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A B S T R A C T

A ship's manoeuvrability is critically determined by its hydrodynamic performance in shallow water at large drift 
angles—the angle β of attack during steady drift motion—which directly impacts navigation safety. Numerical 
simulation is an effective way of overcoming the high cost and limitations of experimental methods. This study 
employed the overset grid technique to simulate the KRISO Very Large Crude Carrier (KVLCC) 2 ship model 
systematically in oblique navigation with large drift angles (β=20◦~30◦), water-depth-to-draft ratio (h/T =
1.1–3), and a fixed Froude number (Fr=0.142). The influence of h/T on the hydrodynamic characteristics during 
large angle oblique navigation is comprehensively investigated. The numerical results have been validated with 
the available experimental data. A pronounced non-monotonic variation of the hydrodynamic coefficients with 
h/T at high drift angles is identified as a key finding. Physically, this results from a transition between competing 
flow mechanisms (acceleration vs. blockage) alongside a three-stage vortex evolution, which together govern the 
nonlinear force response. These insights into the underlying flow physics provide a vital basis for improving 
manoeuvrability predictions and safety assessment in shallow water navigation.

1. Introduction

The expansion of seaborne trade, responsible for approximately 90 % 
(Valentine et al., 2013) of global goods movement, drives the trend to
wards vessel standardization (Secretariat, 1986) and upsizing to achieve 
economic gains through economies of scale (Sirimanne et al., 2019), as 
analyzed for container ships by Cullinane et al. (Cullinane and Khanna, 
2000) This growth, however, results in substantial emissions, posing 
serious environmental challenges (Nguyen and Kim, 2024) and neces
sitating the adoption of measures to fulfill international commitments, 
such as the International Maritime Organization (IMO)'s 2050 (Cura, 
2008a) emission reduction target. This dual pressure has consolidated 
into a pronounced industry trend favoring larger, more efficient vessels. 
However, the operation of such ships in confined canals presents sig
nificant navigational challenges, as starkly illustrated by the 2021 
grounding of the Ever Given (Lebedev et al., 2021).

For large vessels, canals constitute restricted waterways. Ferreiro 
(1992) posits that both shallow and width-constrained waters should be 
classified as restricted. As discussed by Delefortrie et al. (2023), the 
degree of shallow water restriction can be quantified by the ratio of local 

water depth (h) to the vessel's draft (T), denoted as h/T. This metric is 
utilized, for instance, in the PIANC (Permanent International Associa
tion of Navigation Congresses, 1992) classification system, which cate
gorizes channels into deep water (h/T > 3.0), intermediate water (1.5 <
h/T < 3.0), shallow water (1.2 < h/T < 1.5), and very shallow water 
(h/T < 1.2). According to Vantorre (Vantorre et al., 2017), the influence 
of depth restriction becomes perceptible in the altered flow character
istics around the hull in intermediate depths, is pronounced in shallow 
water, and can dominate ship behavior in very shallow water. Addi
tionally, large vessels transiting canals may be forced into states of large 
drift angle (β), either passively or actively, due to insufficient rudder 
effectiveness, strong crosswinds or currents, or emergency collision 
avoidance maneuvers. The proximity of the hull to the canal banks often 
induces repulsive forces, leading to lateral deviation and potentially 
forcing the vessel into an oblique sailing mode (Kobyliński, 2014), 
which may have contributed to the loss of control experienced by the 
Ever Given. Consequently, a detailed investigation of the hydrodynamic 
coefficients—namely, the longitudinal force, lateral force, and yaw 
moment coefficients as defined in Equation (6)—during high-drift-angle 
oblique navigation across varying h/T conditions, supported by flow 

* Corresponding author.
E-mail address: jianhuawang@sjtu.edu.cn (J. Wang). 

Contents lists available at ScienceDirect

Ocean Engineering

journal homepage: www.elsevier.com/locate/oceaneng

https://doi.org/10.1016/j.oceaneng.2026.124329
Received 3 November 2025; Received in revised form 12 January 2026; Accepted 14 January 2026  

Ocean Engineering 351 (2026) 124329 

Available online 20 January 2026 
0029-8018/© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://orcid.org/0000-0001-8372-5864
https://orcid.org/0000-0001-8372-5864
mailto:jianhuawang@sjtu.edu.cn
www.sciencedirect.com/science/journal/00298018
https://www.elsevier.com/locate/oceaneng
https://doi.org/10.1016/j.oceaneng.2026.124329
https://doi.org/10.1016/j.oceaneng.2026.124329


field visualization, can provide essential theoretical insights and quan
titative data. These outcomes are critical for predicting post-failure ship 
motion, planning tug-assisted maneuvers, and assessing safety in 
waterway design.

Given the high cost and inherent limitations of physical experiments, 
Computational Fluid Dynamics (CFD) is employed in this study to 
investigate the problem. Extensive numerical studies have been con
ducted to examine the hydrodynamic forces on ships during oblique 
navigation. Researchers such as Turnock (Turnock et al., 2008), Broglia 
(2008), and Cura-Hochbaum et al. (Cura, 2008b) have investigated the 
integrated effects of propulsion and steering through oblique towing 
tests on KVLCC-type tankers equipped with rudders and propellers. 
Other research efforts have been devoted to the validation of numerical 
methods and the analysis of underlying flow physics. For instance, 
simulations conducted by Islam et al. (Islam and Soares, 2018), He et al. 
(2016), Abbas et al. (Abbas and Kornev, 2016), and Wang et al. (2021)
for container ships and tankers in deep water have primarily focused on 
low to moderate drift angles (β ≤ 12◦) to obtain hydrodynamic co
efficients and characterize flow fields. Studies by Fureby et al. (2016) on 
KVLCC2 and by Terziev et al. (2020) on KRISO container ship (KCS) 
have employed high-fidelity or comparative turbulence models to 
resolve complex flows; however, their analyses for larger drift angles (up 
to 30◦ and 20◦, respectively) were still performed in deep or moderately 
shallow water (h/T = 2.2). Toxopeus et al. (2013) systematically 
simulated the oblique navigation of the KVLCC2 hull at a drift angle of β 
= 4◦ across four distinct water-depth conditions (h/T = 1.2, 1.5, 3, and 
31.8), explicitly revealing the influence of h/T on hydrodynamic per
formance. Hence, a clear research gap remains evident. Existing studies 
have largely addressed two separate parameter regimes: deep water 
across various drift angles, and varying water depths but only at small 
drift angles (typically β ≤ 4◦–12◦). Consequently, the regime of large 
drift angles (β ≥ 20◦) in very shallow water (h/T < 1.5) has been scarcely 
explored systematically. Furthermore, while nonlinear hydrodynamic 
behavior in shallow water has been noted—such as in the steady drift 
tests on Remotely Operated Vehicles (ROVs) by Guo et al. (2025)—these 
findings are primarily derived from analyses at small drift angles. A 
systematic investigation corresponding to the large-drift-angle condi
tions of extreme real-world maneuvers is still lacking.

