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A B S T R A C T

The Moving Particle Semi-implicit (MPS) method is a widely used Lagrangian Particle method for simulating 
free-surface flows. In conventional MPS simulations, the solution of the pressure Poisson equation (PPE) in the 
pressure-projection step typically constitutes a major portion of the overall computational cost, particularly for 
large-scale particle systems. To address this issue, we propose a data-driven hybrid approach that integrates the 
MPS method with the Graph Attention Network (GAT), denoted as MPS-GAT. In this approach, GAT serves as a 
surrogate model to replace the traditional PPE solver for pressure estimation in MPS. The effectiveness of the 
proposed method is evaluated using a benchmark case of tank sloshing. The accuracy is verified by comparing 
the pressure predictions from MPS-GAT with numerical results obtained from solving the PPE. Spatial errors are 
quantified by differences in mesh-interpolated mean fields between MPS-GAT and traditional MPS method, and 
temporal errors by the discrepancy in the mean particle velocity and pressure over time. To evaluate general
ization, the model is tested on sloshing scenarios with filling ratios, excitation frequencies, and amplitudes not 
included in the training data. Remarkably, the model exhibited exceptional generalization performance under 
internal-obstacle configurations despite their complete absence from the training distribution. Furthermore, the 
proposed hybrid method significantly improves computational efficiency. In our tests with particle counts from 
1000 to 130000, MPS-GAT reduces the pressure estimation time by more than 30 times compared with the 
traditional MPS method when the particle number exceeds 120000. The speedup ratio increases further with 
larger particle counts, demonstrating clear advantages for large scale free surface flow simulations.

1. Introduction

In the operation of ships with inner free surfaces, e.g., LNG carriers, 
external excitations from wind and waves may lead to liquid sloshing in 
liquid tanks. When the excitation amplitude becomes sufficiently large 
or when the excitation frequency coincides with the natural frequency of 
liquid sloshing, violent oscillations are triggered inside the tank. As a 
consequence, significant impact pressures are exerted on the tank walls, 
and the dynamic stability of the ship is markedly affected (Chen and Wu, 
2011; Wang and Sun, 2019). Therefore, numerical simulations of liquid 
sloshing under different conditions are required, through which the flow 
behavior inside the tank can be analyzed and the influence of roll motion 
on the internal fluid dynamics can be investigated. Such analyses are 
regarded as essential for ensuring the structural safety of the contain
ment system.

With the improvement of computational capabilities, Computational 
Fluid Dynamics (CFD) has been widely applied to study liquid tank 
sloshing. However, grid-based CFD methods face challenges in accu
rately capturing highly nonlinear, large deformation free surface phe
nomena such as breaking, overturning, and splashing, which are 
frequently encountered in tank sloshing problems. These limitations 
reduce the reliability of predicted fluid motions under extreme sloshing 
conditions. To address these challenges, meshless methods have been 
applied to sloshing-tank simulations. In 2009, shallow-water sloshing in 
a two-dimensional rectangular tank was investigated through experi
ments and smoothed particle hydrodynamics (SPH) simulations 
(Delorme et al., 2009). Building on these developments, an SPH-based 
solver for tanks with flexible baffles was introduced, featuring an 
incompressible smoothed particle hydrodynamics (ISPH) and SPH 
coupling method for deformable elastic structures, with validation and 
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performance analyses conducted (Khayyer et al., 2018). This line of 
research was further extended, as sloshing in a tank with flexible baffles 
was simulated by combining SPH with the Smoothed Point Interpolation 
Method (S-PIM), through which fluid-structure interaction characteris
tics are investigated (Hu et al., 2019). Nevertheless, SPH methods still 
suffer from pressure prediction inaccuracies and stability issues when 
applied to incompressible flows, which limit their robustness in practical 
simulations (Xu et al., 2009).

The Moving Particle Semi-Implicit (MPS) method was first intro
duced to address the challenges of incompressible flow simulation 
(Koshizuka and Oka, 1996). It was then applied to investigate breaking 
wave phenomena and analyze various breaking wave patterns 
(Koshizuka et al., 1998). So far, the MPS method has been widely 
applied to study liquid sloshing in tanks. Two-dimensional rectangular 
tank sloshing was simulated, demonstrating that severe oscillations 
occur when the excitation frequency matches the resonance frequency 
(Zhang et al., 2012). Based on these findings, three-dimensional LNG 
tank sloshing was investigated, and the effects of fill level and excitation 
frequency are analyzed to identify hazardous fill heights and resonance 
frequencies (Yang et al., 2014). Dynamic characteristics, including base 
shear, overturning moment, and impact pressures, were further evalu
ated using improved MPS formulations (Jena and Biswal, 2017). In 
recent years, GPU-accelerated MPS solvers were developed, enabling 
three-dimensional simulations under various conditions while signifi
cantly reducing computational costs (Xie et al., 2020). The sloshing 
phenomena in a spherical liquid tank were investigated using the MPS 
method, being validated against experimental and FVM data to 
demonstrate its effectiveness in accurately modeling complex fluid be
haviors (Huang et al., 2024). Further refinements in Laplacian formu
lations have been proposed to enhance pressure-velocity coupling and 
improve the accuracy of free-surface flow simulations (Shobeyri, 2024). 
Applications to coupled flow systems and multiphysics problems have 
also been explored. MPS has been used to simulate flow in 
low-permeability porous media coupled with surface water, showing 
good agreement with experimental observations (Hibi, 2025). Subse
quently, a correction matrix MPS solver accelerated by GPU computing 
was developed for numerical wave flume simulations, demonstrating 
high accuracy and computational efficiency (Zhong et al., 2025). In 
addition, an MPS-VG model was proposed for simulating wave in
teractions with inclined slat structures, showing potential for efficient 
modeling of wave-structure interactions (Pereira et al., 2025). Overall, 
these developments demonstrate that the MPS method has been 
continuously improved and validated, showing strong capabilities in 
simulating complex incompressible flows, free-surface phenomena, and 
multiphysics problems.

The MPS method uses a fractional step scheme to improve pressure 
accuracy and stability compared with explicit particle methods such as 
SPH method (Gingold and Monaghan, 1977). While the improved ac
curacy comes at the cost of increased computational effort, as solving the 
PPE becomes more demanding with a growing number of particles 
(Duan and Chen, 2015). Moreover, such iterative methods are generally 
unsuitable for GPU parallelization, making large-scale MPS simulations 
challenging without high-performance CPU clusters. A modified explicit 
MPS method has been proposed by calculating pressure explicitly, with 
each particle's computation performed independently across different 
threads to enhance GPU parallelization and reduce computational cost 
(Koshizuka et al., 2018). This method enables independent particle-wise 
computations and significantly improves GPU parallelization efficiency. 
However, because pressure propagation is treated explicitly, the scheme 
is sensitive to the time step size, which must satisfy restrictive stability 
conditions to avoid pressure oscillations and numerical instability. 
Regarding explicit formulations of the MPS method, several studies have 
investigated variants in which the pressure or density field is advanced 
explicitly in time rather than obtained through a global implicit PPE. An 
explicit weakly compressible MPS (WCMPE) approach was proposed, in 
which the pressure is calculated via an equation of state and propagated 

explicitly, demonstrating its application to free-surface flow problems 
while discussing the associated time-step restrictions due to explicit 
pressure propagation(Xiao and Jin, 2022). An explicit incompressible 
MPS scheme was developed for slump flow simulations, where the 
pressure is updated explicitly and the algorithm is implemented with 
high parallel efficiency; it was also highlighted that stability and nu
merical damping are sensitive to the time step size in explicit pressure 
treatments (Xu et al., 2025).

