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ABSTRACT

This study employs large eddy simulation and the Boussinesq approximation to investigate the characteristics of wakes generated by prolate
spheroid with different aspect ratios (length-to-diameter ratios, L/D=1.0, 1.5, 2.0, 3.0) in a linear stratified flow, with the Reynolds number
(Re) of 3700 and the Froude number (Fr) of 3. The research primarily focuses on the effects of different aspect ratios on defect velocity, wake
length scales, root mean square values of velocity components, power spectra, wake energy, and turbulent kinetic energy (TKE). The findings
show that the defect velocity along the wake centerline follows the relationships: u ~ (x/D)”*% (L/D = 1.0), as the aspect ratio increases, the
exponent gradually decreases, indicating a shorter mean lifespan of the wake. After the starting position of the accelerated collapse stage, the
half-width, half-height, the ratio of half-height to half-width, and the influence area of the wake oscillate periodically. With the aspect ratio
increases, the half-width, half-height, the ratio of half-height to half-width, and the influence area of the wake are gradually becoming smaller,
and the Reynolds stress gradually decreases in magnitude and becomes concentrated near the centerline of the wake. The turbulent kinetic
energy for different aspect ratios follows the relationship TKE ~ (x/D)~"'°. The mean kinetic energy, turbulent kinetic energy, and turbulent
potential energy (TPE) of the wake all decrease with increasing aspect ratio. Both the energy of wake and transport, advection, and buoyancy
terms in turbulent kinetic energy budget exhibit periodic oscillations, with the oscillation wavelength corresponding to half a buoyancy period
(7-Fr). All terms in turbulent kinetic energy budget decrease with the aspect ratio increases.
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I. INTRODUCTION

Stratified flow is a prevalent phenomenon observed in natural
environments. Solar ponds and reservoirs exhibit temperature stratifi-
cation due to solar radiation, with higher temperatures near the free
surface and lower temperatures underwater."” In seawater, salinity
stratification occurs alongside temperature stratification as salinity
varies with depth. Density stratification in seawater arises from the
combined effects of temperature and salinity.™

When an object moves through a fluid, it generates a wake. The
Reynolds number (Re), a dimensionless parameter governing wake, is
expressed as

R€:—7 (1)
14

where U, D, and v denote the incoming flow velocity, characteristic
length scale, and kinematic viscosity, respectively.

The internal Froude number (Fr), a dimensionless parameter,
quantifies the strength of stratified flow and is expressed as

_v
- ND’
where N represents the buoyancy frequency, defined as

N=,|-B% (3)
po dz

where g, po, p, and z denote gravitational acceleration, reference den-
sity, density, and vertical coordinate, respectively.
Two dimensionless parameters characterize time and distance
Nt=N-t, (4)
where t represents the characteristic timescale. Nt is defined using
the timescale, with the period of buoyancy oscillation serving as the

Fr )
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fundamental time unit. It is primarily used to study the temporal evo-
lution of wake

Nt = —— (5)

where x represents various positions within the wake region. Nt is
defined using the distance scale, incorporating stratification strength
and spatial scale, and is primarily employed to describe the spatial evo-
lution of the wake.

Current research on wake dynamics primarily focuses on two
approaches: experimental studies and numerical simulations. For uni-
form flow, Kim and Durbin’ measured the vortex shedding frequency
in wake flows using hot-film probes and flow visualization techniques
in wind tunnel experiments. They observed that in natural wake flows,
the Strouhal number (St) equals 0.2. When the excitation frequency
nears the natural vortex shedding frequency, the wake structure is sig-
nificantly enhanced, whereas it is suppressed when the frequency devi-
ates. In stratified flow experiments, researchers primarily employed
dye-tracing methods, laser-induced fluorescence and particle image
velocimetry. Lin et al.’ found in linear stratified flow experiments that
the maximum vertical thickness (S,,,,,/D) of the wake follows S,,,,,/D
~Fr (Fr<2.0) and S,,./D~ Fr'® (Fr>20). The horizontal wake
evolution follows y/D ~ "%, transitioning to y/D ~ t'/* after the col-
lapse stage. Lin et al.” also examined wake characteristics induced by
the horizontal motion of a sphere, observing that density stratification
suppressed vertical fluid motion. The wake vortex structure evolved
into “pancake vortices,” with the wavelength (1) and the Froude num-
ber (Fr) of the lee wave satisfying A/D = 2nFr.