Therefore, this study is designed to bridge the identified knowledge 

gap in hydrodynamics and vortex evolution within the coupled regime 
of very shallow water (h/T ≤ 1.5) and large drift angles (β ≥ 20◦). The 
non-monotonic variations of the hydrodynamic coefficients and their 
underlying transition mechanisms of vortex structures are systemati
cally revealed under these conditions. The findings are intended to 
provide the missing numerical basis for the safety assessment of extreme 
ship maneuvers in confined waterways.

The KVLCC2 hull, a benchmark model from the Gothenburg 2000 
(Larsson et al., 2003) and SIMMAN 2008 (Stern et al., 2011) workshops, 
is adopted to investigate oblique navigation at large drift angles in 
shallow water at Fr = 0.142. This Froude number is selected for con
sistency with prior studies (e.g., Meng (Meng and Wan, 2016), Yang 
(Yang et al., 2021a) and Abbas(Abbas and Kornev, 2016)), alignment 
with the validation case III, and its correspondence to a typical service 
speed of 15 knots, ensuring realistic simulation conditions. Simulations 
were conducted using the naoe-FOAM-SJTU solver (Wang et al., 2019; 
Wang et al., 2018; Cao and Wan, 2014; Cao and Wan, 2017; Li et al., 
2026; Shen et al., 2015; Zhuang and Wan, 2019), developed for naval 
and offshore hydrodynamics within the OpenFOAM (Wei and Sha, 
2013) framework and equipped with overset grid handling capabilities. 
The objectives of this study are fourfold: (1) to quantify the hydrody
namic coefficients of the KVLCC2 model at Fr = 0.14 across various 
critical h/T; (2) to elucidate the non-monotonic variation of these co
efficients with h/T at a high drift angle (β = 30◦); (3) to uncover the 
mechanism behind the monotonic increase in forces with β; and (4) to 
analyze the associated vortex dynamics and flow transition mechanisms 
during large inclination oblique navigation. This paper is organised as 
follows: Section II presents the numerical methods and mathematical 
model for oblique navigation. Section III describes the KVLCC2 hull 
model and the computational setup. Section IV validates the numerical 
approach. Section V presents a comprehensive analysis of the 
non-monotonic hydrodynamic coefficients under different h/T condi
tions, followed by conclusions in Section VI.

2. Numerical method

2.1. Governing equations

Under the assumption of an incompressible viscous fluid, the flow 
around a ship in oblique navigation across deep and shallow water 
conditions is modeled using the Reynolds-Averaged Navier-Stokes 
(RANS) equations: 

∇ ⋅ U = 0 (1) 

Fig. 1. Coordinate system definition for oblique navigation.

Fig. 2. Methodology for hydrodynamic coefficient evaluation.

Fig. 3. KVLCC2 model.
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∂ρU
∂t

+∇ ⋅
(
ρ
(
U − Ug

)
U
)
= − ∇Pd − ∇ ⋅(ρg ⋅x)+∇ ⋅

(
μeff∇U

)
+(∇U) ⋅∇μeff

+ f
(2) 

where U is the velocity field, Ug is the moving speed of the grid, t is time, 
x is the Cartesian coordinate system vector (x, y, z), Pd = P-ρ g.x is fluid 
dynamic pressure, P is the total pressure, ρ is the liquid density, g is the 
gravity acceleration vector, μeff = ρ(v + vt) is the effective dynamic 
viscosity, v and vt are the dynamic viscosity and turbulent eddy viscosity, 
and the latter is solved by the turbulence model. f is the surface tension 
term in the two-phase flow model. The SST k-ω turbulence model pro
posed by Menter (1994) is used to solve the RANS equation and im
proves the prediction of complex separated flows compared with 
standard k-ε and k-ω models, owing to its blended formulation and 
limiter on the eddy-viscosity. Meanwhile, the pressure-velocity coupling 
is solved using the PIMPLE algorithm, combining Pressure-Implicit with 
Splitting of Operators (Issa, 1986) (PISO) and Semi-Implicit Method for 
Pressure-Linked Equations (Patankar and Spalding, 1983) (SIMPLE) 
methods, ensuring iterative convergence at each time step. Time dis
cretization uses a first-order Euler scheme, while convection is dis
cretized with a second-order upwind scheme (Farkas et al., 2018).

2.2. Free surface capturing

The free surface capturing adopts the volume of fluid method (VOF) 
with artificial compression term (Hirt and Nichols, 1981), which can 
better balance the computational efficiency and interface capture ac
curacy and control the numerical dissipation in multiphase flow simu
lation. The transport equation is: 

∂α
∂t

+∇ ⋅
[(

U − Ug
)
α
]
+∇ ⋅ [Ur(1 − α)α] =0 (3) 

where α is the volume fraction, which represents the percentage of the 
total volume of the liquid part in each grid. The value of α corresponds to 

air (α = 0), water (α = 1), or the free surface (0<α < 1). Ur is the relative 
velocity, which is the difference between water velocity and air velocity. 
The first two terms correspond to the conventional VOF transport 
equation, whereas the third term incorporates the effect of free-surface 
compressibility (Du et al., 2025). The fluid density (ρ) and dynamic 
viscosity (μ) are defined as follows and are resolved using the VOF 
method to capture the free surface between water and air (Rusche, 
2002). 
{

ρ = αρl + (1 − α)ρg
μ = αμl + (1 − α)μg

(4) 

where the subscripts g and l denote the gas and liquid, respectively.

2.3. Overlapping grid technology

Overlapping grid technology is defined by the use of separate grids 
for different parts of a complex body, which are embedded into a 
common background grid. Field data are exchanged through interpo
lation at the grid interfaces, enabling relative grid motion and making 
the method effective for six-degree-of-freedom (6DoF) simulations.