Recently, machine learning (ML) techniques have been widely 
applied in fluid dynamics. One of the major directions has been the 
acceleration of numerical processes, in which challenging and time- 
consuming steps in traditional procedures are replaced with suitable 
ML models. A typical example is ML-accelerated turbulence modeling, 
where an ML model is trained on data from large eddy simulation (LES) 
or direct numerical simulation (DNS) and then used to replace con
ventional turbulence models for predicting turbulent production terms 
or the Reynolds stress anisotropy tensor. For instance, neural networks 
(NNs) have been used to replicate Reynolds Averaged Navier-Stokes 
(RANS) model source terms (Tracey et al., 2015). Building on this 
approach, Gaussian processes and NNs have been applied to predict 
turbulence intermittency and to provide correction terms for RANS 
model source terms (Duraisamy et al., 2015). Further extending these 
efforts, random forests and NNs have been employed to predict 
high-uncertainty scenarios in RANS Reynolds stress closures and to 
correct Reynolds stress anisotropy (Ling et al., 2016). Comparative 
studies with DNS or LES show that ML-supported RANS simulations not 
only significantly speed up computation but also effectively reproduce 
turbulence features. In Lagrangian particle simulations, deep learning 
(DL) methods represented by NNs, have been introduced to accelerate 
the solution of the PPE. For example, a data-driven model was developed 
to improve the MPS method's efficiency, maintaining accuracy while 
significantly accelerating calculations (Yao et al., 2023). These ap
proaches reduce computational demands and yield realistic fluid effects, 
thereby facilitating the development of high-fidelity data-driven fluid 
models.

However, most neural networks are designed for structured data, 
while Lagrangian particle methods produce unstructured data due to the 
irregular motion of particles. To handle unstructured data, Graph Neural 
Networks (GNNs) have been introduced. GNNs were initially developed 
to interpret unstructured data, such as interconnection of individuals on 
social media (Scarselli et al., 2009). In recent years, GNNs have been 
increasingly applied in science and engineering, with particular success 
in fluid simulation. For instance, a hybrid numerical method that in
tegrates a traditional GNN model with a differentiable fluid dynamics 
simulator for flow prediction was developed (Belbute-Peres et al., 2020). 
A mesh-based GNN was introduced to simulate both incompressible flow 
around cylinders and compressible flow around airfoils, with the fluid 
domain being discretized using unstructured meshing techniques (Pfaff 
et al., 2021). In particular for Lagrangian particle methods, GNNs have 
also been applied for fluid dynamics in several studies. For example, the 
GNN model was integrated with ISPH method, accelerating the solution 
process of the PPE in ISPH method (Zhang et al., 2023). In that study, the 
GNN model trained solely on data from wave-only cases has been 
demonstrated to be effectively applicable to wave-floater interaction 
scenarios (Zhang et al., 2024a).

Inspired by Zhang's work (Zhang et al., 2023), we extend their 
framework to MPS method. In the current work, we propose a 
data-driven model that combines MPS method with a Graph Attention 
Network (GAT), accelerating computations, conserving resources, and 
ensuring reliable results for engineering applications. To the best of our 
knowledge, this is the first work that integrates GNN models into an MPS 
framework for modeling sloshing tank flows.

The remainder of this paper is organized as follows. The remainder of 
this paper is organized as follows. First, the fundamental mathematical 
formulations are introduced in Chapter 2, including the MPS method 
and the GAT model, along with their hybrid integration. The 
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construction of the database and the partitioning of the training set are 
also described. Subsequently, the methodology for validating prediction 
accuracy is presented in Chapter 3, followed by an error analysis of the 
model's predictions in Chapter 4. The generalization capability of the 
model is then evaluated in Chapter 5, where its computational efficiency 
is demonstrated. Finally, the conclusions are summarized and future 
research directions are outlined in Chapter 6.

2. The mathematical formulations

2.1. The Moving Particle Semi-Implicit (MPS) method

The MPS method is based on a Lagrangian representation, where the 
continuous flow field is discretized into a set of particles carrying mass, 
momentum, energy, and other properties. The interaction between 
particles is governed by the integral of a kernel function, enabling the 
calculation of particle forces and the tracking of their motion to simulate 
the entire flow dynamics.

In the MPS method, the attribute value of the target particle i in the 
flow field is equal to the weighted average of the attribute value of the 
surrounding particles, as shown in Eq. (1), 

〈fi〉=

∑

j∕=i
fjW

( ⃒
⃒rj − ri

⃒
⃒
)

∑

j∕=i
W
( ⃒
⃒rj − ri

⃒
⃒
) (1) 

In the formula, ri and rj are the coordinates of target particle i and 
neighbor particle j respectively, fi and fj are the attribute values at 
target particle i and neighbor particle j respectively, and W

( ⃒
⃒ri-rj

⃒
⃒
)

is the 
weight function.

The MPS method adopts viscous incompressible fluid, and its gov
erning equations include continuity equation and N-S equation, as 
shown in Eq. (2) and Eq. (3). 

1
ρ

Dρ
Dt

= − ∇⋅V = 0 (2) 

DV
Dt

= −
1
ρ∇p + υ∇2V + b (3) 

In the formula, D
Dt is the material derivative, ρ is the fluid density, p is 

the pressure, V is the velocity vector,ν is the viscosity coefficient of the 
fluid, b is the mass force, generally gravity.

The interaction between particles in MPS method is realized by the 
kernel function, which acts as the weight function in the discretization 
process of the governing equation. Therefore, kernel function is the most 
basic model in MPS method and the basis of other particle action 
models.

In traditional MPS method, a commonly used kernel function was 
proposed by Koshizuka et al. (1998). The specific expression is as 
follows: 

W(r) =

⎧
⎨

⎩

re

r
− 1 0 < r < re

0 re ≤ r
(4) 

In the formula, r is the distance between two particles, re is the radius 
of the particle's scope, which is a certain value. As the particle distance r 
approaches 0, W(r) approaches infinity. But when r is small to a certain 
extent, the derivative of the kernel function W(r) is very large, and a 
small change in r will cause a drastic change in the value of W(r). 
Therefore, when the flow field undergoes drastic changes or the time 
step is large, it often results in non-physical pressure oscillations within 
the flow field, impacting the stability of the calculations. To address this 
issue of non-physical high-frequency oscillations, a more appropriate 
kernel function has been implemented in the MLparticle-SJTU solver, as 
illustrated in Eq. (5), 

W(r)=

⎧
⎨

⎩

re

0.85r + 0.15re
− 1 0 ≤ r ≤ re

0 re ≤ r
(5) 

The kernel function expressed by Eq. (5) has no singularity, which 
avoids high frequency oscillation caused by excessive derivative of the 
kernel function.

In the MPS method, the gradient model is utilized to discretize the 
first derivative, and it is also employed to discretize the pressure 
gradient in the Navier-Stokes equation. The gradient model essentially 
represents a weighted average of the relative position vectors among 
particles within the scope. The pressure gradient at point i can be 
defined as follows: 

< ∇P>i =
D
n0

∑

j∕=i

Pi + Pj
⃒
⃒rj − ri

⃒
⃒2

(
rj − ri

)
⋅W

( ⃒
⃒rj − ri

⃒
⃒
)

(6) 

The Laplacian model is used to discretized the second derivative. The 
calculation of the viscous term ∇2V in the N-S equation and the solution 
of the PPE both require the spatial discretizing of the Laplacian oper
ator∇2. The Laplacian model was given by Koshizuka and Oka (1996), as 
follows: 

< ∇2ϕ>i =
2D
n0λ

∑

j∕=i

(
ϕj − ϕi

)
⋅W

( ⃒
⃒rj − ri

⃒
⃒
)

(7) 

where D is the spatial dimension and n0 is the initial particle number 
density. λ is a parameter, the purpose of which is to make the numerical 
results agree with the analytical solution of the diffusion equation, the 
specific expression is: 

λ=

∑

j∕=i
W
( ⃒
⃒rj − ri

⃒
⃒
)
⋅
⃒
⃒rj − ri

⃒
⃒2

∑

j∕=i
W
( ⃒
⃒rj − ri

⃒
⃒
) (8) 

In addition to the classical Laplacian operator originally proposed in 
the standard MPS formulation, several improved Laplacian models have 
been developed to enhance numerical accuracy and stability, particu
larly for pressure Poisson equation discretization. For instance, Khayyer 
and Gotoh proposed a higher-order consistent Laplacian model by 
introducing corrective terms to restore consistency under irregular 
particle distributions, which has been shown to effectively suppress 
pressure oscillations and improve free-surface stability (Khayyer and 
Gotoh, 2011). Another approach involves renormalized or corrected 
Laplacian discretizations, such as the renormalized Laplacian model 
introduced by Liu, Morita and Zhang, which applies normalization 
procedures and dummy particles to achieve more accurate pressure 
solutions on both interior and free-surface particles (Liu et al., 2019). 
These improved Laplacian formulations have been widely used in 
advanced MPS variants, and although the present study retains the 
classical Laplacian model as the baseline for evaluating the MPS-GAT 
framework, the proposed approach can be extended to incorporate 
such enhanced operators in future work.

