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A B S T R A C T   

In this paper, a generic submarine Joubert BB2 model travels both in the homogenous and linearly stratified fluid 
are simulated and investigated. The stable stratification of background density is achieved by specifying the 
linearly distributed temperature based on a thermocline model. Four main aspects are chosen to discuss the 
specialty of stratified fluid characteristics by comparing the drag force, downstream wakes, internal waves, and 
free surface signatures with those of the homogeneous condition. The results show that due to the density 
gradient and internal waves generation and propagation in the stratified flow, the resistance of the submarine 
increases. Because of the vertical confinement induced by buoyancy in the stratified environment, the velocity 
decays faster, thus leading to a broader spread range of wakes in the horizontal plane than the vertical plane. 
Furthermore, internal waves and anisotropic turbulence stimulated by the moving submarine result in specific 
signatures on the water surface. A noteworthy anisotropy of the surface wave crest and trough, and a larger 
influencing zone of the Kelvin waves are shown for the stratified case.   

1. Introduction 

Stratified flows, common in environmental and geophysical appli
cations, are characterized by the variation of fluid density in the vertical 
direction. Density stratification is an essential feature of oceans and the 
atmosphere. Generally, a stably stratified fluid can support internal 
waves, instabilities, and turbulence that play a critical role in transport 
and mixing (Armenio and Sarkar, 2005). For example, in the ocean, 
stratified turbulence mediates the upward transport of bottom water, 
nutrients, chemical and biological species, and pollutants, while in the 
atmosphere, stratification affects the transport of pollutants released at 
ground level. There are a bunch of examples that show the analysis of 
stratified flows is of broad interest in geophysical (Pedlosky, 1979), 
industrial (Taitel et al., 1995), and environmental applications (Barat 
and Cot, 1992). 

Wakes of bluff bodies in homogenous fluid have been a central point 
of many fluid dynamists and engineers as they provide basic flow phe
nomena and explanations associated with practical applications. The 
wake dynamics depend strongly on the Reynolds number, defined as the 
ratio of the inertia force to the viscous forces. 

Re=
UD
υ (1)  

here, U is the body speed, D is the diameter of the sphere, and υ is the 
kinematic viscosity of the water. The characteristics of wakes are sus
ceptible to the Reynolds number. For example, the wakes of a sphere can 
be divided into four regimes as discussed in Sakamoto and Haniu (1990) 
and Yun et al. (2006). 

However, besides the competing effects of inertial and viscous forces, 
the buoyancy effect can not be neglectable for wakes in a stratified fluid. 
The internal Froude number Fr is defined as the ratio of the inertia force 
to the buoyancy force to characterize the different levels of 
stratification. 

Fr =
U

ND
(2)  

N = [ − (g/ρ0)(∂ρ/∂z)]1/2  

where N is the Brunt-Vaisala frequency, ρ0 is the undisturbed density 
profile, and g is the gravitational acceleration. Generally, these two 
crucial parameters, the Reynolds number Re and the internal Froude 
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number Fr in a stratified flow affect wakes together. 
At the very beginning, experimental methods are mainly adopted to 

investigate the wakes of the stratified fluid. As Lin and Pao (1979) 
reviewed, most of the early experimental works on wakes generated by 
moving bodies of simple geometries like a grid, a two-dimensional body, 
and an axisymmetric body in the stratified fluid showed that many 
specific phenomena such as upstream wake blocking, wake collapse, and 
horizontal vortices observed in stratified wakes are the direct and in
direct consequence of the inhibition of vertical motion. Since then, 
various experimental techniques have been adopted to characterize the 
wakes and internal waves (Hopfinger et al., 1991; Sysoeva and Cha
shechkin, 1991; Lin et al., 1992; Chomaz et al., 1993; Bonneton et al., 
1993; Wei et al., 2005; Wei et al., 2009). They found that when the time 
scale of the wake motion approaches the Brunt-Vaisala period, the wake 
will be influenced by stratification. In particular, stratified wakes would 
be dramatically different when compared with a non-stratified fluid 
when turbulence is present. However, due to experimental difficulties of 
modeling spatially and temporally growing structure in finite-sized fa
cilities, until Spedding (1997), who designed experiments purposeful 
aiming to the stable, long-lived late-wake structure and distinguished 
three wake regimes in the evolution of high-Fr wakes of a sphere: (1) a 
3D regime (3D), where the wake is unaffected by buoyancy and behaves 
as an unstratified wake; (2) a nonequilibrium regime (NEQ), where 
buoyancy forces start suppressing vertical motions; (3) a 
quasi-two-dimensional regime (Q2D) where buoyancy forces dominate 
the flow, and the flow organizes into pancake eddies. Later, Meunier 
et al. (2006) added two new regimes: a buoyancy-controlled (BC) regime 
as distinct from the NEQ regime at very high Reynold numbers and a 
viscous 3D regime observed at very late stages. However, subsequent 
studies have confirmed the existence of these stages, the transition 
points between successive regimes are not strictly consistent, and the 
applicability of these regimes to turbulence statistics is unclear. 

With the advent of computing power and numerical algorithms, re
searchers began to undertake numerical simulations in a stratified fluid. 
As for stratified fluid past a sphere, Gourlay et al. (2001) first used direct 
numerical simulation (DNS) to simulate a stratified wake and found that 
pancake vortices emerge in the late regimes independent of the initial 

conditions. Dommermuth et al. (2002) developed an improved method 
base on LES and further characterized the wakes. Later, Brucker and 
Sarkar (2010) compared a towed sphere and a self-propelled spheroid 
wakes at Re = 5 × 104 using LES. Diamessis et al. (2011) employed 
implicit LES to characterize wake evolution over a broad range of 
Froude (2 < Fr < 32) and Reynolds (5 × 103 < Re < 106) numbers. The 
authors found that in the self-propelled case, the mean velocity decayed 
more rapidly than for the towed case, resulting in a faster rate of energy 
transfer to the turbulence field due to the higher shear. Pal et al. (2017) 
found that in the transition from the 3D regime to the non-equilibrium 
regime, N t = π marks a vital transition point where oscillatory modu
lation of the wake existed. More concerning works about stratified flow 
past a sphere are in Orr et al. (2015), Pal et al. (2016), Chongsiripinyo 
et al. (2017). 