This study employs the naoe-FOAM-SJTU solver, built on the 
OpenFOAM platform, to simulate ship oblique navigation in shallow 
water. The solver retains core OpenFOAM functionalities (RANS, VOF, 
PIMPLE) and incorporates self-developed modules for overset grids, 
6DoF hull motion, wave generation, and mooring systems. Using the 
6DoF module, coupled ship-flow interaction in ultra-shallow water is 
efficiently simulated on a relatively coarse overset grid system, where 
the Domain Connectivity Interface (DCI) and the Suggar++ (Noack, 
2005; Noack et al., 2009) library manage inter-grid communication. 
Further details on the overlapping grid methodology can be found in 
(Cao and Wan, 2014; Wang et al., 2019; Zhuang and Wan, 2019).

Table 1 
Main particulars of KVLCC2 model.

Main dimensions Symbol Full scale Model 
scale

Length between perpendiculars[m] Lpp 320.00 4.9700
Breadth[m] B 58.0 0.9008
Moulded depth[m] D 30.0 0.4659
Draft[m] T 20.8 0.3231
Wetted surface area[m (Secretariat, 

1986)]
Sw 27194 6.5597

Displacement volume[m (Sirimanne 
et al., 2019)]

– 312622 1.1712

Block coefficient CB 0.8090 0.8090

Fig. 4. Overview of computational domain.

Fig. 5. Free-surface mesh and flow-ship relative position.
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2.4. Determination of hydrodynamic coefficients

This section outlines the computational scheme for oblique naviga
tion hydrodynamic coefficients and the data analysis approach based on 
fitting. As shown in Fig. 1, two right-handed coordinate systems are 
defined: an earth-fixed XOY system to describe the ship's global position 
and heading; and a hull-fixed xoy system to evaluate hydrodynamic 
loads and moments. The drift angle β and ship oblique speed Us are 
defined in the global system. FX and FY denote global hydrodynamic 
force components, while Fx and Fy represent local components in the hull 
system. The coordinate transformation for forces is expressed as follows: 
{

Fx = FY sin β − FX cos β
Fy = FY cos β + FX sin β (5) 

The hydrodynamic coefficients are then non-dimensioned as follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CX =
Fx

0.5ρU2
s LppT

CY =
Fy

0.5ρU2
s LppT

CN =
Mz

0.5ρU2
s L2

ppT

(6) 

where CX, CY and CN denote the longitudinal force coefficient, lateral 
force coefficient, and yaw moment coefficient, respectively; Mz is the 
yaw moment acting on the ship during oblique navigation, which re
mains identical in both coordinate systems; Lpp is the length between 
perpendiculars, and T represents the draft.

To illustrate the methodology for determining hydrodynamic co
efficients, the lateral force coefficient (CY) from Case I (Medium grid, 
Table 3) is taken as a representative example. Its time history and mean 
value (Xing et al., 2012; Yang et al., 2024) over the 10–60 s interval are 
shown in Fig. 2. All subsequent coefficients were processed identically.

3. Geometry and computational setups

3.1. Geometry model

The benchmark KVLCC2 hull (geometry shown in Fig. 3, principal 
dimensions listed in Table 1) is adopted to investigate oblique naviga
tion in extremely shallow water.

Table 2 
Case setup for grid convergence study.

Case ID h/T Uc[m/s] β[◦]

I 10 0.994 4
II 1.5 0.449 4

Table 3 
Case parameters of different mesh levels.

Case ID Grid level Cell number[ × 106] Time step[s] Solving time[s]

I Coarse 2.89 0.001 60
Medium 4.11 0.001 60
Fine 5.85 0.001 60

II Coarse 2.26 0.0005 60
Medium 3.14 0.0005 60
Fine 4.46 0.0005 60

Table 4 
Grid convergence study results for Case I

Parameters Symbol CX CY CN

Fine mesh S1 − 0.0164 0.0173 0.00934
Medium mesh S2 − 0.0166 0.0176 0.00931
Coarse mesh S3 − 0.0171 0.0187 0.00926
Convergence rate R 0.40 0.27 0.60
Convergence type ​ MC MC MC
Precision P 2.64 3.78 1.47
Extrapolated value Sext,32 − 0.0163 0.0172 0.00939
Approximate relative error ea,32 3.01 % 6.25 % 0.54 %
Extrapolated relative error eext,32 1.84 % 2.33 % 0.85 %
Grid convergence index GCI32 0.2531 0.7964 0.0292

Table 5 
Grid convergence study results for Case II

Parameters Symbol CX CY CN

Fine mesh S1 − 0.0237 0.0406 0.0195
Medium mesh S2 − 0.0234 0.0402 0.0196
Coarse mesh S3 − 0.0227 0.0411 0.0198
Convergence rate R 0.43 − 0.44 0.50
Convergence type ​ MC OC MC
Precision P 2.35 2.29 1.93
Extrapolated value Sext,32 − 0.0429 0.0395 0.0194
Approximate relative error ea,32 2.99 % 2.24 % 1.02 %
Extrapolated relative error eext,32 45.45 % 1.77 % 1.03 %
Grid convergence index GCI32 0.0297 0.0231 0.0134

Fig. 6. Computational grids for different h/T.

Fig. 7. Multi-view of local mesh refinement (h/T = 1.5).
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3.2. Computation domain and grid systems

To analyze shallow water effects during oblique navigation, 2 h/T 
conditions—10 and 1.5—are investigated. In line with the classification 
by Toxopeus (2013) (h/T = 3 denotes intermediate depth), cases with 
h/T ≤ 3 share the same computational domain as the h/T = 1.5 case, 
ensuring a focused comparison of shallow water influences. The domain 
layout is shown on Fig. 4.

For h/T = 10, the background grid extends over the ranges − 1.5Lpp 
< X < 5Lpp, − 1.5Lpp < Y < 1.5Lpp and − 0.6211Lpp < Z < 0.5Lpp. For h/T 
= 1.5, the X and Y ranges remain unchanged, but the Z range is reduced 
to − 0.0938Lpp < Z < 0.5Lpp. Considering shallow water effects, the 
bottom boundary is set as a no-slip wall. The inlet adopts a fixed velocity 
(Uc, representing the oblique speed Us) and a zeroGradient pressure 
condition, while the outlet uses zeroGradient conditions for both velocity 
and pressure. A movingWallVelocity condition is imposed on the hull 
surface, and a zeroGradient condition is applied to the pressure.

Grid generation was performed using the OpenFOAM utilities 
blockMesh and snappyHexMesh. Fig. 5 shows the free surface mesh and 
the relative flow-ship position, with the upstream side and downstream 
side marked accordingly. Fig. 6 illustrates the resultant grid distribu
tions for deep and shallow water conditions, with red and blue repre
senting the background and hull grids, respectively. The overlapping 
region forms the interpolation zone, enabled by specifying the hull grid 

boundaries as overlay. The near-wall region is resolved with five 
geometrically growing layers, defined by a first-layer height of 0.001 m 
and a growth rate of 1.2.

