated Type-2 waves and the next incoming crest becomes 
stronger.

For the effect of cylinder diameter, Fig. 23 first compares the 
normalized wave elevation at WPB1 and WPB3. Fig. 23(a) shows that for 

Fig. 25. Comparison of Liutex magnitude R from the top view at (a) ϕ = 0, (b) ϕ = π/2, (c) ϕ = π, and (d) ϕ = 3π/2. (The left column is the results of case B, and the 
right column is the results of case D.)
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the large cylinder diameter, the wave run-up height at WPB1 becomes 
higher, indicating the Type-1 waves become more evident. For Type-2 
waves, the associated secondary peak at WPB3 appears later and be
comes smoother, implying changes both in time and space. To visualize 
these changes, Fig. 24 and Fig. 25 compare the free surface pattern and 
Liutex magnitude, respectively. Compared with case B, the circumfer
ential propagation of Type-2 waves is found to be delayed in case D, 
which can be attributed to the longer circumference. For example, when 
the symmetric Type-2 waves in case B have left the cylinder surface and 
continue to propagate downstream, they are still attached to the leeward 
side in case D, as shown in Fig. 24(d) and Fig. 25(a). Therefore, it can be 
concluded the spatial-temporal development of Type-2 waves is highly 
correlated with the diameter of the cylinder. Furthermore, the Type-2 
waves in case D are found to be stronger in the half cycle after 
encountering the crest, which is similar to case A. This feature is due to 
the strong nonlinearity of incident steep waves, which is more obvious 
when the steepness is lower (case A) and the diameter is larger (case D). 
On the other hand, it can be observed that the size of concentric Type-1 
waves is related to the cylinder diameter, as indicated by the white 
dashed lines in Fig. 25(a) and (b). As the diameter of the cylinder in
creases, so does the size of Type-1 waves, surrounding the front half.

5. Conclusions

In this paper, the high-frequency scattered waves in the interaction 
between a bottom-mounted circular cylinder and steep regular waves 
are studied in depth. Through qualitative and quantitative comparisons, 
the numerical results are in good agreement with the experiments in 
terms of wave pattern and wave elevation. On this basis, the spatial- 
temporal characteristics of scattered waves are analyzed thoroughly, 
especially with the aid of modal analysis. In addition, the effects of wave 
steepness and cylinder diameter on scattered waves are studied 
comparatively. The main conclusions are as follows: 

1. Two types of high-frequency scattered waves, Type-1 and Type-2, are 
identified in the vicinity of the cylinder under steep incident regular 
waves, as indicated by free surface patterns and correlated vortical 
structures. The development of Type-2 waves in one wave cycle can 
be divided into two parts: one is to propagate upstream after 
encountering the wave trough, and the other is to propagate down
stream after encountering the wave crest. Due to the strong nonlin
earity of steep waves, the Type-1 waves only occur once after 
encountering the wave crest.

2. Dominant modes extracted using POD and DMD exhibit similar flow 
patterns and frequency characteristics, each of which corresponds to 
an individual harmonic component. The POD mode 1 (most ener
getic) and DMD mode 1 (largest magnitude) both contain the vortical 
structures associated with Type-2 waves, which can intuitively reveal 
the spatial-temporal distribution characteristics of Type-2 waves. 
However, the DMD method gives a more complete spatial evolution, 
which includes three pairs of different vortical structures corre
sponding to a series of stages of Type-2 waves. In addition, the fact 
that the Type-1 waves are only detected in other low-energy modes 
indicates their relatively minor contribution to the high-frequency 
scattered wave field.

3. Wave steepness does not significantly change the spatial-temporal 
distribution of scattered waves (relative position and phase), but 
mainly affects their intensity, especially for Type-1 waves. In 
contrast, cylinder diameter has a significant effect on scattered 
waves. As the diameter becomes larger, the size of Type-1 waves 
increases, and the propagation of Type-2 waves is delayed.
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Appendix A. The improvements by the GFM in wave simulations

To investigate the performance of the GFM in wave simulations, a two-dimensional wave propagation problem (Larsen et al., 2019; Ferro et al., 
2022) is studied in this appendix. Fig. A.1 shows the computational domain. To eliminate the influence of numerical wave generation and absorption, 
a regular wave with one wavelength is initialized in the domain at the beginning and cyclic boundary conditions are adopted on both sides of the 
domain. The streamFunction wave theory is used for initialization, the water depth is 0.4m, the wave height is 0.125m, the wave period T is 2s, and the 
wavelength is exactly the length of the domain. In addition, the slip boundary condition is applied to the bottom, the Neumann boundary condition is 
imposed on the atmosphere, and the empty boundary condition is used elsewhere. A uniform structured mesh is adopted with the size of 0.01 m, and 
the total number is 379× 80 = 30320. The time step is set to Δt = 1/400 T, and the total time is 10 T.