The above works are all limited to stratified flow past a sphere. Be
hinds the sphere, Ortiz-Tarin et al. (2019) simulated a prolate spheroid 
with an aspect ratio of the body L/D = 4 to investigate the effect of 
ambient stratification by using Large-eddy simulation (LES). He 
concluded that the flow past a slender body exhibits more substantial 
buoyancy effects relative to a bluff body. Niu et al. (2017) simulated the 
stratified flow past a cylinder at different stratification level and 
compared with experiment. Mercier et al. (2020) presented the settling 
dynamics of a disk of finite thickness evolving in a linearly stratified 
fluid. 

Although significant progress has been made in the stratified fluid, 
most previous studies mainly focused on standard simple geometries, 
such as the sphere, cylinder, disk, and a prolate spheroid. Fundamental 
investigations on the flow field around marine vessels are usually 
studied by ignoring the effect of stratification for simplicity. Numerous 
computational studies on the wakes of under vessels are available in the 
literature after the Reynolds-averaged Navier-Stokes (RANS) equations 
are solved considering the computational cost. (Cao et al., 2016; Gao 
et al., 2018; Zhang et al., 2019). The detached eddy simulation (DES) is 
gradually adopted with the advent of computing power (Zhihua et al., 
2011; Chase and Carrica, 2013). Due to the high computational cost, the 
LES method for computing wakes at relatively high Reynolds numbers 
was introduced only recently. For example, Kumar and Mahesh (2018) 

Nomenclature 

B — The beam of the Joubert BB2 submarine 
c1 — The temperature gradient 
c2 — The density gradient 
Cf — The skin-friction coefficient 
Cp — The pressure coefficient 
D — Depth from draft to duck of the Joubert BB2 submarine 
Dsail — Depth from draft to duck of the Joubert BB2 submarine 
f — Large-scale force required to maintain the turbulence 
Fr — Froude number 
g — Acceleration of gravity 
K, M, N — Moments in x, y, and z direction 
K′, M′, N′ — Non-dimensional moments in x, y, and z direction 
L — The length of the Joubert BB2 submarine 
LH — The half-width of the evolution of wakes 
LV — The half-height of the evolution of wakes 
N — The Brunt-Vaisala frequency 
P — Pressure 
Ph — Pressure at the depth of the submarine below the free 

surface 
q — The volume fraction 
rG — The grid refinement ratio 
Re — Reynolds number 
Swa — The wetted surface area of the Joubert BB2 submarine 

t — Time 
T — The fluid temperature 
T′ — Temperature fluctuation 
T0 — The initial fluid temperature 
TKE — Turbulent kinetic energy 
u — Instantaneous velocity vector (u, v, w)T 

U — Initial free stream velocity 
Ud — The centerline velocity deficit 
V — A particle with volume 
x, y, z — Cartesian coordinates 
X, Y, Z — Forces in x, y, and z direction 
X′, Y′, Z′ — Non-dimensional forces in x, y, and z direction 
y+ — Y-plus, measurement of the first node height near the 

BB2 submarine 
z — Height of the submarine below the free surface 
α — Thermal diffusivity 
β — Volumetric expansion coefficient 
Δt — Time step 
Δz, ωz — The gradient quantities of the two horizontal velocity 

components 
υ — Kinematic viscosity 
ρh — The fluid density at the depth of the submarine below 

the free surface 
ρ0 — The initial fluid density 
τw — The wall stress  

F. Huang et al.                                                                                                                                                                                                                                  



Ocean Engineering 250 (2022) 111062

3

carried out wall-resolved LES on the bare hull at Re = 1.1 × 106. Posa 
and Balaras (2020) have studied the near wakes of the DARPA suboff 
body at two Reynolds numbers: Re = 12 × 106 and Re = 1.2 × 106. 

Until recently, several works have been trying to simulate the ship 
(Esmaeilpour, 2017; Li et al., 2019) and submerged bodies (Carrica 
et al., 2019; Xue et al., 2020; Liu et al., 2020; Ma et al., 2018, 2020) 
moving in a stratified fluid. These works including Carrica et al. (2019) 
presented CFD simulations of self-propulsion near the surface in calm 
water and waves; Xue et al. (2020) investigated the relationship be
tween the motion state of moving submerged bodies and wakes; Liu 
et al. (2020) discussed the influence of forwarding speed, different po
sitions, and density of the lower layer on resistance and wake of an 
underwater submarine in density-stratified fluid; Ma et al. (2018) and 
Ma et al. (2020) tried to quantitatively analyze the effects of submarine 
speed, depth, and density gradient on the free surface wave pattern in 
the linearly stratified fluid. However, wakes behinds the underwater 
vehicles have received more attention rather than the free surface sig
natures. When submarines travel in the stably stratified environment, 
the internal waves and anisotropic turbulence produced by the moving 
submarine will cause roughness variations on the free surface. These 
characteristics will be detected by the synthetic aperture radar. This 
motivates the present study of linearly stratified flow past a generic 
submarine model with a free surface. This work aims to examine the 
effect of stratification by comparing results with the unstratified case in 

a relatively high Reynolds number. Unlike previous studies, which focus 
on simple geometries, the current analysis will concentrate on how the 
buoyancy effect influences the downstream wakes, density fluctuations 
between isopycnals, internal waves, and the free surface waves when 
referring to a complex submarine. 

The paper is organized as follows. Test geometry is provided in 
section 2. In sections 3 and 4, we introduced and validated the numerical 
method based on a thermocline model to achieve density and temper
ature stratification. Section 5 discussed the specialty in the stratified 
fluid by comparing the drag force, downstream wakes, density fluctua
tions, internal waves and free surface waves with the unstratified case. 
This part aims to elucidate the stratified flow’s buoyancy effects, 
particularly when a complex geometry moves in the weakly stratified 
environment with a high Reynolds number. Finally, the conclusions are 
drawn. 