Bonneton et al.” investigated internal gravity waves generated by
the horizontal motion of a sphere in a density-stratified flow. They
found that the amplitude of the trailing wave decreased as 1/Fr, while
the amplitude of random waves increased with Fr, and wavelength
varied as 1/Nt. Chomaz et al.” observed that when Re > 800, two
unstable modes emerged in the wake under linear density stratification
induced by saline solution: the Kelvin-Helmholtz instability and the
spiral mode. Spedding'’ proposed that wake flow evolves through
three stages within 10 < Fr <240 and 5000 < Re < 12000: three-
dimensional turbulence stage (3D, Nt< 2), non-equilibrium stage
(NEQ, 2<Nt<50), and quasi-two-dimensional stage (Q2D,
Nt >50). They also found that the turbulent kinetic energy (E) of
wake flow scales as E~ Nt %% (Nt <50) and E~ Nt °7¢ (Nt > 50).
Additionally, Spedding et al.'" determined that within 1 < Fr < 10 and
1000 < Re < 10 000, the wake width (L,,) scales as L,,/D ~ (x/D)"?, the
velocity deficit (Uy/U) as Up/U ~ (x/D)~??, and the decay rate of the
squared vorticity (»?) as w® ~ Nt .

Bonnier and Eiff'* conducted experiments on linearly stratified
saltwater and identified four wake evolution stages: near wake, col-
lapse, transition zone, and far wake. During the collapse stage, the
velocity deficit at the wake centerline temporarily increases, accompa-
nied by elevated average kinetic energy. After the collapse stage, the
decay rates of kinetic energy and vorticity follow Uy~ (x/D)™*%,
which is significantly slower than Uy~ (x/D)~" observed in uniform
flow. Xiang et al."” identified three stages of wake evolution: the initial
stage (Nt<2), the middle stage (2 <Nt<10), and the late stage
(Nt > 10). In the middle stage, the Kelvin-Helmholtz instability gov-
erns turbulence evolution. The wake contracts initially, then expands
vertically, with its minimum thickness observed at Nt =3 ~ 4. Wake
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vorticity is primarily driven by vertical shear, with horizontal shear
contributing minimally.

Advances in computer technology have introduced new methods
for studying stratified flow. Chen et al."* performed coupled simulations
of temperature, salinity, and density stratification by customizing user-
defined functions (UDFs) in Fluent. They observed high-temperature,
low-salinity vortices in the near-wake region and low-temperature,
high-salinity vortices on both sides. Ma et al."” established a functional
relationship between density and temperature by quantifying the influ-
ence of temperature and salinity on density. To simplify calculations,
temperature was treated as the primary influencing factor, and density
stratification was achieved by prescribing a vertical temperature distribu-
tion. Huang et al."® proposed a temperature-driven density stratification
model using the commercial software STAR-CCM+. Wang et al.'”'®
developed a solver, “TwoLiquidMixingskinFoam,” in OpenFOAM,
which integrates the volume-of-fluid (VOF) method to capture free sur-
faces. Nadaf et al."” utilized OpenFOAM v2012 to simulate three nonlin-
ear density distributions. Jacobs™ enhanced the buoyantPimpleFoam
solver to simulate propeller rotation in stratified flow.

Numerous researchers have achieved density stratification by
defining a functional relationship between temperature and density.
When accounting for temperature effects, the dimensionless Prandtl
number (Pr) should be considered and is defined as

pr=", ©6)
o

where v and « represent molecular viscosity and thermal diffusivity,
respectively. The Prandtl number (Pr) quantifies the relative magni-
tudes of momentum transfer and heat transfer in a fluid. Pr> 1 indi-
cates that momentum transfer occurs faster than heat transfer. Using
direct numerical simulation (DNS), De Stadler et al.”! investigated the
effects of different Prandtl numbers on wake dynamics. They observed
that density disturbances persisted longer at higher Prandtl numbers
(Pr=7), while flow mixing efficiency was greater at lower Prandtl
numbers (Pr=0.2) compared to higher values (Pr=7). In contrast,
the Prandtl number exhibited minimal influence on the wake width,
height, and defect velocity.