To resolve the shallow water effects on hydrodynamic forces during 
oblique navigation, local grid refinement was applied to the bottom 
region. Fig. 7 depicts the refined mesh near the bow and stern in both the 
X-Z and X-Y planes. As shown in Fig. 5, two nested refinement levels are 
implemented, where the black and green boxes indicate zones of pro
gressively higher resolution. The outer black box covers the range 0.3Lpp 
< X < 1.3Lpp, − 0.3Lpp < Y < 0.3Lpp and − 0.042Lpp < Z < − 0.095Lpp. The 
inner green box spans the range − 0.2Lpp < X < 1.2Lpp, − 0.2Lpp < Y <
0.2Lpp and − 0.065Lpp < Z < − 0.095Lpp. This refinement is designed to 
enhance the resolution of the flow field near bottom, thereby improving 
the capture of shallow water effects on the ship's hydrodynamic forces.

4. Numerical verification and validation

The establishment of a credible numerical framework for simulating 
the KVLCC2 model in oblique navigation under extreme shallow water 
conditions entails a comprehensive convergence study and numerical 
validation, which are detailed in this section.

Fig. 8. Comparison of time histories of hydrodynamic coefficients of Case I under different grid schemes.
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4.1. Convergence study

To assess the numerical uncertainties, a systematic mesh and time 
step convergence study was performed. Initially, this section presents a 
grid convergence study for one representative deep water and one 
shallow water condition, with the operational parameters listed in 
Table 2. The corresponding computational grids are illustrated in Figs. 6 
and 7. Since the simulation is restricted to horizontal-plane oblique 
navigation, the convergence analysis focuses on the X and Y directions. 
Following ITTC guidelines, we assessed convergence using three sys
tematically refined grids—Coarse, Medium, and Fine—for Case I and 
Case II, with a grid scaling ratio of r =

̅̅̅
2

√
. Details of the grid systems are 

provided in Table 3.
Richardson extrapolation method (Stern et al., 2006; Celik et al., 

2008) is used to carry out grid convergence analysis. The convergence 

rate R, convergence order P, extrapolated value Sext, approximate rela
tive error ea, extrapolated relative error eext and grid convergence index 
GCI are calculated. This expression is provided in Appendix A.

A grid convergence study based on Richardson extrapolation 
(Tables 4 and 5) confirms monotonic convergence for most variables; 
only the lateral force coefficient CY in Case II exhibits oscillatory 
convergence. Considering the optimal balance between accuracy and 
computational cost, the medium-resolution grid was selected for all 
subsequent simulations. The hydrodynamic coefficients (CX, CY, CN) 
computed on different grids for Cases I and II (Figs. 8 and 9) show 
excellent agreement across resolutions, supporting the reliability of the 
chosen scheme.

Following a similar approach, a temporal convergence study was 
conducted for Case I (employing the medium grid, see Table 6), with the 
time steps selected according to the scheme established by Zhang et al. 
(2025) The time histories of the hydrodynamic coefficients (CX, CY, CN) 
in Fig. 10 and the convergence metrics in Table 7 demonstrate excellent 
agreement across the tested time steps. Considering the balance between 
computational efficiency and accuracy, the medium time step was 
selected for all subsequent simulations. An analogous procedure for 
shallow water yielded similar conclusions and is not detailed here.

Fig. 9. Comparison of time histories of hydrodynamic coefficients of Case II under different grid schemes.

Table 6 
Case parameters of different time step levels.

Case ID Time step 
level

Cell number[ ×
106]

Time step 
[s]

Solving time 
[s]

I Large 4.11 0.0014 60
Medium 4.11 0.001 60
Small 4.11 0.0007 60
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4.2. Numerical validation

This section validates the numerical method against two represen
tative cases (Table 8): Case III examines deep water oblique navigation, 
and Case IV assesses performance under variable water depth condi
tions. The medium grid and time step identified in the convergence 
study were adopted for both validation cases. The medium grid system 
identified from the earlier convergence study is employed in both vali
dation cases. Specifically, Case III adopts the grid from Case I, while Case 
IV uses the grid from Case II for h/T ≤ 3 and that from Case I for h/T > 3.

The predicted hydrodynamic coefficients for Case III show good 
agreement with the experimental data of Kume (Kume et al., 2006) and 
the numerical results of Yang (Yang et al., 2021b), as shown in Fig. 11. 
Similarly, results for Case IV align well with the INSEAN experimental 
data and numerical predictions from Wang (Wang et al., 2009) and 
Simonsen (Simonsen and Stern, 2006) (Fig. 12). The quantitative de
viations between the present simulations and experiments are summa
rized in Tables 9 and 10 for Cases III and IV, respectively.

Fig. 11 shows good agreement between simulated and experimental 
CX, CY and CN. Compared to the RNG k-ε and SST k-ω models employed 
in prior studies (e.g., Yang et al.), the present method shows improved 
overall performance, with particularly higher accuracy in predicting CY. 
Errors are largely within 10 % (Table 9), with higher accuracy at larger 

Fig. 10. Comparison of time histories of hydrodynamic coefficients of Case I under different time step schemes.

Table 7 
Temporal convergence study results for Case I

Parameters Symbol CX CY CN

Large time step S1 − 0.0167 0.0177 0.00933
Medium time step S2 − 0.0166 0.0176 0.00931
Small time step S3 − 0.0164 0.0173 0.00926
Convergence rate R 0.50 0.33 0.40
Convergence type ​ MC MC MC
Precision P 2.06 3.26 2.72
Extrapolated value Sext,32 − 0.0168 0.0177 0.00934
Approximate relative error ea,32 1.21 % 1.72 % 0.54 %
Extrapolated relative error eext,32 1.19 % 0.56 % 0.32 %
Grid convergence index GCI32 0.0143 0.0101 0.0042

Table 8 
Case setup for numerical validation.

Case ID h/T Uc[m/s] В[◦]

III 10 0.994 ±3, ±2, ±1, 0, 4, 5, 6, 9, 12, 15, 18
IV 1.2, 1.5, 3, 10 0.449 4
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drift angles, confirming the method's robustness for deep water oblique 
navigation.