2. The Joubert BB2 submarine model 

The platform under study is the Joubert BB2 submarine model. It is a 
modified version of the Joubert BB1 designed by Joubert (2006), which 
is now an international benchmark for underwater vehicles. The hy
drodynamic studies on BB2 have been tested by several research groups, 
including free sailing maneuvering model tests performed at the Mari
time Research Institute Netherlands (MARIN) and various kinds of CFD 
solvers (citation(s) ‘Torunski, 2018’ has/have been changed to match 
the date in the reference list. Please check here and in subsequent oc
currences, and correct if necessary.>Torunski, 2016; Donadei, 2019 and 
Bettle, 2020). 

For consistency with international collaborative work, there are two 
coordinate systems adopted in this paper. For computational use, the 
origin of the Cartesian coordinate system is located at the front of the 
submarine. The x-axis is the normal flow direction, the y-axis points in 
the starboard direction, and the z-axis points towards the air. Another 
coordinate system is used for evaluating hydrodynamic forces X, Y, Z 
and moments K, M, N. It has the same orientation as the computational 

Fig. 1. The Joubert BB2 geometry.  

Table 1 
Main parameters of BB2 (model scale 1:18.348).  

Description Symbol Scale 

Full Model 

Length L (m) 70.2 3.8260 
Beam B (m) 9.6 0.5232 
Draft to Duck D (m) 10.6 0.5777 
Draft to Sail top Dsail (m) 16.2 0.8829 
Wetted surface area Swa (m2) 2142.3 6.3635  
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coordinate system, but the origin is located at midship. Fig. 1 shows a 
side and front view of the Joubert BB2 submarine and the coordinate 
systems used in the paper. Table .1 shows the full and model scale 
geometric main parameters of the Joubert BB2 used in this paper, and 
the scaling ratio equals 18.348 which is consistent with international 
conventions and facilitates subsequent comparison of resistance results. 

3. Numerical methods 

3.1. Governing equations 

In this paper, the main objective is to simulate the free surface sig
natures of a submarine in the linearly stratified fluid. Based on an 
approach similar to Chung and Matheou (2012), we solve the 
Navier-Stokes equations under Boussinesq approximation and propose a 
thermocline model to achieve the density stratified fluid. The whole 
process is implemented in the commercial software Simcenter 
STAR-CCM+ framework Cao et al. (2021). The continuity, momentum, 
and heat equations are shown as below: 

∇ ⋅ u = 0 (3)  

∂u
∂t

+(u ⋅∇)u= −
1
ρ∇P+ υ∇2u+ βgT ′

+ f (4)  

∂T ′

∂t
+(u ⋅∇)T ′

+ γuz = α∇2T ′ (5)  

note that heat equation (5) is a deformation of the energy conservation 
equation and where u, ρ, P, υ, α, β, g, T′, f denote the velocity, density, 
modified pressure, kinematic viscosity, thermal diffusivity, volumetric 
expansion coefficient, gravitational acceleration, temperature fluctua
tion, and large-scale force required to maintain the turbulence, 
respectively. 

3.2. The thermocline model 

Pycnocline generally refers to density, but the corresponding 
nomenclature can be alternatively used to indicate a change due to 
salinity (halocline) or temperature (thermocline). In the open sea, the 
variation of salinity can be ignored when referring to temperature 
fluctuation. Therefore, in this paper, we mainly focus on the thermo
cline, which means that density can be simply specified as a function of 
temperature. 

Firstly, based on Spedding (2014), for the top 40–500 m of the sea, 
we can describe density ρ as a function of temperature T in the form of a 
polynomial expression while the temperature ranges as a function of the 
depth z below the free surface in the first step. 

Then, in the second step, the density ρ and temperature T can be 
written as follows: 
{

T = f (z) = T0 + c1⋅z
ρ = ρ(z) = g(z) = ρ0 − c2⋅z (6)  

where T0, ρ0 are the reference temperature and density, c1 and c2 are the 
temperature and density gradient, respectively. 

In the third step, we establish a relationship between the density ρ 
and temperature T, and implement it within the physical models of 
STAR-CCM+ software. At the last step, Eqn. (6) and Eqns. (3)–(5) are 
solved together to achieve the linear stratification background in the 
flow field simulation. 

3.3. Turbulence modeling 

The whole problem is simulated with Reynolds averaged Navier- 
Stokes (RANS) equation, and the Shear-Stress Transport (SST) k-ω tur
bulence model is adopted to close the equation. The governing equations 
of k and ω can be written as follows. 

∂
∂t
(ρk)+∇ ⋅ (ρvk)=∇ ⋅

(
μeff ,k∇k

)
+ Pk − β*ρkω
⏟̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅⏟

Sk

(7)  

∂
∂t
(ρω)+∇⋅(ρvω)=∇⋅

(
μeff ,ω∇ω

)
+C̃α

ω
k

Pk − C̃βρω2+2(1− F1)σω2
ρ
ω∇k⋅∇ω

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Sω

(8)  

where all their coefficients depend on the Menter and Kuntz (2004). 

3.4. The volume of fluid method 

The volume of fluid (VOF) multiphase model is adopted in this paper 
(Hirt and Nichols, 1981). Depending on the different values of the vol
ume fraction q we can distinguish the position of the interface:  

• q = 0 the cell is completely void of phase air;  
• q = 1 the cell is completely filled with phase water;  
• 0 < q < 1 indicate the presence of an interface between air and 

water. 

4. Computational setup and validation 

4.1. Computational domain and discretized mesh 

The computational domain is a cuboid with the submarine place at 
the front of the block. To reveal the main characteristics of the flow 

Fig. 2. Domain features and dimensions.  
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Fig. 3. Computational grids for the Joubert BB2 submarine with grids details on the main BB2 submarine control surfaces.  

Fig. 4. Initial density, temperature and the Brunt-Vaisala frequency profile.  
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downstream, the whole domain extends to 4L in front of the submarine, 
20L behind the submarine, and 7L in each broadside. The vertical 
dimension of the simulation is set to 3L to avoid wall effects. The 
computational domain size used in this study is much larger than the 
required domain size for flow past a submarine reported in previous 
studies. In order to avoid waves reflection, a sponge layer with length of 
1L is introduced in the inlet and broadside. Besides, four types of 
boundary conditions are implemented in this paper. A no-slip wall 

boundary condition is set for the Joubert BB2 submarine; velocity inflow 
and outflow boundary conditions are applied for the inlet and outlet, 
respectively, and a symmetry boundary condition on the rest of the 
domain. Fig. 2 helps to visualize the dimensions listed above. 