Other researchers have made significant advances in simulating
stratified flow through in-house codes. Diamessis et al.”> employed the
spectral multidomain penalty method to study stratified wake charac-
teristics at high Reynolds numbers and varying internal Froude num-
bers. Brucker and Sarkar” utilized direct numerical simulation (DNS)
to compare wakes under drag and self-propelled conditions, observing
that turbulence kinetic energy (TKE) decays faster under self-propelled
conditions (Nt < 30). They also identified a non-equilibrium phase
(NEQ) in both drag and self-propelled wakes. Pal et al”* used direct
numerical simulation (DNS) and the immersed boundary method
(IBM) to accurately simulate the surface boundary layer and separa-
tion characteristics of a sphere. They found that at lower Fr, turbulent
kinetic energy (TKE) gradually shifted from the vertical to the horizon-
tal direction. Redford et al.” examined the interactions and dynamic
mechanisms among turbulent kinetic energy (TKE), turbulent poten-
tial energy (TPE), and mean kinetic energy (MKE). Additionally, most
studied wakes were in the near-field region, which could be extended
to downstream areas using temporal models and spatiotemporal trans-
formations (e.g., Galilean transformation) to link temporal evolution
with spatial position.”* *’
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Previous numerical simulation studies primarily focused on
spheres; however, recent research has shifted attention to other geome-
tries. We conducted parametric studies on the motion of underwater
vehicles in the two-layer fluid using large eddy simulation (LES).”’
Ortiz-Tarin et al.”" employed large eddy simulation (LES) to examine
the wake of a prolate spheroid with an aspect ratio of 4, showing that
the defect velocity scales as uy~x % Ortiz-Tarin et al’ also
employed hybrid simulation for a prolate spheroid with an aspect ratio
of 6. They found that wake velocity losses scale as ug~x_* (3D),
ug~x % (NEQ), and uy~ x °” (Q2D). Ohh and Spedding}3 exam-
ined the wake evolution characteristics of a prolate spheroid with a
length-to-diameter ratio of 6 under varying Froude numbers (Fr) and
angles of attack (0).

In the numerical simulation of stratified flow, direct numeri-
cal simulation (DNS) is predominantly employed, ™" *” with
spheres being the primary focus of study. While some studies
have investigated prolate spheroids, with limited attention to the
transition from spherical to prolate spheroidal geometries, the
differences in flow mechanisms between spheres and prolate
spheroids in stratified flow remain unclear, and this transition
introduces changes in curvature and streamlining, which can sig-
nificantly alter wake mechanisms. The influence of these geomet-
ric changes on wake energy dynamics and turbulent kinetic
energy (TKE) budgets remains poorly understood. Moreover, the
anisotropic geometry of prolate spheroids adds complexity to
numerical simulations and flow analysis.”® *’ An increase in
aspect ratio significantly enlarges the wake area, necessitating
higher grid resolution and smaller time steps. For large eddy sim-
ulation (LES) and direct numerical simulation (DNS), the compu-
tational cost of simulating prolate spheroids is considerably
higher compared to spheres.

This study employs large eddy simulation (LES) and the
Boussinesq approximation to investigate the wake variation char-
acteristics in linear stratified flow and addresses these gaps by sys-
tematically analyzing the wakes behind prolate spheroids with
varying aspect ratios (L/D=1.0 to 3.0). The research primarily
focuses on the effects of different aspect ratios on defect velocity,
wake length scales, root mean square (RMS) values of velocity
components, power spectra, wake energy, and turbulent kinetic
energy. The structure of this article is as follows: Sec. II details the
methods used for numerical simulations. Section III describes the
geometry for different aspect ratios, computational domain setup,
and method validation. Section IV presents the numerical simula-
tions of wake flow for different aspect ratios, and Sec. V summa-
rizes and discusses the results.