The divergence model is similar in form to the gradient model. For 
the velocity V vector, discrete expression of velocity divergence: 

∇ ⋅ V=
D
n0

∑

j∕=i

Vj − Vi
⃒
⃒rj − ri

⃒
⃒2

(
rj − ri

)
⋅W

( ⃒
⃒rj − ri

⃒
⃒
)

(9) 

In the event of severe tank sloshing, traditional free surface judgment 
methods can present issues. When the neighboring particles in the flow 
field are relatively sparse, they may be incorrectly identified as free 
surface particles due to the low particle population density. The 
MLparticle-SJTU solver employs the asymmetry of the neighbor particle 
distribution to determine free-surface particles. The degree of asym
metry, denoted as F, is defined by the following expression: 
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< F>i =
D
n0

∑

j∕=i

1
⃒
⃒rj − ri

⃒
⃒

(
ri − rj

)
W
(
rij
)

(10) 

In the present MPS formulation, free-surface particles are identified 
based on a combination of particle number density criteria and an 
asymmetry-based indicator, following commonly adopted practices in 
the MPS literature. Let n* denote the current particle number density and 
n0 denote the initial number density. According to traditional free- 
surface identification rules, particles satisfying n* ≤ 0.8n0 are typically 
regarded as splashing or detached flow particles and are therefore 
classified as free-surface particles. Conversely, particles with n* ≥

0.97n0 are considered interior flow particles. In the intermediate range 
0.8n0 < n* < 0.97n0, the probability of misclassification becomes rela
tively high, and additional criteria are required for reliable free-surface 
identification.

For particles falling within this intermediate density range, an 
asymmetry-based criterion is employed. Specifically, a particle i is 
identified as a free-surface particle when the averaged asymmetry 
measure satisfies < | F | >i > ε, it is determined to be a free-surface 
particle. In the formula, | F | is the module of the asymmetry degree F 
and ε is a parameter with the value 0.9 | F0 |, in which | F0 | is | F | of the 
free surface particle at the initial time.

The choice of ε = 0.9 | F0 | is not treated as a universal constant. 
Sensitivity tests were conducted for several values, including ε = 0.75, 
0.8, 0.85, 0.9, 0.95, 0.99 | F0 |. The results indicate that values in the 
range ε = 0.85, 0.9, 0.95 | F0 | provide reliable free-surface identification 
for the present simulations. Smaller values tend to misclassify interior 
particles as free-surface particles, whereas larger values may incorrectly 
classify genuine free-surface particles as interior ones. Based on these 
observations, a unified value of ε = 0.9 | F0 | is adopted as a balanced and 
robust choice throughout this study.

Based on the mixed source term method (Tanaka and Masunaga, 
2010; Khayyer and Gotoh, 2011), the PPE was rephrased as follows (Lee 
et al., 2011): 

< ∇2Pn+1>i = (1 − γ)
ρ

Δt
∇⋅V*

i − γ
ρ

Δt2
< n*>i − n0

n0 (11) 

In the formula, parameter γ represents the proportion of particle 
number density in the source term. The smaller the gamma value, the 
lower the particle number density proportion, the higher the velocity 
divergence proportion, and the smoother the pressure field. However, 
excessively small gamma values often lead to fluid volume non- 
conservation. This occurs because during the calculation process, er
rors in velocity divergence accumulate over iterations, resulting in fluid 
volume non-conservation. Therefore, in the calculation process, a 
reasonable γ value should be selected, and the value of γ in this paper is 
0.01.

In the present MPS formulation, the effective scope of particle 
interaction models is critical for ensuring both computational efficiency 
and numerical stability. The particle number density model, gradient 
model, and Laplacian model are indispensable in discretizing the gov
erning equations. To reduce computational cost, the influence radius of 
each particle model must be specified. According to Koshizuka et al. 
(1998), the scope radius of different particle models are listed in Table 1, 
where l0 denotes the initial particle spacing.

Furthermore, the time step is determined based on the Courant- 
Friedrichs-Lewy (CFL) condition to ensure numerical stability. Specif
ically, the time step Δt is computed as Δt = C Δx

umax
, where Δx is the initial 

particle spacing, umax is the maximum particle velocity, and C is a safety 
coefficient typically chosen between 0.1 and 0.3. This CFL-based crite
rion ensures that particles move only a small fraction of the spacing in a 
single step, maintaining stability throughout the simulation.

2.2. Graph Attention Networks (GAT) model

Graph Neural Networks (GNNs) have emerged as a powerful 
framework for processing data that are naturally structured as graphs. 
Unlike traditional deep learning architectures that operate on Euclidean 
data, such as images or sequences, GNN are specifically designed to 
handle non-Euclidean graph data. The seminal work introduced the 
concept of iterative message passing, wherein each node's representa
tion is updated by aggregating information from its neighbors (Scarselli 
et al., 2009). A major breakthrough in this area was the introduction of 
Graph Convolutional Networks (GCNs) (Kipf and Welling, 2017). 
Inspired by the success of Convolutional Neural Networks (CNNs) in 
processing grid-structured data, GCNs extend the convolutional opera
tion to graphs by performing localized aggregations of node features. In 
a typical GCN, the feature vector of each node is updated by computing a 
weighted sum of the features of its immediate neighbors, followed by a 
non-linear activation. However, the standard GCN approach employs a 
fixed or uniformly normalized weighting scheme, which assumes that all 
neighboring nodes contribute equally to the updated representation. 
This uniform treatment can be limiting in heterogeneous graphs where 
the influence of individual neighbors varies significantly, potentially 
resulting in suboptimal performance (Zhou et al., 2020).

The evolution of deep learning has been greatly influenced by the 
advent of attention mechanisms. The breakthrough paper “Attention Is 
All You Need” (Vaswani et al., 2017) demonstrated the power of 
attention in natural language processing by replacing recurrent archi
tectures with a mechanism that computes a weighted sum over input 
representations. The attention mechanism computes these weights 
based on the similarity between query and key vectors, enabling the 
model to highlight important information while suppressing less rele
vant details. Although global attention mechanisms typically involve 
considering all parts of the input, such an approach may be computa
tionally prohibitive or unnecessary for problems where local context is 
paramount.

Graph Attention Networks (GATs) was built on the strengths of both 
GCNs and attention mechanisms (Veličković et al., 2018). GATs incor
porate a self-attention mechanism directly into the graph convolution 
process to dynamically assign weights to the features of neighboring 
nodes during aggregation. For each node in the graph, a raw attention 
score is computed for each neighbor by applying a shared learnable 
function to the concatenated features of the node and its neighbor. These 
raw scores are then normalized using a softmax function to produce 
attention coefficients that reflect the relative importance of each 
neighboring node. The final node representation is obtained as the 
weighted sum of its neighbors’ transformed features. This dynamic 
weighting allows GATs to capture the heterogeneous influence of 
neighbors more accurately than the uniform aggregation employed by 
GCNs (Veličković et al., 2018; Gasteiger et al., 2022), thus significant 
advantages over traditional GCNs are offered by GATs. Unique weights 
are assigned to each neighbor by a dynamic attention mechanism, which 
enables subtle, context-dependent local variations in the graph structure 
to be captured effectively. Fixed weighting schemes, which are 
employed by conventional GCNs, are replaced by attention coefficients 
that are computed to better reflect the heterogeneous influence of 
neighboring nodes. It is ensured that the need for global feature 
extraction is eliminated by the localized nature of the attention mech
anism, thereby reducing computational overhead and enhancing scal
ability for large-scale simulations.

In particle-based simulations, such as those conducted using the MPS 
method, fluid behavior is dictated by local interactions among particles. 
In these simulations, interactions are accurately modeled by GATs, 

Table 1 
Scope radius of different models.

Particle interaction models The scope radius of particle model

Particle number density model re− Den = 2.1 l0
Gradient model re− Gra = 2.1 l0
Laplacian model re− Lap = 4.01 l0
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leading to improved predictions of key physical properties such as 
pressure and velocity. It has been observed that the localized attention 
mechanism considers only immediate neighbors, thus avoiding unnec
essary computations that would otherwise be incurred by global feature 
extraction. Consequently, computational efficiency is improved and 
memory usage is reduced compared with the traditional MPS method, 
which is particularly important when simulations involve thousands or 
millions of particles. Therefore, a more nuanced and robust represen
tation of particle interactions can be yielded by the dynamic and 
localized weighting afforded by GATs. These observations suggest that it 
is promising to integrate GATs into the MPS framework for improving 
computational efficiency while maintaining a level of accuracy compa
rable to the traditional method.