Fig. 3 shows the entire computation grid for the whole domain. A 
half mesh with a symmetry plane y = 0 is initially created. It is then 
mirrored. More cells are added in the port, starboard, rudder, and stern 
areas to ensure the proper resolution of the shear layer to reduce force 
and moment errors. During the simulation, the minimum cell thickness 
from the hull is 1 × 10− 4 m, the boundary layers are set as 12, the y+ is 
constantly kept between 30 and 100, and the time step is set as Δt = 5 ×
10− 3s. Additionally, the refinements of the key zones like stratification 
and the free surface parts are well maintained to guarantee a stable 
solution and capture differences between the stratified and unstratified 
cases. The density of the water ρ can be expressed as a function of 
temperature T which will be described carefully in section 4.2. The total 

Table 2 
Series of grids used in mesh convergence studies.  

Cases Coarse Fine 

Homogeneous 3.5million 10 million 
Stratified 5.7 million 16 million  

Table 3 
Summary of mesh convergence studies in normalized resistance coefficient.  

Normalized resistance coefficient (X′⋅103) Coarse Fine Difference 

Homogeneous 1.81 1.82 0.55% 
Stratified 1.94 1.92 1.04%  

Fig. 5. Free surface profiles compared the Fine and Coarse at a special x-z slice 
(y = 0). 

Table 4 
Comparison of the BB2 forces and moments in deeply submerged conditions.  

Simulation Type Re⋅10− 6 X′⋅103 Z′⋅104 M′⋅104 

STAR-CCM+ – SST (Present) 4.6 1.82 1.16 0.79 
ReFRESCO – KSKL (Torunski, 2016) 4.6 1.83 1.24 0.99 
ANSYS CFX – SST (Bettle, 2020) 3.9 1.87 1.06 1.03 
STAR-CCM+ – SST (Donadei, 2019) 3.9 1.85 1.13 1.04 

B. Free surface characteristics. 

Fig. 6. Comparison of the steady-state free surface profiles at a certain depth z = 0.205L between Torunski (2016) and the present.  

Fig. 7. Comparison of the free surface wave height of a special x-z slice (y = 0) 
between Torunski (2016) and the present. 

Table 5 
Normalized resistance coefficient X′ for homogeneous and stratified cases.  

Normalized resistance coefficient Homogeneous Stratified Difference 

X′⋅103 1.82 1.92 +5.5%  
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number of cells is about 10 million and 16 million for the homogeneous 
and the stratified, respectively. 

4.2. Initial conditions for the stratification simulation 

In this paper, all cases are performed at a model scale submarine 
model with all appendages near the free surface (z = 0.25L) with an 
onset velocity of U = 1.201 m/s. As to the stratified case, we simulate a 
weakly stratified condition with Fr ≈ 3. The linear density stratification 
visualized in Fig. 4 can be specified as a function of temperature in the 
form of a polynomial expression described in Eqn. (6). While the tem
perature is a function of depth z, which is measured from the submarine 
to the calm water surface. As depicted in Fig. 4, T0 = 287.1 K and varies 
from 288.15 K to 286.05 K at the top and bottom, and ρ0 = 1010 kg/m3 

and varies from 1000 kg/m3 to 1020 kg/m3. Here, we set the higher 
temperature on the sea surface as 288.15 K which is consistent with the 
annual average temperature in east China sea, and the temperature 
gradient ΔT/Δz equal to 1.5 ◦C/m which is consistent with the strongest 
temperature gradient in the offshore east China sea. Accordingly, the 
density on the sea surface is 1000 kg/m3 which is a common sense for 
freshwater, and we also set the density gradient Δρ/Δz greater than 
0.5kg/m− 4 to reflect the real conditions of the east China sea. Moreover, 

in this paper, we only chose Fr ≈ 3 to represent the common stratifi
cation level of the east China sea. Fig. 4 helps to visualize the initial 
conditions set for the stratified case located at the median vertical plane 
(y = 0). Fig. 4(a) shows the initial density distribution, Fig. 4(b) displays 
the initial temperature distribution, and Fig. 4(c) gives the density and 
temperature profile after the flow field initiation. 

4.3. Mesh convergence studies 

Convergence studies are carried out to determine the proper grid 
sizes of the simulations. The grid convergence computations are per
formed both in the homogeneous case and the stratified case. There are 
two series of grids named Coarse and Fine grid, respectively. It should be 
noted that the researches are based on a fine grid that contains 10 
million and 16 million cells and a coarse grid that contains 3.5million 
and 5.7 million cells, respectively. The grid refinement ratio is rG =

̅̅̅
2

√
. 

The procedure of analyzing the mesh convergence studies is applied 
to the straight flow cases while the normalized force X′ represents the 
resistance coefficient and the free surface wave height of a special x-z 
slice (y = 0) are selected to be compared respectively. Table .3 shows the 
summary of mesh convergence studies in normalized resistance coeffi
cient. As can be seen in Table .3, the total difference between Corase and 

Fig. 8. A fluid particle is placing in the linearly stratified environment (y = 0).  

Fig. 9. The pressure distribution on the submarine surface.  
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Fig. 10. The position of the selected three special azimuthal planes.  

Fig. 11. Time-averaged distributions of (a), (b) pressure coefficient; (c), (d) skin-friction coefficient at different locations along the submarine surface.  
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Fine grids only amounted to 1%. Fig. 5 shows the free surface profiles 
compared the Fine and Coarse at a special x-z slice (y = 0). The black 
solid line stands for the Fine grid, and the red dash line represents the 
Coarse grid. These graphs verify the Fine grid results are convergent. 

4.4. Solution validation 

Regarding the validation of the thermocline model in this paper, our 
team have already analyzed the cylinder in stratified flow in a published 
paper by Ma et al. (2018). In the previous study, a cylinder in the 
stratified environment which is consistent with the experimental con
ditions of Boyer et al. (1989) were numerically investigated. Both the 
high and low Fr conditions were performed. The paper showed that the 
numerical results agreed well with the experimental results. Besides the 
Fr, the influence of the Re and turbulence models were also tested. Re
sults showed that the thermocline model we used can accurately capture 
the flow field details and turbulent wakes. 