Fig. 12 demonstrates that the present simulations closely follow the 
experimental trends of CX, CY and CN, all of which decrease with 
increasing h/T. The results outperform the earlier numerical predictions 
of (Simonsen and Stern, 2006; Wang et al., 2009), a finding supported by 
the error statistics in Table 10. Notably, CX is predicted with the highest 
accuracy (most errors within 10 %), confirming the reliability of the 
method for shallow water oblique navigation.

5. Results and discussion

This section uses numerical simulations to examine large-angle 
oblique navigation in shallow water (1.1 ≤ h/T ≤ 3), with the test 
conditions detailed in Table 11. It systematically investigates the effects 
of β and h/T on hydrodynamics and flow physics, considering hydro
dynamic coefficients, free surface waves, hull pressure, near-field ve
locities, streamlines and vortex structures.

5.1. Analysis of hydrodynamic coefficients

The study concentrates on the lateral force and yaw moment co
efficients (CY, CN) owing to their governing influence on ship manoeu
vrability. The longitudinal force coefficient (CX) varies more simply with 
h/T, displaying a non-monotonic transition only near h/T =

1.3—monotonically decreasing for 1.1 ≤ h/T ≤ 1.3 and increasing for 

1.3 ≤ h/T ≤ 3—a behaviour primarily linked to the shifting dominance 
between viscous resistance and pressure effects. Hence, CX is excluded 
from the detailed discussion. Simulations of oblique navigation were 
systematically investigated at Fr = 0.142 across a range of h/T and β. 
Fig. 13 summarizes the resulting hydrodynamic coefficients, plotting CY 
and CN against h/T for comparison across different β.

Fig. 13 reveals a distinct non-monotonic variation of the lateral force 
coefficient CY and the yaw moment coefficient CN with respect to h/T. 
Both coefficients peak near h/T = 1.2 and then gradually decrease over 
the range 1.2 ≤ h/T ≤ 3, consistent with the trends in Fig. 12. Notably, at 
h/T = 1.1, CY values are lower than those at h/T = 1.2 for β = 25◦ and 
30◦, while a similar reduction in CN occurs only at β = 30◦. This non- 
monotonic response is attributed to competing shallow water mecha
nisms—including bottom-flow acceleration, bow-wave interaction, 
dynamic-pressure redistribution, and transverse-flow restriction—
which will be further clarified through flow-field visualization. In 
contrast to their dependence on h/T, both CY and CN increase mono
tonically with drift angle, demonstrating a consistent and predictable 
response to increasing β.

5.2. Free surface wave and hull pressure fields

To investigate the local non-monotonic variation in the hydrody
namic coefficients shown in Figs. 13 and 14 visualises the free surface 
wave patterns and dynamic pressure coefficient distributions on the hull 
bottom for different h/T values at a drift angle of β = 30◦. The drift angle 

Fig. 11. Comparison with experimental data: Case III
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β = 30◦ was selected for three principal reasons. First, flow separation on 
the lee side is most developed at this angle, producing a stable, large- 
scale vortex structure (Figs. 24 and 29) that best reveals the nonlinear 
hydrodynamic mechanisms. Second, the vortex features at 30◦ drift have 
been widely studied in the literature, e.g., by Xing et al. (2012) and 
Feder et al. (2022). Finally, the computed hydrodynamic data for β =
20◦, 25◦, and 30◦ (Fig. 13) show that the non-monotonic variation of the 
coefficients is strongest at β = 30◦. Analysing this most representative 

condition thus efficiently elucidates the influence of h/T and provides 
insights relevant for safety assessment. The dynamic pressure coefficient 
is defined as follows: 

CP =
P − ρgh

1
2 ρU2

c
(13) 

where h is the water depth and P-ρgh is the dynamic pressure component 

Fig. 12. Comparison with experimental data: Case IV

Table 9 
Error analysis of hydrodynamic coefficients for Case III

В[◦] CX CY CN

CFD EFD Error[%] CFD EFD Error[%] CFD EFD Error[%]

− 3 − 0.01756 − 0.01802 − 2.55 − 0.01483 − 0.01173 26.43 − 0.00661 − 0.00717 − 7.81
− 2 − 0.01772 − 0.01792 − 1.12 − 0.00989 − 0.00712 38.90 − 0.00424 − 0.00468 − 9.40
− 1 − 0.01681 − 0.01786 − 5.88 − 0.00671 − 0.00365 83.84 − 0.00139 − 0.00219 − 36.53
0 − 0.01695 − 0.01773 − 4.40 0.00018 0.00096 − 81.25 − 0.00009 − 0.00003 200.00
1 − 0.01819 − 0.01771 2.71 0.00683 0.00558 22.40 0.00129 0.00163 − 20.86
2 − 0.01733 − 0.01771 − 2.15 0.01031 0.00962 7.17 0.00398 0.00412 − 3.40
3 − 0.01808 − 0.01768 2.26 0.01461 0.01365 7.03 0.00696 0.00611 13.91
4 − 0.01664 − 0.01768 − 5.88 0.01762 0.01712 2.92 0.00931 0.00844 10.31
5 − 0.01727 − 0.01763 − 2.04 0.02282 0.02231 2.29 0.01245 0.01143 8.92
6 − 0.01842 − 0.01755 4.96 0.02771 0.02635 5.16 0.01392 0.01408 − 1.14
9 − 0.01857 − 0.01747 6.30 0.04986 0.04596 8.49 0.02007 0.01973 1.72
12 − 0.01781 − 0.01726 3.19 0.07569 0.07135 6.08 0.02395 0.02571 − 6.85
15 − 0.01777 − 0.01642 8.22 0.10445 0.09904 5.46 0.02897 0.03086 − 6.12
18 − 0.01523 − 0.01369 11.25 0.13295 0.12442 6.86 0.03303 0.03518 − 6.11
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on the hull surface.
As shown in Fig. 14, as h/T decreases from 3 to 1.3, the clearance of 

the hull bottom is reduced, resulting in a sharp contraction of the flow 
passage and a noticeable pressure drop. At h/T = 10, the low-pressure 
zone initially appears on the upstream side and progressively extends 
over the entire hull bottom. With further reduction in h/T from 1.3 to 
1.1, the hull bottom clearance continues to diminish, significantly 
enhancing the flow blockage effect and restricting the outward 
discharge of displaced water—particularly suppressing lateral flow 
beneath the hull. This leads to pronounced bow wave formation at h/T 
= 1.1 and 1.2, where free-surface elevation increases markedly, 
enlarging the high-pressure region near the bow on the upstream side. A 
quantitative analysis of bow wave height will be provided subsequently. 
The intensified backwater raises the free surface on the upstream side 
and lowers it downstream, effectively increasing the cross-sectional area 
for transverse flow. The resulting bow wave suppresses flow into the 
bottom gap, reducing upstream velocity along the hull bottom. As 
illustrated in the velocity distribution at the hull-bottom cross-section in 
Fig. 20, this mechanism may explain the inflection in CY and CN at h/T =
1.2 in Fig. 13, accompanied by a pressure rise in the upstream-side low- 
pressure region. At h/T = 1.1, this suppressive effect peaks, transforming 
the original low-pressure upstream zone into a high-pressure region, 
with low pressure confined solely to the downstream side.