Il. NUMERICAL METHODS
A. Governing equations

This study utilizes the commercial software STAR-CCM+ 2023
for numerical simulations. This study employs the large eddy simula-
tion (LES) method to solve spatially filtered control equations under
the Boussinesq approximation. Subgrid models are introduced to
represent small-scale eddies, including the Smagorinsky model, the
dynamic subgrid model, and the wall-adapting local eddy (WALE)
model. This study specifically employs the WALE subgrid-scale (SGS)
model. The nondimensional governing equations solved in this study
are presented as follows:
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Mass
=0 @)
Momentum
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Density

8p ap 1 0 Vsgs Ju;

Yty =—— 14+ 9

ot +u]8xj Re Ox; [( 2 x|’ ©)
where pg, d3, Vegsr Vs and p represent, respectively, the deviation in
density relative to the background density, the Kronecker delta, the

subgrid viscosity, the constant kinematic viscosity, and the filtered
pressure.

B. Reynolds decomposition

For clarity in subsequent data analysis, after reaching statistical
steady state, each variable is decomposed into a mean component and
a fluctuation component through Reynolds decomposition

u = ﬂi + M;, (10)
p=p+yp, (11)
p=p+p, (12)

where 7;, p, and p represent the mean velocity, mean pressure,
and mean density, respectively. u;/, p’, and p’ denote the fluctua-
tions of these three variables, respectively. In the following con-
tent, variables denoted by a superscript “—” represent mean
quantities, while those with a superscript “” denote fluctuating
quantities.

C. Numerical scheme

This study employs the finite volume method for numerical
simulation, utilizing a first-order implicit scheme for time discre-
tization. A bounded central scheme is applied for spatial discreti-
zation, which combines the accuracy of the central difference
scheme with a bounded formulation to prevent numerical oscilla-
tions in high-gradient regions. This approach ensures improved
resolution of critical flow structures, such as boundary layers and
shear layers, while maintaining numerical stability in regions
with steep density gradients and complex wake dynamics. The
bounded central scheme achieves a balance between accuracy and
computational efficiency, making it well-suited for the current
LES simulations. The SIMPLE algorithm is used to iteratively
solve the pressure-velocity coupling problem. Additionally, the
segregated flow approach is adopted to solve the conservation
equations for momentum and mass. The non-dimensional time
step At =At- U/D is chosen to be 0.005, where D and U denote
the characteristic length and velocity, respectively. This value
ensures a Courant number of less than 1, guaranteeing numerical
stability.
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FIG. 1. Geometric model used for simulation.

11l. NUMERICAL VALIDATION
A. Geometric model

As shown in Fig. 1, the prolate spheroids used are all bodies of
revolution, which are surfaces generated by rotating a generatrix
around an axis. D represents the maximum rotation diameter, and L is
the maximum length of the body of revolution along the x axis. The
aspect ratio, L/D, defines the geometry of each body. Four prolate
spheroids are considered in this study, all sharing the same D value,
with aspect ratios of 1.0, 1.5, 2.0, and 3.0, respectively. When
L/D = 1.0, the prolate spheroid is actually a sphere. This design allows
us to analyze how changes in curvature and streamlining influence
wake structures, velocity deficits, and energy dynamics.

B. Computational domain and boundary condition

The computational domain setup is illustrated in Fig. 2. Given
Fr= 3, the upstream length of the computational domain is set to 10 D

ARTICLE pubs.aip.org/aip/pof

to prevent reflection interference caused by the entrance being too
close to the prolate spheroid. The downstream length of the domain
extends to 35D. To avoid flow interference from the lateral bound-
aries, the distances from both sides of the computational domain to
the prolate spheroid are 10 D. The vertical height of the computational
domain is set to 8 D.

For the boundary conditions, the upstream boundary of the com-
putational domain is set as velocity inlet, while the downstream
boundary is defined as outlet. The lateral sides, as well as the upper
and lower boundaries of the computational domain, are also set as
velocity inlet. The surface of the prolate spheroid is prescribed as no-
slip wall boundary condition, and the density is linearly distributed
along the vertical direction.