The GAT model employed in this paper (Fig. 1) consists of three 
primary components: the encoder, message-passing, and decoder 
(Sanchez-Gonzalez et al., 2020). Within the GAT model, graph convo
lutions act as a message-passing mechanism, where information is 
transmitted directly between nodes via the edges. The encoder is 
responsible for transforming input features into node embeddings, 
which serves as inputs for the subsequent message-passing stage. Prior 
to encoding, the input features are normalized using 
Batch-normalization (Ioffe and Szegedy, 2015) to ensure stable and 
efficient training. These embeddings are utilized for graph convolutions 
in the subsequent message-passing step. Specifically, for a given particle 
i in Fig. 1, the input feature vector f 0

i is normalized as g0
i and then 

encoded into a node embedding h0
i through a learnable encoder function 

encode(), which is implemented using a multilayer perceptron (MLP) 
with n layers. Mathematically, the encoding process encode() can be 
expressed as: 

encode
(
gl

i
)
= σ

(
wl gl− 1

i + bl
)
, l=1, 2,…, n (12) 

h0
i = encode

(
g0

i
)

(13) 

In the message-passing block, the node embeddings are iteratively 
updated through a recursive scheme. At this stage, the influence of a 
neighboring node j on node i is first assessed, denoted as mj→i. Given that 
the influence mj→i is inherently dependent on the relative positioning of 
the nodes, an appropriate weight is introduced to account for spatial 
relationships. Following the approach proposed by Li and Farimani (Li 
et al., 2017), the neighboring influence in the l-th layer convolution is 
defined as follows: 

ml
j→i =hl− 1

j W
(
rij, r0

)
(14) 

where hl-1
j denotes the node embedding of neighboring node j in the l-th 

convolution layer. The weight function is defined as follows, with a 
lower bound introduced to prevent the weight from approaching infinity 
when the inter-particle distance becomes too small, thereby avoiding 
pressure oscillations. 

W
(
rij, r0

)
=

⎧
⎪⎨

⎪⎩

r0

0.85rij + 0.15r0
− 1, 0 < rij ≤ r0,

0, rij > r0,

(15) 

In the formula, r0 is the radius of the influence domain, set to 4.01dx 
according to a series of numerical experiment carried out by Koshizuka, 
where dx means the initial particle spacing, set as 0.025 in this paper. 
The aggregated influence from all neighboring nodes is given by: 

Ml
i =

∑N

j=1
ml

j→i

∑N

j=1
W
(
rij, r0

)
(16) 

In the l-th layer of message passing, the node embedding for node i is 
updated as: 

hl
i = σ

(
wʹ

l Ml
i + bʹ

l hl− 1
i

)
, l=1, 2,…, L (17) 

where wʹ
l and bʹ

l are the learnable weight vector and bias term in the l-th 
layer.

The decoder is to map the node embeddings from the final message- 
passing layer to the desired output. Specifically, after L layers of recur
sive message passing, the output qi (which represents the pressure in 
this work) is obtained by decoding the final node embedding hL

i using a 
learnable decoder functionembedding(). The decoder is implemented as a 
multilayer perceptron, similar to the encoder described in Eq. (12), but 
with its own distinct learnable weights and biases. 

qi = embedding
(
hL

i
)

(18) 

where qi represents the relationship between the inputs and the pres
sure of each particle, and it will be denoted by fGNN below. In this work, 
all encoder and decoder MLPs are implemented with three layers, while 
the number of recursive message-passing layers is set to two.

In our GAT model for pressure prediction, the Exponential Linear 
Unit (ELU) activation function, Huber loss, and Adam optimizer are 
collectively adopted to address the inherent challenges of particle-based 
fluid simulations and to enhance the model's robustness. The ELU acti
vation function is selected due to its ability to introduce a smooth 
exponential curve for negative inputs, which was found to effectively 
alleviate the vanishing gradient problem and capture the complex 
nonlinear interactions among fluid particles; its continuous differentia
bility was further employed to represent multiscale pressure variations. 
The ELU activation function is shown in Eq. (19). 

ELU(x)=
{

x, (x > 0)
α(ex − 1), (x < 0) (19) 

where the parameter α is a positive constant that determines the satu
ration value for negative inputs. Larger values of α allow the negative 

Fig. 1. Diagram of the GAT network architecture.
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outputs to extend further while smaller values compress them toward 
zero. The exponential term ex is applied only when the input x is 
negative, ensuring that the function remains smooth and provides non- 
zero gradients even in the negative region. Together, these parameters 
define an activation function that behaves linearly for positive inputs 
and smoothly decays toward -α for negative inputs, improving gradient 
flow compared to ReLU (Clevert and Hochreiter, 2016).

The Huber loss function was implemented to manage the noise and 
heterogeneity present in the simulation data, with its quadratic behavior 
for small errors and linear penalty for large deviations being utilized to 
mitigate the impact of outliers resulting from particle collisions, free- 
surface fluctuations, or numerical instabilities, while fine pressure de
tails are preserved in regions with smooth gradients. 

Lδ(r)=

⎧
⎪⎪⎨

⎪⎪⎩

1
2
r2, |r| ≤ δ

δ
(

|r| −
1
2

δ
)

, |r| > δ
(20) 

Huber loss introduces a parameter δ that controls the transition be
tween the quadratic and linear regimes of the loss function. Specifically, 
when the absolute prediction error |r | is smaller than δ, the loss is 
quadratic, providing smooth gradients similar to mean squared error; 
when |r | exceeds δ, the loss becomes linear, behaving like mean abso
lute error and thus reducing the influence of outliers. This balance al
lows Huber loss to combine the sensitivity of MSE for small errors with 
the robustness of MAE for large deviations (Huber, 1992).

The Adam optimizer is chosen for its adaptive learning rate mecha
nism, which is enabled to navigate the high-dimensional, nonconvex 
loss landscape, overcome the sparse and irregular gradients encountered 
in the simulations, and correct early training instabilities. Collectively, 
these design choices are demonstrated to yield stable training trajec
tories and generalize effectively to unseen flow regimes, thereby 
establishing the model's suitability for particle-based fluid-structure 
interaction analyses.

2.3. Incorporating GAT with MPS

2.3.1. Input parameters
To ensure satisfactory prediction accuracy, it is determined that the 

inputs to the GAT model must comprise variables representative of hy
drodynamic characteristics. In order to avoid the GAT model func
tioning solely as a time-series predictor, some physical quantities 
already computed for the current time step are incorporated into the 
input parameters. In the present study, a blended source term method 
(Eq. (11)) is employed in the PPE of the MPS model. Since the particle 
number density n* and velocity divergence ∇⋅v* at the current time step 
appear in the source term, these quantities are included as input pa
rameters representing the current particle distribution and the instan
taneous compressibility effect. Moreover, due to the continuous nature 
of pressure variation, the pressure from the previous time step pt is also 
designated as an input parameter. In addition, prior studies such as the 
investigation that combined the MPS model with a CNN for free-surface 
flow modeling (Zhang et al., 2023) indicated that the inclusion of these 
variables significantly enhances prediction performance.

According to the above discussions, the field data of n* ,∇⋅ v* and pt 
are adopted as the input parameters to train the GAT model for pre
dicting the pressurept+Δt. The function fGAT from input to output by the 
GAT model can be expressed as: 

pt+Δt = fGAT(pt , n*,∇ ⋅ v*) (21) 

It is noteworthy that in the previous studies of GNN using in ISPH 
(Zhang et al., 2024b), pressure was partitioned into static and dynamic 
components. The GNN was employed exclusively to predict dynamic 
pressure, while static pressure was computed directly from particle 
depth. Such an approach permitted the isolation of the more variable 

dynamic pressure, thereby reducing predictive error. However, within 
an MPS framework, the determination of static pressure necessitated the 
identification of free-surface particles at the vertical positions corre
sponding to the current particles, which imposed considerable addi
tional computational resources. Consequently, the direct pressure 
prediction approach proposed by Yao (Yao et al., 2023) was adopted in 
the present study, and the results indicate that satisfactory predictive 
accuracy is achieved. As shown in Fig. 2, the MPS-GAT model updates 
particle states through a coupled velocity-position mechanism.