Due to the lack of stratified data for submarine, the validation study 
is conducted only for the homogeneous case. This procedure chose the 
same parameters as Torunski (2016), all cases are performed near the 
free surface (z = 0.205L). This part is aimed to gain further confidence in 
the CFD results and ensure a proper grid size and resolution are used to 
capture the correct characteristics of the free surface. 

4.4.1. Forces and moments 
Table .4 shows the analyzed results of the submarine hydrodynamic 

data is deeply submerged conditions. Using Eqn. (9) and Eqn. (10), 
forces (X, Y, Z) and moments (K, M, N) are made non-dimensional for 
easy comparison. The normalized force X′ represents the resistance co
efficient, positive Z′ here shows an attempting to push the submarine to 
the surface, and M′ is the non-dimensional pitch moment which equals 
positive indicating a bow-up moment. Current results have been 
compared with other results obtained by different CFD solvers and 
turbulence models with a good agreement. As Table .2 suggests, there is 
only a weak Reynolds number dependence in the non-dimensional force 
and moment value for all simulations conducted. Results in this paper 
show a slightly smaller resistance force and pitch moment than the 
previous simulation. A 0.55% difference in X′ was found between the 
current results and Torunski (2016), while a 6.45% and 20.2% differ
ence was found for Z′ and M′, respectively. The resistance and pitch 
moment also show good agreement with the additional data obtained by 
Bettle (2020) and Donadei (2019), at a Reynolds number of 3.9 × 106. 

X ′

, Y ′

, Z ′

=
X, Y, Z
1
2 ρU2L2 (9)  

K ′

,M ′

,N ′

=
K,M, N
1
2 ρU2L3 (10)  

where ρ is fluid density, U is the submarine speed, and L is the length of 
the submarine. 

Since the following part involves the analysis of the free surface 
characteristics, the “wiggles” in the free surface can be influenced by the 

Fig. 12. Effect of stratification on the streamwise evolution of overall wake properties.  
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free surface model, grid size, and the use of far-field damping. In order to 
test which settings and grids provided the best results, a comparison of 
the free surface simulation results between current and reference has 
been conducted. 

As shown in Fig. 6, we compared the steady-state free surface profiles 
at a certain depth z = 0.205L with the reference. Potential flow theory 
suggests that, for a vessel far above the ocean floor, the submarine body 
should produce a Kelvin wedge of 19.47◦. The present result shows the 
Kelvin wedge of 19.5◦ on the free surface. Obviously, the current method 
can capture free surface characteristics correctly and closely match the 
theoretical value. Moreover, we compare the free surface wave height of 
a special x-z slice located at y = 0 as depicted in Fig. 6 (a). In Fig. 7, the 
red dash line represents Torunski (2016) result, and the black line marks 
the current result. The value 0.46 corresponds to the bow of the sub
marine, and − 0.54 corresponds to the stern of the submarine. The free 
surface wave height of a special x-z slice (y = 0) has also been compared 
with Torunski (2016), which also shows an excellent agreement. 

5. Results and discussions 

In this part, four main aspects are chosen to discuss the specialty of 
stratified fluid by comparing the drag force, downstream wakes, internal 
waves, and free surface signatures with that of the homogeneous one. 

5.1. Drag force enhancement 

Table .5 shows the normalized resistance coefficient X′ for the ho
mogeneous and stratified cases. It is evident that the stratified case has a 
slightly larger resistance force than the homogeneous one. As Table .5 
indicates that there is about a 5.5% increase between the stratified and 
unstratified cases. This phenomenon normally occurs in the stratified 
fluid. Srdić-Mitrović et al. (1999) carried out a detailed experimental 
study to investigate the settling of solid spherical particles through 
density interfaces. He recorded that the drag coefficient could be an 
order of magnitude larger than its homogeneous-fluid counterpart. 
Moreover, Torres et al. (2000) reported that the drag force increase, 

especially at a very low Froude number (Fr ≤ 1) when the flows are 
generated by a sphere moving in a uniformly stratified fluid. It is 
interesting that even in the horizontal weakly stratified environment, 
the drag force enhancement phenomenon still exists. 

The mechanism of the drag force enhancement can be explained as 
follows. As shown in Fig. 8, let us assume that the stratification com
prises many thin layers with slightly different densities. We consider a 
particle with volume V and density ρ0 at the elevation z to be balanced 
where gravity and buoyancy are equal. If a vertical pulsating force 
pushes the particle to move in the negative direction, we assume that the 
particle will move downwards to the elevation z-h. At this point, the 
particle is surrounded by heavier fluid so that the buoyant force is larger 
than the weight of the particle. Then the particle rises, it overshoots the 
original position z though. The particle moves to the elevation z+h, 
where the buoyant force is smaller than the gravity. The particle will 
move downwards due to the imbalances of gravity and buoyancy. As a 
result, the fluid particle oscillates with a natural frequency N illustrated 
in Fig. 8. 

Once the buoyancy effect works, the vertical velocity will increase, 
converting the potential energy to vertical kinetic energy. Because of the 
extra energy conversion, submarines in the stratified fluid need more 
energy to attain the same speed in the unstratified flow, which manifests 
as an increase in resistance. On the other hand, the motion of the sub
marine in the stratified environment will generate internal waves. Ac
cording to Torres et al. (2000), the internal wave-making resistance is 
analogous to the free surface wave-making resistance, resulting in a 
force several times higher than that of a vessel sailing in non-stratified 
waters. Thus, internal waves generated by the moving submarine are 
another reason for the increase in drag force. Henceforth, the reasons for 
drag force enhancement can be briefly concluded as flow structure 
modification around the hull due to the density gradient and internal 
waves. 

5.2. Frictional drag and pressure coefficients 

To better understand the effect of stratification on drag forces, it is 

Fig. 13. Turbulent kinetic energy fields at seven stations downstream.  
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helpful to look at the streamwise evolution of the frictional drag coef
ficient Cf and pressure coefficient Cp, respectively. The skin-friction 
coefficient Cf and the pressure coefficient Cp are obtained by Eqn. (11) 
and Eqn. (12), respectively. 