A systematic measurement of free surface elevation around the bow 
was conducted to quantify backwater behavior across h/T conditions 
(Fig. 14). The measurement points arrangement (Fig. 15) consists of a 
reference point B at the bow extremity, five aligned points (B1–B5) 
spaced 0.04Lpp aftwards, and four transverse arrays (A–E) with 0.02Lpp 

spacing, enabling detailed X- and Y-directional analysis. The longitudi
nal evolution of surface elevation with h/T is shown in Fig. 16 for rows B 
and C, and transverse variations at two longitudinal cuts are compared 
in Fig. 17.

Fig. 16 shows the decay of free-surface elevation with distance from 
the bow along measurement lines B and C. Under extremely shallow 
conditions (h/T ≤ 1.2), a stronger and more streamwise-extended bow 
wave is observed, consistent with Fig. 14. At h/T = 1.1, for instance, the 
elevation reaches 0.065 m at C1—2.4 times the value at h/T = 3—and 
remains as high as 0.046 m at C5, where it is nearly zero at h/T = 3. 
These measurements clearly indicate a substantially elongated region of 
elevated water surface ahead of the bow in the longitudinal direction.

Fig. 17 depicts that, for h/T ≤ 1.2, the free surface elevations along 
sections A1–E1 and A2–E2 are markedly higher than for h/T > 1.2. This 
reveals a broadly elevated region of the water surface in the Y-direction 
ahead of the bow. Additionally, elevations are significantly higher on 
the upstream side than on the downstream side: at h/T = 1.1, point E1 
records a height of 0.071 m, which is 1.61 times higher than at point A1.

Contour maps of wave height across the 25 monitoring points ahead 
of the bow are plotted in Fig. 18 for h/T = 1.2 and 1.3. The results show a 
more extensive backwater region and more pronounced flow suppres
sion at h/T = 1.2 compared to h/T = 1.3.

Fig. 19 presents the free surface waves and hull-bottom pressure at h/ 
T = 1.5 under increasing drift angles β. As β rises, the enlarged lateral 
projected area and enhanced flow asymmetry amplify the free surface 
elevation, expanding the bow backwater and strengthening the 
upstream-side high-pressure zone. Consequently, the hull-bottom pres
sure on the upstream side decreases, intensifying the low-pressure re
gion near the bow. This raises the transverse pressure gradient, thereby 
increasing the lateral force coefficient CY. Simultaneously, the rein
forced bow low-pressure zone shifts the pressure center forward, 
extending the yaw moment arm and leading to a higher yaw moment 
coefficient CN.

Table 10 
Error analysis of hydrodynamic coefficients for Case IV

h/T CX CY CN

CFD EFD Error[%] CFD EFD Error[%] CFD EFD Error[%]

1.2 − 0.03324 − 0.03158 5.26 0.09247 0.08277 11.72 0.03151 0.03511 − 10.25
1.5 − 0.02344 − 0.02497 − 6.13 0.04021 0.03723 8.00 0.01964 0.02433 − 19.28
3.0 − 0.01962 − 0.01952 0.51 0.02309 0.01795 28.64 0.01129 0.01289 − 12.41
10.0 − 0.01846 − 0.01744 5.85 0.01991 0.01762 13.00 0.00996 0.01178 − 15.45

Table 11 
Case setup for large-angle oblique navigation in various h/T conditions.

Case ID h/T Uc[m/s] β[◦]

V 1.1, 1.2, 1.3, 1.4, 1.5, 2, 2.5, 3 0.994 20, 25, 30

Fig. 13. Hydrodynamic coefficients for Case V
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5.3. Near-hull velocity distribution

Flow acceleration around the hull resulting from shallow water 
confinement and blockage is investigated in this section. Fig. 20 presents 
the free surface and midship section velocity distributions at β = 30◦ for 
varying h/T, with the velocity field colored by its magnitude normalized 
by the upstream velocity, Uc.

Fig. 20 reveals low-velocity zones on both upstream and downstrean 
sides across all h/T conditions, which expand as h/T decreases—even 
developing into a stagnant zone downstream. Concurrently, a localized 
acceleration region emerges on the bow's downstream side, growing and 
spreading bilaterally with reduced h/T, most prominently at h/T = 1.1 
and 1.2.

Fig. 20 clarifies the flow mechanism responsible for the non- 
monotonic variation in CY and CN at β = 30◦. As h/T decreases from 3 
to the critical value of 1.2, stronger flow acceleration through the hull- 
bottom gap and an enhanced Venturi effect increase the transverse 
pressure difference across the hull, raising both coefficients (Fig. 14). 
When h/T further drops to the extreme value of 1.1, severe flow re
striction occurs: bottom-velocity growth stagnates and upstream-side 
velocity notably decreases relative to the h/T = 1.2 condition. This 
flow is redirected laterally, worsening transverse blockage and reducing 
momentum-exchange efficiency, which explains why CY and CN peak 
near h/T = 1.2 and then decline.

To visually analyze the flow acceleration around the hull induced by 
shallow water and blockage effects, the flow fields at different h/T in 
Fig. 20 are visualized. On a horizontal plane 0.005Lpp below the hull 
bottom, two measurement groups S1 and S2 are arranged with spacings 
of 0.2Lpp in the X-direction and 0.14Lpp in the Y-direction, respectively, 
based on the horizontal projection of the body-fixed coordinate system 
origin (Fig. 21). At the free surface, group S3 is set along the Y-direction 
with 0.14Lpp spacing, referenced to the vertical projection of the origin 
(Fig. 22). The velocity distributions of S1, S2, and S3 under different h/T 
conditions are shown on Fig. 23.