2.3.2. Training data
The overall accuracy of the model is also influenced by the quality of 

the training database. In this study, the training dataset with improved 
accuracy is generated using a Python implementation of the standard 
MPS solver, employing the BiConjugate Gradient Stabilized (BiCGSTAB) 
method. The BiCGSTAB algorithm is a well-established Krylov subspace 
method that has been extensively validated in computational fluid dy
namics applications, particularly for incompressible flow solvers (Van 
der Vorst, 1992). It has also been widely used and validated in incom
pressible free-surface flow simulations, including liquid tank sloshing 
problems (Kim et al., 2011), ensuring the reliability of the computed 
pressure fields for model training. Given the established reliability of the 
pressure solver in prior MPS studies, this work focuses primarily on 
comparing the pressure fields generated by the neural network with 
those obtained from the original MPS-generated dataset.

The generated dataset is subsequently utilized to train the GAT 
model, ensuring that the learned representations are informed by high- 
fidelity pressure distributions. The training conditions for the MPS 
model are comprehensively presented in Table 2 below. This table de
lineates the parameter settings, flow regimes, and boundary conditions 
employed during the training phase, thereby providing a clear overview 
of the simulation scenarios and numerical configurations used to 
generate the training dataset.

In our study, two benchmarks are employed to train the GAT model. 
The selected experiments comprise a liquid tank sloshing model and a 
dam breaking model. The dam breaking model is adopted for training to 
simulate the violent impacts and severe sloshing under extreme sea 
states, as well as the consequent splashing and fragmentation caused by 
the free surface striking possible obstacles inside the tank. Comparative 
analyses demonstrate that augmenting the training set with the dam 
breaking configuration yields markedly improved predictive accuracy 
under pronounced sloshing amplitudes, thereby corroborating our 
initial hypothesis.

The complete dataset illustrated in Fig. 3 consists of 80 different 
transient simulations, each integrating 10000 constant time steps with 
Δt = 0.0005s, yielding a total physical duration of 5s per case. Table 3
further details the training configurations. Initially, the dataset includes 
only 64 cases of liquid sloshing inside a partially filled tank, systemat
ically spanning the parameter space by combining four distinct liquid 
filling ratios (h/H), four sloshing frequencies (f), and four sloshing am
plitudes (A).

However, we observe that the model's prediction accuracy decreased 
under conditions of highly violent sloshing, where intense fluid motion 
and pronounced splashing occur. To improve the training dataset and 
better capture these extreme behaviors, we incorporate 16 dam breaking 
cases, which exhibit fluid fragmentation and splashing similar to those 
in violent tank sloshing. Each dam breaking configuration varies both 
initial water column height(h/H) and length(l/L), with four discrete 
values for each parameter. In the final dataset, 75 % of the total dataset 
is selected as the training set, yielding 60 simulations for training. These 
60 simulations comprise 48 sloshing cases and 12 dam breaking cases. 
Within each of these 60 cases, the first 8000 time steps form the training 
set and the remaining 2000 time steps form the interpolation test set. 
The remaining 20 simulations including 16 tank sloshing cases and 4 
dam breaking cases are held out as the extrapolation testing set. So that 
the model performance under previously unseen initial and boundary 
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conditions can be assessed.
In the present work, the Huber loss function is employed, combining 

the benefits of both L2 and L1 losses by imposing a quadratic penalty for 
small errors and a linear penalty for large errors. Two primary types of 
boundary conditions are considered: free-surface and solid boundaries. 
During training, the discrepancy between the predicted and actual 

pressures on the free surface is disregarded. Instead, the pressure at free- 
surface particles is constrained to zero, thereby enforcing the free- 
surface boundary condition that p = 0.

Concerning the solid boundary condition, due to the fact that the 
neighboring nodes of fluid particles may comprise solid particles, and 
that solid particles exhibit pressure which influences the pressure dis
tribution of fluid particles, a strategy is adopted wherein both fluid and 
solid particles are included in the training process. Thus, the trained 
GAT model is applied to predict the pressure values for both fluid and 
solid particles. For solid particles, additional refinement is performed by 
deriving their pressure from the pressures of neighboring fluid particles.

3. Accuracy validation

Before discussing the convergence and performance of the proposed 
MPS-GAT framework, it is worth noting that the conventional MPS 
solver adopted in this study has been extensively validated in the liter
ature(Yang et al., 2014; Zhang et al., 2012). In our previous in
vestigations, experimental validations were conducted not only for a 

Fig. 2. Illustration of particle velocity and position update in the MPS-GAT model.

Table 2 
The training work conditions of MPS model.

Parameters Value

Initial particle distance r0 0.025m
The particle support domain radius re 2.1r0

Gravitational acceleration g 9.8 m/s2

Kinematic viscosity coefficient ν 1.0e-6
Hybrid source term coefficient γ 0.01
Time step Δt 0.0005s
Total time t 5s
Tank size (L × H) 2.0m × 1.0m

Fig. 3. Schematic diagram of the division between the model training set and testing set.
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rectangular liquid tank, but also for a spherical tank configuration, 
where systematic comparisons between laboratory measurements and 
MPS simulations were performed (Liu et al., 2024). The results showed 
good agreement in terms of free-surface evolution and pressure 
response. A representative comparison between experimental observa
tions and MPS simulation results is illustrated in the following figure. 
These studies have demonstrated that the employed MPS formulation is 
capable of providing reliable pressure and free-surface predictions for a 
wide range of incompressible flow problems. Therefore, the conven
tional MPS method serves as a credible and well-established baseline for 
comparison in the present study, as shown in Fig. 4.

In terms of numerical convergence of MPS results alone, numerical 
convergence is ensured at two levels. First, the convergence of the linear 
system arising from the pressure Poisson equation is strictly controlled: 
at each time step, the residual of the linear solver is reduced below a 
prescribed tolerance of 10− 5, ensuring sufficient convergence of the 
pressure solution. Second, the discretization error inherent to the MPS 
method has been thoroughly investigated in previous studies by other 
members of our research group. In particular, the effect of particle res
olution on the accuracy of the pressure field has been systematically 
analyzed (Tang et al., 2016). These results demonstrate that the con
ventional MPS solver exhibits consistent and convergent behavior as the 
number of particles increases, providing a validated basis for selecting 
an appropriate particle resolution in the present MPS-GAT framework.

For the proposed MPS-GAT model, convergence is evaluated from 
two complementary perspectives. On the learning side, the convergence 
of the GAT is assessed through the evolution of the training loss function 

and its performance on an independent testing dataset. As shown in 
Fig. 5, the training loss shows a stable and monotonic decrease, indi
cating satisfactory convergence of the neural network model.

On the coupled-solver level, since the primary objective of the pro
posed framework is to replace the pressure Poisson equation in the 
conventional MPS method with a data-driven surrogate, the conver
gence and stability of the overall model are assessed through direct 
comparison with the traditional MPS results. The convergence and sta
bility of the overall model will be assessed through direct comparison 
with standard MPS results in a later section.

For comparative analysis, the conventional MPS method solving the 
PPE is implemented as a reference. The proposed approach is evaluated 
against this traditional MPS method to investigate its computational 
efficiency and the accuracy of pressure predictions, providing a basis for 
assessing the potential advantages of integrating advanced techniques 
into particle-based simulations.

Pressure probes are positioned at multiple locations on the liquid 
tank sidewall to capture the hydrodynamic loads exerted by the liquid, 
as shown in Fig. 6. At each probe location the local pressure is computed 
as the average of particle pressures within a specified neighborhood. 
These values are recorded over time to generate pressure time-history 
curves. The predicted pressure curves obtained from the GAT model 
are then compared with those computed from the PPE to assess the ac
curacy of the GAT based pressure field prediction.

The liquid tank sloshing model examines fluid-structure interaction 
under external excitations within a confined container, which 

Table 3 
Training condition configuration for the liquid tank sloshing and dam breaking 
model.

Parameters Filling 
ratio

Liquid 
length

Sloshing 
frequency

Sloshing 
amplitude

Total 
configuration 
count

Notation h/H l/L f A –
Unit – – Hz m –
Values in 

tank 
sloshing

0.2, 
0.4, 
0.6, 0.8

1.0 0.5, 1.0, 
1.5, 2.0

0.25, 0.5, 
0.75, 1.0

64

Values in 
dam 
breaking

0.6, 
0.7, 
0.8, 0.9

0.25, 
0.35, 
0.45, 
0.55

– – 16

Fig. 4. A representative comparison between experimental observations and MPS simulation results in our previous work.