C. Mesh generation

ICEM CFD is employed to generate a structured mesh for discre-
tizing the entire computational domain, as shown in Fig. 3. The prolate
spheroid is positioned at the center of the computational domain, with
mesh refinement applied near its surface to capture the flow character-
istics of the boundary layer and near-wall region. Radial mesh refine-
ment is also performed along the surface, while additional refinement
is applied in the core region of wake development to enhance resolu-
tion. The mesh size gradually increases in regions farther from the pro-
late spheroid. The entire computational domain consists of
approximately 15 million cells.

D. Model validation and verification

To further evaluate the quality of grid, the ratio of the grid size at
various positions in the x, y, and z directions to the Kolmogorov length
scale (17) is calculated, which represents the smallest dissipative turbu-
lent structures, as shown in Fig. 4. This approach is widely used in LES
studies, as the Kolmogorov scale is directly linked to the energy dissi-
pation range, making it a more relevant metric for assessing grid ade-
quacy in LES compared to the Taylor scale. The Kolmogorov length
scale is defined as 57 = (°/&)'", where v is the kinematic viscosity and
¢ is the turbulent dissipation rate, which is calculated under unstrati-
fied flow. In Figs. 4(a) and 4(c), the values of Ax/n and Az/y are less
than 20. In Fig. 4(b), at x/D = 2.5 and z/D = 0, the worst value of Ay/n
is approximately 20. When Chongsiripinyo and Sarkar*® conducted
numerical simulations based on LES (Re =5 x 10% Fr=2, 10, 50, 00),
the worst grid quality is Ax/n =17. In comparison, in this study, the
Ax/n value is relatively similar when the Froude number is comparable
and the Reynolds number is an order of magnitude smaller than in

FIG. 2. Computational domain setup.
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their study, indicating that the overall grid quality in this work is of
high resolution.

After assessing the quality of grid, the validation of numerical
simulation methods is performed. The validation process is divided
into two parts. First, method validation under unstratified flow is

ARTICLE pubs.aip.org/aip/pof

FIG. 3. Computational mesh (enlarged
view). (a) x-z cross section; (b) y-z cross
section, and (c) x-y cross section.

conducted, as shown in Fig. 5. Numerical simulations under unstrati-
fied flow are carried out, and Figs. 5(a) and 5(b) illustrate the pressure
coefficient (C,) and shear stress coefficient ((t/p U?Re%®), T is
the shear stress) on the prolate spheroid surface as functions of the
azimuthal angle (0). The pressure coefficient agrees well with the

FIG. 4. Grid quality. (a) streamwise size; (b) lateral size, and (c) vertical size.
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FIG. 5. Validation of the unstratified flow: (a) the pressure coefficient; (b) the shear stress coefficient; (c) streamwise velocity; and (d) r.m.s. streamwise velocity.

experimental results of Kim and Durbin’ and the DNS results of
Rodriguez et al.** Similarly, the shear stress coefficient aligns well with
the DNS results of Rodriguez et al** and Seidl et al.” Figs. 5(c) and
Fig. 5 present streamwise velocity (u,) and the root mean square value
of the streamwise velocity (i, ,.,,s) at the wake centerline. These results
show good agreement with the DNS results of Pal et al*' and
Rodriguez et al.*’

The method is subsequently validated under stratified flow.
Figures 6(a) and 6(b) depict the defect velocity (u/U) at the wake cen-
terline and the root mean square (RMS) values of the streamwise

velocity (it ;mms/U). Bonnier and Eiff' * conducted experiments at Fr =3
and Re= 6900, featuring higher Reynolds numbers compared to the
studies by Nadaf et al 9 (Re=3700, Fr=3) and Pal et al*
(Re= 13700, Fr=3). For defect velocity, the results match well with the
DNS of Pal et al.** Regarding the RMS values of streamwise velocity,
the results show good agreement with the DNS of Pal et al."* and the
experimental results of Bonnier and Eiff."”

The adequacy of the grid resolution is further validated through
benchmarking against published results for both unstratified and strat-
ified flows. The close agreement with prior studies confirms that the

FIG. 6. Validation of the stratified flow: (a) velocity deficit and (b) r.m.s. streamwise velocity.
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TABLE I. Computational conditions.