As shown in Fig. 23(a) and (b), at h/T ≤ 1.5, the flow velocity 
beneath the hull center increases due to shallow water effects, while the 
rightmost point of S2 experiences acceleration resulting from enhanced 
blockage. In Fig. 20(b), the distinct inflection in the red curve (h/T =
1.2) at Y/Lpp ≈ 0.15 is linked to the boundary of the large-scale, strongly 
rotating separation vortex formed on the downstream side under very 
shallow water conditions. At high drift angles and h/T = 1.2, strong 
bottom confinement leads to a coherent, stable fore-body side vortex 
attached to the hull (Fig. 28). The circumferential motion of this vortex 
core causes a sharp change in the velocity along its edge, resulting in a 

Fig. 14. Free surface wave patterns and hull-bottom dynamic pressure distri
butions at different h/T (β = 30◦).

Fig. 15. Wave height measurement points at the bow.
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Fig. 16. X-direction free-surface elevation at different h/T.

Fig. 17. Y-direction free-surface elevation at different h/T.

Fig. 18. Bow region wave height contour.

L. Li et al.                                                                                                                                                                                                                                        Ocean Engineering 351 (2026) 124329 

12 



clear inflection in the velocity profile. Similarly, Fig. 23(c) indicates that 
the blockage effect also accelerates the flow at the rightmost point of S3 
on the free surface. The velocity peak increases markedly as h/T de
creases, with the downstream-side normalized velocity U/Uc rising from 
1 at h/T = 3 to about 1.6 at h/T = 1.1—an increase exceeding 60 %. This 
demonstrates the shallow water blockage effect: shallower depth re
stricts the under-hull flow passage, displacing more fluid sideways and 
accelerating the downstream-side flow. The negative U/Uc value for h/T 
= 1.1 at Y/Lpp ≈ 0.15 further suggests local flow reversal on the lee side, 
consistent with Fig. 25.

Fig. 24 shows the flow velocity distributions at h/T = 1.2 under 
increasing drift angles β. As β rises from 20◦ to 30◦, the lateral projected 
area of the hull normal to the flow expands significantly. Consistently 
higher velocities (warmer colours) are observed on the downstream 
side, indicating a high-pressure region, whereas lower velocities on the 
upstream side correspond to a low-pressure zone. This lateral pressure 
difference is magnified at larger β, leading to a pronounced increase in 
the lateral force coefficient CY. Moreover, the accelerated flow beneath 
the hull confirms the shallow water effect, which further enhances flow 
separation on the downstream side and amplifies pressure asymmetry.

5.4. Streamline patterns around the hull

To trace the origin of the non-monotonic hydrodynamic coefficients, 
the streamline distributions along the hull bottom and downstream side 
are analyzed under varying h/T conditions. The corresponding patterns, 
colored by velocity normalized with the upstream velocity Uc, are pre
sented in Figs. 25 and 26.

Fig. 25 reveals a clear three-stage evolution of the hull-bottom 
streamline pattern with increasing h/T. At h/T = 1.1, sparse, frag
mented streamlines with accumulation and diversion near the bow bilge 
reflect strong blockage, which restricts transverse flow and suppresses 
the development of the low-pressure zone, thereby limiting the rise in CY 
and CN. In the range 1.2 ≤ h/T ≤ 1.5, streamlines become denser and 
more organized, indicating that flow acceleration begins to dominate. 

When h/T reaches 2–3, the pattern stabilizes into dense, largely parallel 
lines with minimal bilge detour, marking the transition to a fully 
developed steady flow.

Fig. 26 reveals distinct flow-separation patterns in different depth 
regimes. At h/T = 1.1–1.5, clear streamline fragmentation downstream 

Fig. 19. Free surface wave patterns and hull-bottom dynamic pressure distri
butions at different β (h/T = 1.5).

Fig. 20. Velocity fields at free surface and midship section under different h/T 
(β = 30◦).
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of the bow marks separation; the resulting shear layer destabilizes, curls, 
and evolves into a Kelvin–Helmholtz-type vortex, representing the 
incipient vortex morphology in this region (see Fig. 29). As h/T increases 
to 2–3, a flatter, coherent blue vortex becomes visible on the down
stream side of the bow, illustrating the typical fore-body side vortex 
under moderate shallow water constraints.

5.5. Vortex structure and evolution

The vortex structures during oblique navigation under various β and 
h/T are visualized using the Q-criterion, a second-generation vortex 
identification method. Originally proposed by Hunt et al. (1988) in 
1988, the Q-criterion is widely employed for vortex detection and 
visualization. Its defining expression is as follows: 

Q=
(
‖W‖

2
− ‖D‖

2) /2 (14) 

where W and D denote the rotation tensor and strain rate tensor, 
respectively, defined as: 

{
W =

(
∇U − ∇UT)/2

D =
(
∇U +∇UT)/2 (15) 

The vortex structures are identified using the Q-criterion, with the 

Fig. 21. Measurement point layout for hull-bottom velocity.

Fig. 22. Measurement point layout for free surface velocity.

Fig. 23. Comparative velocity analysis at specified locations.
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threshold tailored to the specific flow conditions. For the case at β = 30◦

and h/T = 1.3 (velocities normalized by Uc), a value of Q = 10 (Ren 
et al., 2020, 2022; Stern et al., 2008; Wei-wen and De-cheng, 2016; Zhao 
et al., 2022) is adopted to clearly capture regions of strong vorticity, as 
shown in Fig. 27. A systematic analysis of vortex evolution with h/T 
under the same drift angle is then performed, with the comparative re
sults summarized in Fig. 28.

With reference to the categorization by (Xing et al., 2012), Fig. 27
illustrates the vortex system around the hull during oblique navigation. 

The vortex structure comprises the following components: 
Kelvin-Helmholtz (K-H) vorticity, fore-body bilge vortex, fore-body side 
vortex, aft-body side vortex, aft-body bilge vortex, stern vortex, 
stern-attached vortex, and bottom-attached vortex.

Fig. 24. Velocity fields at free surface and midship section under different β (h/ 
T = 1.2).

Fig. 25. Bottom streamline distribution (β = 30◦).

Fig. 26. Streamlines on ship downstream side (β = 30◦).
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Fig. 28 shows the evolution of hull-vortex structures at β = 30◦ across 
different h/T values. The shape, scale, and intensity of the vortices show 
clear periodic changes as h/T decreases, mirroring the dynamic inter
play between the bottom constraint and the hull flow.

At h/T = 1.1, the flow field experiences strong bottom boundary 
constraints that suppress complete vortex development. Only limited K- 
H vortices and fore-body side vortices form, resulting in a weak, un
derdeveloped three-dimensional vortex system dominated primarily by 
appendage vortices.