Fig. 5. The training loss of the GAT model with 1000 epochs.
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introduces significant dynamic pressure variations that influence the 
fluid flow dynamics within the confined domain.

Both the conventional PPE solver and the GAT model are evaluated 
on a series of tank-sloshing cases. As shown in Figs. 7 and 8, comparisons 
of particle distributions with velocity contours and pressure contours at 
representative phases of the tank sloshing cycle are presented. It can be 
observed that the velocity fields and pressure fields predicted by the 
MPS-GAT model are closely aligned with those obtained from the MPS- 
PPE method.

To evaluate the model performance, pressure probes introduced 
above are deployed at several predetermined positions on the liquid 
tank sidewall. The pressure time histories recorded at these locations are 
compared in Fig. 9. Although pressure histories obtained from the MPS- 
GAT model exhibit fluctuations, their overall trend follows that derived 
from the MPS-PPE solver, including amplitude variation and phase 
alignment. The result indicates that the unsteady pressure response 
generated by tank sloshing is reasonably reproduced by the MPS-GAT 
model.

To further verify the accuracy of the predicted pressure fields, 
pressure frequency distributions at the same probe locations are 

analyzed, and similar pressure frequency distributions are observed 
(Fig. 10) between MPS-PPE method and MPS-GAT method.

In addition, the pressure time history of a representative single 
particle is illustrated in Fig. 11 to provide a more detailed local com
parison between the MPS-GAT model and the conventional MPS-PPE 
solver.

It is observed that the pointwise pressure predicted by the MPS-GAT 
model for an individual particle may differ from that obtained by the 
traditional MPS solver. This discrepancy arises primarily from the 
Lagrangian nature of the simulations: particles are free to move ac
cording to the local flow field, and even particles with the same index do 
not occupy identical spatial positions at the same time step. As a result, 
the pressure experienced by a particle in the MPS-GAT prediction does 
not correspond exactly to the pressure at the same location in the MPS- 
PPE solution. Despite these local differences, the overall temporal trends 
of pressure evolution are highly consistent between the two methods, 
capturing key transient features such as peak pressure events and the 
general oscillatory behavior. This agreement demonstrates that, while 
exact pointwise matching is not expected due to particle trajectory de
viations, the MPS-GAT model reliably reproduces the essential physics 

Fig. 6. Schematic diagram of pressure probe arrangement on the sidewall of the liquid tank; Measuring points: A (0.0, 0.1); B (0.0, 0.2); C (0.0, 0.3); D (0.0, 0.4); E 
(0.0, 0.5); F (0.0, 0.6).

Fig. 7. Comparisons of velocity distributions in the case of tank sloshing: (a) MPS-PPE velocity field distributions; (b) MPS-GAT velocity field distributions.
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of transient pressure dynamics and provides a credible approximation of 
the MPS-PPE solution.

4. Error analysis

To assess the accuracy and reliability of the proposed MPS-GAT 
model, a comprehensive error analysis is performed in this section. 

The evaluation is divided into three parts, including the spatial distri
bution of errors, the temporal evolution of prediction discrepancies, and 
the global statistical analysis. The objective is to systematically quantify 
the deviation between the MPS-GAT model and the conventional MPS- 
PPE solver in predicting key flow field variables, including velocity, 
pressure, particle number density, and surface particle dynamics, within 
the context of unsteady free-surface flows.

Fig. 8. Comparisons of pressure distributions in the case of tank sloshing: (a) MPS-PPE pressure field distributions; (b) MPS-GAT pressure field distributions.

Fig. 9. Comparisons of pressure time histories in different positions of the flow field obtained from MPS-PPE method and MPS-GAT method in the case of tank 
sloshing. Pressure probe position at: (a) A (0.0, 0.1); (b) B (0.0, 0.2); (c) C (0.0, 0.3); (d) D (0.0, 0.4).
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4.1. Spatial error visualization

Due to the Lagrangian formulation adopted by both MPS-PPE and 
MPS-GAT methods, particle positions evolve over time according to 
individual trajectories. As a consequence, particles indexed identically 
in the two simulations do not necessarily coincide spatially at the same 
time step. This positional divergence renders direct particle-wise com
parison of physical quantities ineffective. To overcome this limitation, a 
fixed background Cartesian grid is constructed across the computational 
domain, serving as a consistent reference frame for spatial interpolation 

and field comparison (Wang et al., 2025).
For each grid node, particle data within a defined neighborhood 

radius are used to calculate local average values of pressure, velocity, 
and number density. These values are obtained by employing a distance- 
weighted interpolation scheme that preserves the localized character
istics of the Lagrangian data while enabling grid-based field represen
tation. The same procedure is applied independently to both MPS-GAT 
and MPS-PPE results. Subsequently, the spatial error fields are derived 
by computing the difference between the interpolated fields of the two 
models at each grid node. This procedure allows for the reconstruction 

Fig. 10. Comparisons of pressure frequency distribution histogram in different positions of the flow field obtained from MPS-PPE method and MPS-GAT method in 
the case of tank sloshing. Pressure probe position at: (a) A (0.00, 0.10); (b) B (0.00, 0.20); (c) C (0.00, 0.30); (d) D (0.00, 0.40).

Fig. 11. Comparisons of pressure time histories of randomly selected particles obtained from MPS-PPE method and MPS-GAT model in the case of tank sloshing. (a) 
Particle No.250; (b) Particle No.300; (c) Particle No.350; (d) Particle No.400.
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of continuous physical fields from the irregular particle distribution, 
thereby facilitating quantitative comparisons between predicted and 
reference solutions.

The grid-based interpolation approach and the associated averaging 
scheme are illustrated in Fig. 12, where the background grid structure 
and the interpolation process are schematically represented. The spatial 
distributions of prediction errors for several key physical quantities are 
evaluated based on the interpolated fields. These include the velocity 
magnitude, pressure, particle number density. The corresponding results 
are displayed where three subfigures present the spatial error fields 
associated with each quantity, as shown in Fig. 13.

The velocity error is observed to be relatively uniformly distributed 
across the computational domain. This indicates that the model does not 
introduce significant localized overestimation or underestimation in the 
prediction of flow velocity. In contrast, the pressure field exhibits more 
structured errors, with overprediction commonly found near the free 
surface and underprediction occurring predominantly in the fluid inte
rior. Such a distribution suggests sensitivity to local boundary conditions 
and the presence of sharp gradients in the flow. In the particle number 
density distribution, an overestimation is observed in the interior region 
of the fluid domain. This phenomenon can be attributed to the aggre
gation of particles in low-pressure zones, where the underestimated 
pressure leads to reduced repulsive forces and consequently promotes 
local particle clustering. Such a correlation between pressure under
prediction and density overestimation further emphasizes the coupled 
nature of physical quantities in particle-based simulations.

4.2. Temporal error trends

In addition to spatial assessment, it is essential to examine how the 
prediction errors evolve over time. For this purpose, the mean error of 
velocity and pressure is computed at each simulation time step. Spe
cifically, the error at a given time is calculated by averaging the absolute 
differences between the MPS-GAT and MPS-PPE results over all fluid 
particles in the domain. This yields time series of mean pressure and 
velocity errors, which provide insight into the temporal stability and 
dynamic consistency of the model predictions. The time-history curves 
of the computed mean errors are illustrated in Fig. 14.

The results indicate that both pressure and velocity errors remain 
within bounded limits and do not exhibit a monotonic increase. Instead, 
the errors fluctuate periodically, which is consistent with the sloshing 
dynamics of the fluid system. The absence of systematic error accumu
lation suggests that the MPS-GAT model maintains temporal stability 
and does not suffer from significant divergence or drift over time, 
despite not explicitly solving a PPE to enforce incompressibility.

This bounded error behavior may be attributed to two factors. First, 
the error distribution in space appears to be balanced, with positive and 
negative deviations offsetting each other at each time step. Second, the 

architecture of the GAT model may implicitly encode conservation 
principles or data-driven regularization mechanisms that constrain the 
evolution of the learned fields. These characteristics collectively 
contribute to the robustness of the model in simulating long-duration 
unsteady flows.