Cf =
τw

1
2ρhU2 (11)  

Cp =
P − Ph
1
2ρhU2 (12)  

where τw is the wall stress. In the stratified case, ρh is changed with 
different layers, while in the homogeneous case, ρh is treated as a con
stant 998 kg/m3. Ph corresponds to the free-stream pressure at different 
position z and is calculated using 

Ph = ρhgz (13) 

The pressure distributions on the submarine surface are shown in 
Fig. 9. There are high-pressure areas on the bow of the submarine both in 
the homogeneous and stratified cases, which indicates the areas of high 
drag. Moreover, the pressure distribution on the submarine surface in 
the forward and rearward portions differs between these two cases. 

Four different lines are on these three special azimuthal planes are 
selected to discuss these two coefficients in detail, as depicted in Fig. 10. 
Because of the presence of appendages, the symmetry around the axis is 
lost, the evolution of the pressure and skin-friction coefficients are 
different on different azimuthal planes. The selection principle of four 
different lines is simple, Line.1: [z = 0 (plane), y > 0] and Line.2: [y =
0 (plane), z < 0] are located on the hull ignoring the influence of ap
pendages to the greatest extent, and Line.3: [y = 0 (plane), z > 0] and 
Line.4: [z = y (plane), y > 0] are chosen to illuminate the effect of both 
sail and stern appendages. 

Firstly, from Fig. 11 (a), we investigate the distribution of pressure 
coefficient on the hull ignoring the influence of appendages. Line.1 and 

Fig. 14. Density fluctuations in seven different locations.  
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Line.2 show the same trend. The bow of the submarine has a stagnation 
point where the flow kinetic energy is converted into pressure, which 
also explains the area of high pressure on the bow of the submarine in 
Fig. 9. During its motion towards the submarine (0 < x/L < 0.7), the 
fluid accelerates, and the kinetic energy recovers at the expense of 
pressure drop. However, in the downstream (0.7 < x/L < 1.0), the 
behavior is reversed, velocity decreases, and pressure rises again. Noting 
there are some fluctuations on the curves, since the junction vortices 
originated at the root of appendages and bring higher momentum fluid. 
By comparing the stratified and homogeneous cases, the pressure in the 
forward portion (0 < x/L < 0.7) increases relative to the homogeneous 
case, while the flow reaches downstream (0.7 < x/L < 1.0), the behavior 
is reversed. Because of the effect of viscous losses (Ortiz-Tarin et al., 
2019), the recovery of pressure to be partial in the stratified case, which 
would be readily understood the decrease Cp on the rearward portion 
relative to the unstratified counterpart. Moreover, in the nose of the bow 
(0 < x/L < 0.05), the pressure drops quickly, the body-tangential 
component of the gravity vector and the buoyancy term in the mo
mentum conservation equation reduce the flow speed so that the pres
sure increases in the forward portion compared to the homogeneous 

case. 
Secondly, Fig. 11 (c) shows the skin friction coefficient at different 

locations along the submarine surface. The reduction of flow speed in 
the bow leads to a smaller value of Cf, whereas the enhanced flow speed 
on the rearward portion increases the skin friction. Finally, Fig. 11 (b) 
and (d) aim to elucidate the effect of appendages. Although the presence 
of appendages, trends turn to be the same as Fig. 11 (a) and (c). Thus, we 
can conclude that stratification increases the drag primarily by reducing 
the overall pressure in the rearward portion and increasing the pressure 
in the forward portion, which is consistent with a prolate spheroid 
simulation investigated by Ortiz-Tarin et al. (2019). 

5.3. The evolution of wakes 

Besides the drag force difference, stratification also affects the 
establishment of the wakes and their downstream evolution. This sec
tion discusses the structure and decay of the near wake by looking into 
its size and energy. 

The downstream wake can be generally characterized by the 
centerline velocity deficit, Ud = u - U, and the magnitude of the half- 
thickness, including half-height LV and half-width LH. Note that the 
values LV and LH are estimated from the negative y and z of the Cartesian 
coordinate system and taken the absolute values. Typically values of Ud 
evolve according to a power law. For example, the decay of Ud for a 
sphere is close to Ud ∝ x− 0.25 (Brucker and Sarkar, 2010). 

Fig. 12 (a) and (b) discuss how buoyancy sets in to create anisotropy 
between LV and LH in stratified wakes. For the stratified case, the wake 
height saturates LV ≈ 0.3, while the maximum value of wake width 
fluctuates around 0.45, and further downstream, the growth of LV and LH 
reduces. The homogeneous case shows the same trend. The vertical 
wake thickness is compressed, and the horizontal wake width is 
expanded in the stratified flow, which is consistent with the explanation 
of drag force enhancement. The extra energy conversion in the vertical 
direction in the stratified fluid. 

Fig. 12 (c) shows the evolution of the centerline velocity deficit Ud 
along the streamwise direction is around 50D distance. The decay rate 
exhibits the flattening trend, though a slight difference between the 
stratified and unstratified cases. Once buoyancy effects have set in, the 
value of Ud in the stratified wakes becomes more considerable than in 
homogeneous wakes. Thus, a “longer lifetime” wake in a stratified fluid 
is one of the remarkable features relative to the homogeneous fluid. The 
decay of Ud is close to Ud ∝ x− 0.8, which is different from the previous 
findings for the sphere (Spedding, 1997), (Brucker and Sarkar, 2010). 
The difference between these near-field power laws is easy to under
stand since the shape of the geometry, and the Reynolds number chosen 
in this work is not small. 

To vividly visualize the impact of the stratification on the turbulent 
behavior of the wake, Fig. 13 shows the evolution of turbulent kinetic 

Fig. 15. Density fluctuation of lines at different locations.  