Fig. A.1. Computational domain of two-dimensional wave propagation problem.
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Fig. A.2 compares the velocity magnitude at t = 10T, where the black line represents the instantaneous free surface. In general, our results are 
consistent with those of Ferro et al. (2022), and achieve better improvements in some local regions. The presence of spurious velocities can be clearly 
observed above the free surface, as indicated by the red bar in Fig. A.2(a). However, after using the GFM, Fig. A.2(b) shows that the spurious velocities 
are well eliminated, leading to a very smooth velocity field. Moreover, it can be found that the wave phase is accelerated due to the spurious velocities, 
which should be avoided in long-term simulations. Fig. A.3 further compares the vorticity at t = 10T. When the GFM is not used, the presence of 
spurious velocities makes the vorticity field stronger and more chaotic, as shown in Fig. A.3(a). In contrast, the vorticity field is greatly improved with 
the GFM, which can exclude unphysical flow structures in the mechanism analysis.

Fig. A.2. Comparison of velocity magnitude at t = 10T: (a) without GFM and (b) with GFM.

Fig. A.3. Comparison of vorticity at t = 10T: (a) without GFM and (b) with GFM.

Appendix B. Introduction to the Liutex method

Compared with other common vortex identification methods like Q and λ2, the Liutex method uses a vector R instead of a scalar to describe the 
vortex, which is defined as below: 

R=Rr, (B.1) 

where R is the magnitude of the Liutex vector, which will be presented later. r is the unit real eigenvector of the transformed velocity gradient matrix 
below: 
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where U is the original velocity field in the global coordinate system, which is consistent with the definition in the above governing equations. Q is the 
rotational matrix and u is the transformed velocity field. After coordinate transformation, the z axis in the transformed coordinate system will be the 
local rotational axis. The rotational strength, i.e., Liutex magnitude R, can then be determined in the x-y plane perpendicular to the local rotational 
axis: 
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It should be noted that the non-zero Liutex only exists if the original velocity gradient matrix ∇U has one real eigenvalue and two complex ei
genvalues. Therefore, the local rotational axis is unique, that is, the eigenvector corresponding to the real eigenvalue. The detailed proof can refer to 
(Liu et al., 2018; Gao and Liu, 2018).

Appendix C. Introduction to modal analysis methods

POD is a numerical method to decompose the physical field using a set of optimal orthogonal basis functions, which can be expressed as: 

xk =
∑∞

j=1
ajkϕj, (C.1) 

where xk is a spatial-temporal varying field, i.e., the velocity field in this study, ϕj is the spatial function, i.e., the POD mode, and ajk is the corre
sponding temporal coefficient. It should be noted that the POD modes are orthogonal in space. To obtain the POD modes, the snapshots of the target 
field xk ∈ Rn are arranged into a matrix X ∈ Rn×m by columns: 

X= [x1, x2,…, xm], (C.2) 

where n is the dimension of each individual snapshot, and m is the total number of snapshots. Since usually n ≫ m in practical applications, the 
snapshot method (Sirovich, 1987) is used to solve the POD modes. The temporal correlation matrix R = XTX ∈ Rm×m has the same non-zero eigen
values as the covariance matrix K = XXT ∈ Rn×n. Therefore, it is more efficient to solve the eigenvalues of the low-dimensional matrix R: 

Rψ j = λjψ j, j ∈ [1,…,m], (C.3) 

where ψ j is the eigenvector, and λj is the eigenvalue. After solving Eq. (C.3), the POD modes can be obtained: 

ϕj =
1̅
̅̅̅
λj

√ Xψ j, j ∈ [1,…, r], (C.4) 

where r is the number of truncated POD modes.
DMD is another useful modal decomposition algorithm in which each extracted mode is associated with a fixed oscillation frequency, i.e., 

orthogonal in time. Its basic idea is to approximate the evolution of the non-linear system with a linear operator A, that is, 

xk+1 =Axk, (C.5) 

where xk ∈ Rn is the snapshot representing the discrete state of the system, i.e., the velocity field in this study, and k ∈ [1,…,m] is the snapshot 
number. On this basis, arrange all the snapshots into the following two matrices by columns: 

X= [x1, x2,…, xm− 1],Xʹ= [x2, x3,…, xm]. (C.6) 

Then, the linear operator A can be approximated as: 

A≈XʹX† ∈ Rn×n, (C.7) 
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where X† is the Moore-Penrose pseudoinverse of X. Since the dimension of A is usually very high, Eq. (C.7) is not solved directly. Instead, a low- 
dimensional operator Ã is considered through the singular value decomposition (SVD) and the projection onto POD modes. For detailed proced
ures, refer to Schmid (2010).

Data availability

The data that support the findings of this study are available from the 
corresponding author upon reasonable request.
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