4.3. Statistical accuracy evaluation

To provide a quantitative summary of the model performance over 
the entire simulation period, three statistical indicators are employed: 
Root Mean Square Error (RMSE), Mean Absolute Percentage Error 
(MAPE), and the coefficient of determination (R2). These metrics are 
computed for pressure fields by comparing the MPS-GAT predictions 
with the MPS-PPE reference values at all time steps.

RMSE measures the average magnitude of the error between the 
predicted and reference values. It is sensitive to large deviations. A lower 
RMSE indicates better predictive accuracy, with values closer to zero 
representing smaller deviations from the groundtruth values. It is 
defined as: 

RMSE=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N

∑N

i=1

(
ppred

i − pgroundtruth
i

)2

√
√
√
√ (22) 

MAPE expresses the average absolute error as a percentage of the 
true values and is useful for demonstrating the relative error magnitude. 
Lower MAPE values indicate better performance, with values below 20 
% generally considered acceptable for most engineering applications. It 
is given by: 

MAPE=
100%

N
∑N

i=1

⃒
⃒
⃒
⃒
⃒

ppred
i − pgroundtruth

i

pgroundtruth
i

⃒
⃒
⃒
⃒
⃒

(23) 

R2 evaluates how well the predicted values match the groundtruth 
values in terms of overall variance. An R2 value close to 1 indicates a 
strong correlation between predicted and groundtruth values, reflecting 
high model performance. It is defined as: 

R2 =1 −

∑N

i=1

(
ppred

i − pgroundtruth
i

)2

∑N

i=1

(
pgroundtruth

i − pgroundtruth
)2

(24) 

Together, these three metrics provide a comprehensive assessment of 
the model's accuracy capability in predicting pressure fields. In the 
following, we present the RMSE, MAPE, and R2 values of the pressure 
fields obtained from both the MPS-PPE method and the MPS-GAT model 
under the tank sloshing scenarios. These results allow for a direct 
comparison of the predictive performance between the traditional nu
merical solver and the data-driven approach across different flow con
ditions. Table 4 reports the variations of these three metrics with 
different filling levels, serving as representative cases for comparison. It 
should be noted that the influences of sloshing frequency and sloshing 
amplitude on these metrics are also investigated in this study, but the 
corresponding results are not included here for brevity. Additionally, the 
selected sloshing frequency is 1.0 Hz and the sloshing amplitude is 5.0 
m/s2 in Table 4.

As shown in Table 4, with increasing filling ratio, the R2 values 
exhibit a clear upward trend, indicating that the larger number of par
ticles associated with higher filling ratio contributes to improved sta
bility and reliability of the overall predictions. These statistical results 
complement the spatial and temporal analyses and confirm that the 
MPS-GAT model provides high-fidelity predictions across key flow 
variables. Furthermore, they demonstrate that the learned model is 
capable of maintaining both global accuracy and localized detail in 
dynamic flow regimes, thereby affirming its applicability to a wide 
range of free-surface fluid problems.Fig. 12. Background grid structure and interpolation scheme used for spatial 

field reconstruction.
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5. Demonstration of generalization and computational 
efficiency of GAT model

5.1. Generalization to different configurations

The generalization capability remains a critical factor in evaluating 
the performance of machine learning models. Following the validation 
of the GAT model, its ability to generalize is further examined by 

applying the trained model to more complex sloshing scenarios that 
extend beyond the range of the original training and testing datasets. 
The accuracy evaluations conducted in the previous section focused on 
test cases that extend beyond the parameter range of the training set. 
These cases already provided preliminary evidence supporting the 
generalization capability of the MPS-GAT model under unseen physical 
conditions. In this section, further assessment is conducted to examine 
the model's robustness when applied to flow scenarios with altered 

Fig. 13. (a) Velocity magnitude error distribution; (b) Pressure error distribution; (c) Particle number density error distribution.
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physical boundaries. Specifically, this involves the introduction of in
ternal obstacles, which are not included in any training samples. In the 
test phase, a variety of liquid sloshing cases containing different obstacle 
configurations are constructed to evaluate the model's ability to gener
alize beyond the geometric and topological features observed during 
training. This enables a more comprehensive demonstration of the 
model's predictive strength in extrapolating to structurally modified 

environments, particularly in applications involving complex fluid- 
structure interactions.

In the sloshing tank scenarios with internal obstacles, three groups of 
experiments are designed to evaluate the generalization capability of the 
model. Each group is constructed based on a single varying parameter, 
including liquid height (filling ratio), obstacle height, and obstacle 
quantity. The configuration of all cases is illustrated in Fig. 15. 
Obstructed flow conditions are not included in the training dataset. 
Nevertheless, the GAT model is applied directly without any modifica
tion or retraining. High predictive accuracy is achieved in reproducing 
the pressure distribution surrounding the obstacles. The deformation of 
the free surface and the localized pressure peaks induced by flow ac
celeration and vortex shedding are accurately captured. These pre
dictions are in close agreement with the results obtained from the MPS- 
PPE solver.

A comparison of pressure field distributions obtained by the MPS- 
PPE and MPS-GAT methods under varying liquid heights is presented, 

Fig. 14. The time-history curves of the computed mean errors: (a) average velocity error; (b) average pressure error.

Table 4 
Comparisons of RMSE, MAPE, and R2 for pressure field predictions with the 
MPS-GAT model and the MPS-PPE method in different filling ratio.

Filling ratio(h/H) RMSE MAPE(%) R2

0.2 346.1855 27.6684 0.7200
0.4 444.8248 23.9888 0.7829
0.6 465.1694 18.3761 0.8058
0.8 482.5497 15.2848 0.8487

Fig. 15. Configuration of sloshing scenarios with obstacles: (a) Liquid depth variations; (b) Obstacle height variations; (c) Obstacle quantity variations.
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as shown in Fig. 16. It can be observed that both methods yield com
parable spatial patterns, with the MPS-GAT model successfully 
capturing the main pressure gradients and high-pressure zones near the 
sidewalls and bottom corners. Minor discrepancies are found near the 
free surface, particularly in regions of rapid interface deformation, 
where the pressure field is more sensitive to the flow dynamics.

To further assess the predictive capability of the GAT model, pressure 
time histories and corresponding frequency histograms at selected 
sidewall locations are analyzed, as shown in Figs. 17 and 18. Although 
the pressure signals predicted by the MPS-GAT model exhibit somewhat 
larger fluctuations compared to those from the MPS-PPE solver, the 
overall trends, including the amplitude variations and phase alignments, 
remain consistent between the two approaches. The dominant pressure 
peaks associated with sloshing impact events are well reproduced. 
Moreover, the frequency histograms indicate that the primary fre
quencies and their spectral distributions are effectively captured by the 
MPS-GAT model. These results confirm that the temporal accuracy and 
spectral fidelity of the pressure predictions are preserved across varying 
free surface elevations.

The pressure fields obtained by the MPS-GAT and MPS-PPE methods 
under varying obstacle heights are compared in Fig. 19. A generally 
consistent pattern is observed between the two methods. The MPS-GAT 
results are characterized by a more uniform spatial distribution, espe
cially in areas away from the obstacles. Minor local differences are 
retained but do not affect the overall agreement.

To evaluate the predictive performance more closely, pressure time 
histories and frequency spectra at selected sidewall positions are 
analyzed, as shown in Figs. 20 and 21. The MPS-GAT predictions follow 
the temporal evolution captured by the MPS-PPE method. Although 
slightly stronger oscillations are predicted in some cases, the primary 
trends and frequency content are maintained, indicating reliable 
behavior under different obstacle configurations.

The pressure fields obtained by the MPS-GAT and MPS-PPE methods 
under varying obstacle numbers are compared in Fig. 22. A generally 
consistent distribution is observed between the two approaches. The 

MPS-GAT results are characterized by a smoother and more spatially 
uniform pressure field, particularly in regions not directly influenced by 
obstacle presence.

To further assess predictive accuracy, pressure time histories and 
corresponding frequency histograms at representative sidewall locations 
are examined, as shown in Figs. 23 and 24. The temporal responses 
predicted by MPS-GAT exhibit similar patterns to those of MPS-PPE, 
with moderate amplitude variations but consistent phase trends. From 
the frequency histograms, it is observed that the pressure fields pre
dicted by MPS-GAT tend to approximate a normal distribution, which 
aligns with the typical output characteristics of neural network-based 
models.