When h/T increases to 1.2–1.5, the flow enters a high-shear, high- 

vorticity regime. With additional vertical space, a critical transition 
occurs: fore-body bilge vortices, fore-body side vortices, aft-body side 
vortices, and aft-body bilge vortices become clearly dominant over 
appendage vortices. Their intensity, scale, and stability increase signif
icantly, while a substantial low-pressure core develops on the down
stream side (Fig. 14). Concurrently, the downstream free surface shows 
noticeable depression, and well-defined fore-body and after-body side 
vortices interact with bilge vortices. Strong shear layers form along the 
edges of these vortical structures, particularly near bilge vortex 
boundaries and the free surface. The periodic generation and shedding 
of numerous K-H vortices indicate a highly unsteady flow state with 
intense energy dissipation. This fully developed, nonlinearly interacting 
three-dimensional vortex system constitutes the fundamental mecha
nism responsible for peak values in the lateral force coefficient CY and 
yaw moment coefficient CN at h/T = 1.2.

As h/T increases to 2–3, reduced bottom constraints allow the flow to 
transition to a fully developed state. This regime is characterized by 
coherent, well-defined vortices, including an elongated fore-body side 
vortex near the port curvature discontinuity and an extended after-body 
bilge vortex at the stern. With weakening shallow water effects, vortex 
intensity diminishes, marking a shift toward quasi-deep-water stability. 
Consequently, both CY and CN decline from their peaks and approach 
steady values.

The systematic evolution of hull vortex structures with h/ 
T—particularly the progression from suppressed vorticity at h/T = 1.1 to 
fully developed vorticity at h/T = 1.2—explains the non-monotonic 
hydrodynamic behavior and correlates directly with the force and 
moment peaks shown in Fig. 13.

Fig. 29 shows the vortex evolution at h/T = 1.3 with increasing drift 
angle β. As β rises from 20◦ to 30◦, a larger, coherent vortex forms on the 
downstream side, indicating a transition to vortex-dominated flow 
(Fig. 24). This enhances the downstream-side low-pressure region, while 
the upstream-side high pressure also increases (Fig. 19), raising the 
lateral pressure difference and thus the lateral force coefficient CY. The 
stabilization of this vortex core shifts the pressure centre forward, 
extending the lever arm. Combined with the growth in CY, this results in 
a pronounced increase in the yaw moment coefficient CN. This self- 
reinforcing mechanism explains the severe manoeuvrability degrada
tion and loss-of-control risk during high-drift-angle manoeuvres in 
shallow, restricted waterways.

6. Conclusions

This paper systematically investigates the hydrodynamic behaviour 
of the KVLCC2 hull during high-drift-angle oblique navigation in 
extremely shallow water. Beyond numerical validation employed naoe- 
FOAM-SJTU solver, it provides new physical insight into the non- 
monotonic variation of the lateral force and yaw moment coefficients 
(CY, CN) with water depth—a phenomenon previously unexamined in 
this coupled extreme regime. The principal scientific contributions are 
summarized as follows. 

(1) The inflection in CY and CN near h/T = 1.2 is attributed to 
competing flow mechanisms: bottom acceleration and Venturi 
effects at moderate shallowness versus strong blockage and bow- 
wave-induced suppression in extremely shallow water, explain
ing their non-monotonic variation with depth.

(2) The vortex and hull-bottom streamline evolution with increasing 
h/T is categorised into three distinct regimes—suppressed, 
enhanced, and stabilised—which directly clarifies the observed 
peak and subsequent decline in hydrodynamic coefficients.

(3) The results provide a benchmark for CFD codes in shallow-water, 
high-drift conditions for manoeuvrability prediction and safer 
navigation in restricted waterways.

Furthermore, increasing drift angle β amplifies the lateral force and 

Fig. 27. Vortex structure at β = 30◦, h/T = 1.3.

Fig. 28. Vortex structures at β = 30◦ under different h/T conditions.

Fig. 29. Vortex structures at h/T = 1.3 under different β conditions.
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yaw moment coefficients (CY, CN) through coupled flow mechanisms. At 
β = 30◦, larger lateral area and flow asymmetry strengthen the 
upstream-side high pressure while reducing bow bottom pressure, 
raising the transverse pressure gradient and thus CY. A stable 
downstream-side vortex simultaneously forms, intensifying the local 
low-pressure region and shifting the pressure centre forward. This ex
tends the lever arm and, with the increased CY, produces a sharp rise in 
CN.

The identified non-monotonic force response holds practical impli
cations for maritime operations. Integrating the distinct dependence of 
lateral forces and yaw moment on the h/T can enhance the fidelity of 
ship maneuvering simulators in confined waters. This insight aids in 
defining critical depth regimes for onboard decision-support systems 
and informs the optimization of tug-assistance plans by pinpointing peak 
force conditions in restricted channels.

In conclusion, the scientific contribution of this work lies in deci
phering the flow physics governing nonlinear hydrodynamic forces in 
the previously underexplored regime of extreme shallowness combined 
with large drift angles. The identified mechanisms and staging behav
iour provide a foundation for reliable predictive tools and contribute 
directly to enhancing the safety of ship operations in confined, shallow 
waters.
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Appendix A. Grid And Temporal Convergence Metrics

The formulations below, based on Richardson extrapolation, provide the mathematical definitions of the convergence metrics (R, P, Sext, ea, Sext, 
eext, GCI) referenced in Section IV of the main text. 

R=
s2 − s1

s3 − s2
=

ε21

ε32
(A.1) 

P=

⃒
⃒
⃒
⃒ln

⃒
⃒
⃒
⃒

ε32
ε21

⃒
⃒
⃒
⃒

⃒
⃒
⃒
⃒

ln r
(A.2) 

Sext,32 =
rPs2 − s3

rP − 1
(A.3) 

ea,32 =
|s2 − s3|

|s2|
(A.4) 

eext,32 =

⃒
⃒sext,32 − s2

⃒
⃒

⃒
⃒sext,32

⃒
⃒

(A.5) 

GCI32 =
1.25ea,32

rP − 1
(A.6) 

where s1, s2 and s3 represent the numerical solutions obtained in the fine, medium and rough three sets of grids, respectively. In this section, they 
represent the hydrodynamic coefficients CX, CY and CN when the oblique navigation is moving. Sext, 32 represents extrapolated values based on s3 and 
s2, and other estimates are similar; the convergence rate R is divided into four convergence cases: monotonic convergence(MC) (0 < R < 1), oscillatory 
convergence (OC)(-1 < R < 0), monotonic divergence(MD) (R > 1), and oscillatory divergence(OD) (R < − 1).
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