Fig. 16. The contour of internal waves (divergence field Δz) in a plane of z = 0.  
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energy (TKE) near the submarine at seven stations (x/D = 1.0, 2.0, 3.0, 
4.0, 5.0, 6.0, 7.0), TKE is calculated by Eqn. (14). As mentioned before, 
in the stratified fluid, once the buoyancy effect works, the vertical ve
locity will increase, converting the potential energy to vertical kinetic 

energy. Thus, in the same station, such as x/D = 2, the value of TKE is 
bigger relative to the unstratified case. Moreover, due to the higher 
vertical velocity deficit in the stratified flow, the shape of downstream 
wake dyed by TKE turn to expand towards the y-direction. Fig. 12 (d) 

Fig. 17. Top view of the free surface profiles in the homogeneous fluid and stratified fluid, respectively.  
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shows a tendency of the centerline downstream TKE. In the stratified 
case, the TKE evolution shows a peak at x ≈ 2D, while in the unstratified 
case, the peak shows a lag compared to the stratified case, the peak TKE 
is at x ≈ 3D. The peak point is closer to the body for the stratified case 
since the vertical confinement by buoyancy in the stratified environ
ment, and the velocity would decay slightly faster than the unstratified 
case. 

K =
1
2
UiUi (14) 

In the present simulation, we can conclude that stratified wakes have 
a wider influencing zone in the x-y plane than the unstratified case since 
the flow is vertically confined by stable stratification. 

5.4. Density fluctuations and internal waves 

The motions of a submarine in a stratified environment generate 
density fluctuation and internal waves. These waves are three- 
dimensional, dispersive, anisotropic, and emitted by multiple sources. 
It is essential to investigate these waves, which help us understand the 
effect of stratification on free surface waves. 

The presence of the body distorts the originally stable horizontal 
isopycnals, mixing the fluids up and down over a distance much longer 
than the body size. To reveal the density fluctuations after the body, 
seven different downstream locations are chosen as Fig. 14 shows. These 
clips are located at x/D = 0, 4, 8, 12, 16, 20, 24, respectively. Due to the 
presence of the submarine, at x/D = 0, the stable isopycnals are dis
torted. The fluctuations between layers gradually decrease as the dis
tance increases. 

Moreover, in order to evaluate the degree of distortion downstream, 
we chose a specific line (y = 0) in each of the seven clips and drew a plot 
to analyze the density fluctuation of lines at different locations, as shown 
in Fig. 15. If we compared x/D = 0 and x/D = 24 at the same location z/ 
B = 0, we would find that the density of water at the same height (z/B =
0) turns bigger, which should be originally equal. That means due to the 
motion of the submarine, the stable stratification has been destroyed, 
and the original layer’s equal density has changed. The heavier water 
will gradually float up downstream contributing to the anisotropy of the 
wave height in the free surface as mentioned before. This also indicates 
that stratification will change the pattern of the free surface waves 
compared to the unstratified cases. 

As for internal waves, according to Spedding (2014), the projection 
of the motions on horizontal plane {x, y} gives estimates of the two 
horizontal velocity components, q = {u, v}, and their gradient quantities 
ωz and Δz. These two parameters are derived to reveal the nature of the 
flow. The magnitudes of the divergence field Δz are shown in Fig. 16 
which can be regarded as approximately proportional to the amplitudes 
of vortex and wave motions in a plane of constant z, especially Δz can be 
used as an indicator of internal waves. 

Δz =∇⋅q (15) 

We chose a plane of constant z = 0 and dyed it by the divergence field 
Δz. After some time evolving, we can see that internal waves are emitted 
by the submarine. The coherent structures shed from the body and the 

Table 6 
Free surface waveform characteristics between the homogeneous and stratified 
cases.  

Description Unit Homogeneous Stratified Difference 

Longitudinal propagation 
distance 

m 63D 68D +7.9% 

Transverse propagation 
distance 

m 38D 43D +13.2% 

The maximum wave trough 
value 

m 0.0117 0.0206 +76.1% 

The maximum wave crest 
value 

m 0.0144 0.0174 +20.8%  

Fig. 18. Schematic diagram of five different x-z slices above the sail of the submarine at the location of the free surface.  
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downstream wake turbulence cause the internal waves exists for a long 
distance behind the submarine. Unlike the homogeneous case, these 
internal waves will change the wave patterns in the free surface which 
will carefully discuss in the following part. 

5.5. Free surface waves 

The internal waves and anisotropic turbulence produced by the 
moving submarine will change the surface roughness variations on the 
free surface, and these characteristics will be detected by the synthetic 
aperture radar. Detection of free surface wave signature induced by 

submarines in the stratified environment has been a canonical question. 
This section aims to elucidate the characteristics of waves on the free 
surface when operating submarine near-surface in the homogeneous and 
stratified fluid, respectively. 

5.5.1. Free surface signatures visualization 
When a submerged body displaces in the fluid, pressure variations 

around the body resulting in wave generation. This phenomenon can be 
seen in Fig. 17, where the waveform of the free surface in the homo
geneous and stratified fluid over time are represented, respectively. The 
wave system in the surface-wave mode is made up of transverse waves 

Fig. 19. Free surface profiles compared the homogeneous and stratified flow cases at various free surface depths. The black line represents the free surface height in 
the homogeneous fluid, and the red line marks the stratified fluid. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web 
version of this article.) 
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and divergent waves consistent with the theoretical results mentioned in 
Yeung and Nguyen (1999). It can also be considered as the Kelvin 
wedge, which usually occurs in ship wave system. 

In Fig. 17 and Table .6, when t = 30s, there are about 25 complete 
waveforms on the free surface in the stratified case, of which the 
maximum wave crest value is 0.0206 m, and the maximum wave trough 
value is 0.0174 m. Moreover, there are the same number of complete 
waveforms on the free surface in the homogeneous case, albeit with 
smaller values. The maximum wave crest value is 0.0117 m, and the 
maximum wave trough value is 0.0144 m. By comparing the value of the 
maximum wave crest, there is about a 20.8% increase in the stratified 
case. In contrast, refer to the maximum wave trough, the change surge to 
76.1%. Additionally, the longitudinal and transverse propagation dis
tances on the free surface are different in the homogenous and stratified 
cases. 

In Table .6, the longitudinal propagation is about 63D, and the 
transverse propagation distance is about 38D in the homogeneous case. 
For the stratified case, the longitudinal propagation is about 68D, and 
the transverse propagation is about 43D. The waveform of the free 
surface in the stratified case has a longer and wider propagation distance 
in the x and y directions. The longitudinal propagation distance in
creases by 7.9%, and the transverse increases by 13.2%. 