The present results indicate that the proposed model maintains 
reasonable accuracy within a certain parameter range. Specifically, 
when varying the filling height or the obstacle height, the frequency 
distribution produced by MPS-GAT remains generally consistent with 
that obtained from the conventional MPS method. However, when the 
number of obstacles is altered, the predicted distribution by MPS-GAT 
tends to follow a Gaussian shape, yet exhibits noticeable discrepancies 
compared with the traditional MPS results. One possible explanation is 
physical: as the number of baffles increases, the flow exhibits more 
complex interactions, including stronger local splashing, flow separa
tion, and recirculation zones, which are not represented in the training 
set, thereby limiting the model's predictive capability. Another potential 
explanation lies in the neural network itself: the model may over-smooth 
the predictions or fail to capture rare local patterns due to limited di
versity in the training data. Nevertheless, such an investigation is 
beyond the scope of the present study. The primary contribution here is 
to integrate neural networks into the MPS framework, while a deeper 
analysis of these limitations will be left to future work.

5.2. Computational efficiency

The profile of devices used for this test is as follows: NVIDIA GeForce 
RTX 4060 Ti, 16.0 GB memory. Both the traditional MPS-PPE method 

Fig. 16. Comparative analysis of pressure field distributions at varying liquid heights in an obstructed tank compartment: (a) Pressure field obtained by MPS-PPE 
method; (b) Pressure field obtained by MPS-GAT method.
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and the MPS-GAT model are executed on the same GPU platform. The 
algorithms are implemented in Python, and the MPS-GAT regression 
model is built using PyTorch (Paszke et al., 2019). Fig. 25 reports both 

the training time of MPS-GAT and the inference times for the two 
methods, along with the particle number. The training time is included 
in the total MPS-GAT time, ensuring that the observed speedup reflects 

Fig. 17. Comparison of pressure time histories between MPS-PPE and MPS-GAT methods under different liquid level conditions in an obstructed tank: (a) Liquid 
level at h = 0.4H; (b) Liquid level at h = 0.6H.

Fig. 18. Comparison of pressure frequency distribution histogram between MPS-PPE and MPS-GAT methods under different liquid level conditions in an obstructed 
tank: (a) Liquid level at h = 0.4H; (b) Liquid level at h = 0.6H.

Fig. 19. Comparison of pressure field distributions under different obstacle height conditions in a tank with internal obstructions: (a) Pressure contour obtained by 
the MPS-PPE method; (b) Pressure contour obtained by the MPS-GAT method.
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the algorithmic efficiency of MPS-GAT rather than hardware differences.

Fig. 20. Comparison of pressure time histories between MPS-PPE and MPS-GAT methods under different obstacle height conditions in an obstructed tank: (a) 
Obstacle height at h_obstacle = 0.1H; (b) Obstacle height at h_obstacle = 0.5H.

Fig. 21. Comparison of pressure frequency distribution histogram between MPS-PPE and MPS-GAT methods under different obstacle height conditions in an 
obstructed tank: (a) Obstacle height at h_obstacle = 0.1H; (b) Obstacle height at h_obstacle = 0.5H.

Fig. 22. Comparison of pressure field distributions under different obstacle quantity conditions in a tank with internal obstructions: (a) Pressure contour obtained by 
the MPS-PPE method; (b) Pressure contour obtained by the MPS-GAT method.
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6. Conclusion

A novel data-driven hybrid approach is presented in which the 
standard MPS solver is replaced by a GAT model, denoted as MPS-GAT. 
In this framework, the trained GAT model is employed to replace the 
computationally expensive solution of the PPE. Input features comprised 
intermediate velocity divergence, particle number density and the 
pressure from the previous time step. Free-surface and solid-boundary 
conditions are strictly enforced to satisfy incompressibility and to 
ensure accurate representation of fluid-structure interactions at in
terfaces. A Huber-loss-based objective is formulated to balance sensi
tivity to small errors with robustness to outliers arising from turbulent 
fluctuations. Viscous dissipation effects are explicitly captured by 
penalizing velocity divergence in the loss function. Lagrangian particle 

transport is incorporated through input features that track particle dis
placements and neighborhood interactions. MPS-GAT is validated on the 
tank sloshing benchmark, confirming its accuracy and generalization 
capability. When applied to obstructed tank configurations without 
retraining, it maintained comparable precision, further confirming its 
strong generalization capability. In each case, the MPS-GAT model is 
compared to the standard MPS solver in terms of flow-field fidelity, 
pressure time history curves, and computational time cost.

The following conclusions can be drawn: 

(1) Flow-field fidelity: The pressure contours and free-surface pro
files generated by the MPS-GAT model are found to be in excel
lent agreement with those obtained from the conventional MPS 
method, exhibiting negligible discrepancies in both spatial 

Fig. 23. Comparison of pressure time histories between MPS-PPE and MPS-GAT methods under different obstacle quantity conditions in an obstructed tank: (a) 
Obstacle quantity at num_obstacle = 2; (b) Obstacle quantity at num_obstacle = 3.

Fig. 24. Comparison of pressure frequency distribution histogram between MPS-PPE and MPS-GAT methods under different obstacle quantity conditions in an 
obstructed tank: (a) Obstacle quantity at num_obstacle = 2; (b) Obstacle quantity at num_obstacle = 3.

Fig. 25. Comparison of processing time cost between MPS-PPE method and MPS-GAT method with the growth of the particle number: (a) Processing time cost 
comparison with the growth of the particle number; (b) Time ratio (MPS-PPE/MPS-GAT) with the growth of the particle number.
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distribution and magnitude. This consistency indicates that the 
GAT-based model is capable of accurately capturing the key hy
drodynamic features of the flow, even under highly transient and 
nonlinear free-surface conditions.

(2) Pressure time history curves: The temporal evolution of pressure 
at designated probe locations is accurately reproduced by the 
MPS-GAT model, with phase shifts and amplitude errors 
remaining within acceptable bounds throughout the simulation. 
This strong agreement demonstrates the model's ability to cap
ture both the timing and intensity of dynamic pressure fluctua
tions, which is critical for reliably simulating transient free- 
surface flows and complex sloshing phenomena.

(3) Computational time cost: As the number of particles increases, 
the time reduction achieved by MPS-GAT compared to MPS 
grows significantly. For instance, with 2000 particles, MPS-GAT 
runs approximately 3 times faster, and this speedup increases to 
15 times with 20000 particles. When the particle count exceeds 
100000, the improvement factor reaches up to 30 times. This 
trend suggests that, when solving large-scale three-dimensional 
problems involving a dramatically higher number of particles, 
MPS-GAT will offer substantial improvements in computational 
efficiency.

These results demonstrate that MPS-GAT can serve as a highly ac
curate and efficient alternative to traditional PPE-based pressure solvers 
in particle-based free-surface flow simulations. Meanwhile, the model 
showed strong generalization ability beyond the original training and 
testing conditions. Future work will enhance robustness. The training 
dataset will be expanded to diverse flow regimes and discretizations. 
Solid boundary treatment will be improved and additional physical 
constraints will be embedded into the loss function. A unified GAT 
model trained on mixed flow datasets will be developed to improve 
versatility.

The present study is limited to single-phase, two-dimensional free- 
surface flows. As part of future research, the generalizability of the 
current single-phase-trained MPS-GAT model will first be evaluated on 
simplified multiphase scenarios to assess its transferability. Subse
quently, dedicated retraining using gas-liquid multiphase datasets will 
be undertaken to improve the model's capability in capturing interfacial 
dynamics and density-driven effects. In addition, the extension of the 
MPS-GAT framework to fully three-dimensional free-surface flows will 
be pursued, with particular emphasis on scalability, memory efficiency, 
and accurate reproduction of complex 3D flow structures. These efforts 
aim to broaden the applicability of the proposed model across a wider 
range of realistic fluid simulation problems. Furthermore, improving the 
robustness of the MPS-GAT model for accurately predicting sharp and 
localized pressure peaks remains a challenge, such as those observed in 
highly transient flow events. Future work will focus on investigating the 
conditions under which peak pressures can be reliably captured, 
expanding training datasets to include extreme events, and exploring 
enhanced network architectures and physics-informed constraints to 
address these limitations. These efforts aim to broaden the applicability 
of the proposed model across a wider range of realistic fluid simulation 
problems.
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