In short, stratification causes free surface waves to have a longer and 
wider influencing zone both in the x and y directions, including the 
longitudinal propagation distance increases by 7.9%, the transverse 
increases by 13.2%. 

5.5.2. Specific free surface profile analysis 
When analyzing the waveform on the free surface, it is essential to 

examine how the steady-state free surface profile varies with different 
cases. In each of these two cases, five x-z slices are created above the sail 
of the submarine at the free surface, which illustrated in Fig. 18. These 
slices are placed at y/B = 0, 0.25, 0.5, 0.75, and 1, where y = 0 corre
sponds to the mid-plane of the submarine, and y = B corresponds to 
slices placed at a half breadth beyond the port and starboard edge of the 
submarine, B is the value of beam. 

Fig. 19 shows the steady-state free surface profiles along the length of 
a submarine on each slice. In these images, the location of the submarine 
is [0, 6.7D], and we considered about 50D downstream evolution in the 
free surface. 

One feature is clearly shown in Fig.19 (a) ~ (e) is that the free surface 
wave heights for the homogeneous and stratified simulations show 
typical oscillatory behavior. Due to stratification, the anisotropy of the 
wave height in the free surface is more obvious for the stratified case. 
The values of wave trough and wave crest in the homogeneous case are 
nearly in z = 0 symmetry, while in the stratified case, the values of the 
wave crest are slightly larger than the wave trough. Moreover, the wave 
trough and crest peak values in the stratified case are bigger than the 
homogeneous case. One possible explanation of the wave height dif
ference between the homogeneous and stratified cases is the existence of 
internal waves. As the submarine displaces in a stably stratified fluid, the 
motion of itself disturbs the stable stratified background, and creates 

Fig. 20. Vertical free surface and internal wave profile in the stratified case.  

Table 7 
Measured Kelvin wedge angles in the stratified and homogeneous cases.  

Description Kelvin wedge angle (◦) Difference 

Homogeneous case ≈19.5 – 
Stratified case ≈22.5 +15.4%  

Fig. 21. The Kelvin wedge angle in the homogeneous and stratified cases.  
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internal waves and anisotropic turbulence that propagate downstream, 
as shown in Fig. 20. The generation of internal waves and downstream 
anisotropic turbulence provides a significant contribution to the 
anisotropy of the wave height in the free surface and the higher wave 
amplitude in the stratified case. 

As mentioned before, this can also be seen in Fig.19 (a) ~ (e), in each 
picture, the propagation in the x-direction in stratified wakes is longer 
than in unstratified wakes. Besides this feature, the wave height defects 
in the y-direction in the stratified case are much smaller than in the 
homogeneous case, which means the characteristics on the free surface 
in the stratified case have a longer lifetime than in the unstratified case. 

From this part, we can conclude that due to stratification, the wave 
height in the free surface clearly anisotropic and has a longer propaga
tion distance in the x direction. 

5.5.3. Kelvin wedge angle and velocity on the free surface 
Table .7 shows the measured Kelvin wedge angles in each simulation 

and a measurement of the free surface wavelength along the symmetry 
plane of the submarine. We have measured the angle of the submarine’s 
wakes from the images which extracted at the specific time (t = 30s). For 
each image, the wake angle is defined from the slope of the line going 
through the farthest points (white line), which traces the maximum 
amplitude of the wake. This method is the same as Rabaud and Moisy 
(2013) stated when estimating ship wakes of images, “the brightest 
points” now changed as the clearly visible points showed in the images. 
Thus, in Table .7, the kelvin wedge angle is an estimated value. It is 
found that the waveform of the stratified flow will gradually expand in 
the x and y directions, with the more significant value of Kelvin wedge 
angle. After about 20D downstream on the free surface, waves began 
expanding beyond the range of the Kelvin wedge angle, as shown in 
Fig. 21 (b). Moreover, in Fig. 21 (b), a blocking phenomenon can be seen 
in the stratified case, as shown in the dashed box. According to Lin et al. 
(1992), stratification induces upstream blocking, unlike in the unstrat
ified case, the flow is vertically confined. 

Additionally, we also analyze the contour of axial velocity on the free 
surface of different cases. In Fig. 22 (a) and (b), the trend of the axial 
velocity contour on the free surface looks the same as the Kelvin wedge 
angle. However, in Fig. 22 (b), the value of axial velocity in the stratified 
case appears higher. In a word, waves on the free surface in the stratified 
case have a longer and wider influencing zone relative to the unstratified 
counterpart. 

Consistent with the previous conclusion, stratification would cause 
free surface waves to have a longer and wider influencing zone both in 

the x and y directions when referring to the Kelvin wedge angle and the 
velocity in the free surface, and the Kelvin wedge angle increase by 
15.4%. 

6. Conclusions 

The present work mainly focuses on a weakly stratified fluid past a 
generic submarine model with Re = 106. We solved the Navier-Stokes 
equations under Boussinesq approximation, and proposed a thermo
cline model to achieve the linear density and temperature stratification. 
Four main aspects are chosen to discuss the specialty of stratified fluid 
characteristics by comparing the drag force, downstream wakes, inter
nal waves, and free surface signatures with those of the homogeneous 
condition. 

The results show that buoyancy in stratified fluid changes the ver
tical velocity and pressure gradient on the hull. Once the buoyancy ef
fect works, stratification increases the resistance primarily by reducing 
the overall pressure in the rearward portion and increasing the pressure 
in the forward portion. The resistance in the stratified fluid increases 
about 5.5% when comparing the unstratified case. 

Stratification also affects the establishment of the wakes and their 
downstream evolution. The vertical confinement by buoyancy in the 
stratified environment has caused the velocity to decay faster, and 
stratified wakes become wider than taller. 

Besides the downstream wakes, internal waves and anisotropic tur
bulence produced by the moving submarine in the stratified environ
ment can also influence the free surface characteristics. The heavier 
water will gradually float up downstream, which will contribute to the 
anisotropy of the wave height in the free surface and a longer and wider 
influencing zone on the free surface, including the longitudinal propa
gation distance increases by 7.9%, the transverse increases by 13.2%, 
and the Kelvin wedge angle increase by 15.4%. 
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