Case L/D Re Fr Pr
1 1.0 3700 3 1
2 1.5 3700 3 1
3 2.0 3700 3 1
4 3.0 3700 3 1

grid sufficiently captures the key wake dynamics and turbulence char-
acteristics under the studied conditions.

IV. RESULTS AND DISCUSSION

Table I presents the simulation parameters, primarily focusing on
comparisons of aspect ratios. All simulations are conducted at
Re=3700, Fr=3, and Pr=1. The values Re=3700 and Fr=3 are
chosen to facilitate method validation, as discussed earlier, and to
enable comparisons with the studies of Pal et al.,"* Rodriguez et al.,"””
Seidl et al.,*’ and Nadaf et al.'” The selection of Pr= 1 follows the rec-
ommendations from Stadler ef al.”' At Pr= 1, the rates of momentum
diffusion and heat diffusion are equal, which avoids complex linear
coupling effects, simplifies calculations, and improves the convergence
and stability of the simulations.

A. Visualization of wake

Figure 7 illustrates the vorticity distribution of the wake for differ-
ent aspect ratios. As the aspect ratio increases, the vertical extent of the
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wake decreases, and the intensity of vorticity diminishes correspond-
ingly. When the aspect ratio is small (L/D= 1.0 and L/D = 1.5), the
close proximity of the front and back ends of the prolate spheroid
causes superimposed interference between the front and back flows,
leading to more pronounced vortex shedding. Conversely, when
L/D=3.0, the increased distance between the front and back ends
reduces mutual interaction, the flow of the wake becomes smoother.

The wake vortex structures under different aspect ratios are
identified using the Q-criterion method, as illustrated in Figs.
8 and 9. Observations of the vortex structures on the x-y and x-z
planes reveal that the distribution range in the vertical direction is
significantly smaller than in the horizontal direction under the
same aspect ratio, indicating that density stratification suppresses
vertical vortex development. At smaller aspect ratios, the distribu-
tion range of vortex structures in both the horizontal and vertical
directions is larger, and the downstream propagation distance is
greater. As the aspect ratio increases, the wake flow stabilizes, and
the distribution range of wake vortex structures in all directions
decreases significantly.

When comparing different aspect ratios, notable differences arise.
For example, at L/D = 3.0, there are no flow data within the prolate
spheroid in the region 0.5 < x/D < 1.5. Conversely, at L/D = 1.0, wake
flow data exist outside the prolate spheroid in the same region. To
facilitate meaningful comparisons, the trailing edge of each prolate
spheroid is set as its coordinate origin in the subsequent curve analysis.
This ensures that wake characteristics specific to each aspect ratio are
accurately captured and analyzed.

Figure 10 compares the defect velocity along the centerline of the
wake for different aspect ratios. Initially, a recirculation zone is formed,

FIG. 7. Distribution of vorticity at the verti-
cal center plane.
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where the normalized defect velocity exceeds 1. As the aspect ratio
increases, the length of the recirculation zone decreases sequentially,
measuring 1.92, 1.47, 1.08, and 0.88, respectively. Beyond the recircula-
tion zone, the defect velocity monotonically decreases to a local mini-
mum. The position of this local minimum shifts upstream with
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FIG. 8. Vortex structures under different
aspect ratios (Q=0.1) (x-y plane).

increasing aspect ratio. For L/D = 3.0, the local minimum occurs at
x/D = 6.4, This location also occurs earlier than the one observed by
Pal et al.”* The region between the recirculation zone and the local
minimum is referred to as the three-dimensional turbulent zone,'’ or
the near wake,'” where buoyancy effects are negligible. Beyond the

FIG. 9. Vortex structures under different
aspect ratios (Q = 0.1) (x-z plane).
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FIG. 10. Defect velocity at the wake centerline for different aspect ratios.

local minimum, the wake enters the non-equilibrium region,'” where
buoyancy begins to suppress vertical wake motion.

In contrast to unstratified flow, where the defect velocity curve
monotonically decreases (u~ (x/D)7Y) after the recirculation zone,
stratified flow exhibits an accelerated collapse stage,'” also known as
oscillatory modulation.”* During this stage, the defect velocity tempo-
rarily increases, reaching a local peak. As the aspect ratio increases, the

ARTICLE pubs.aip.org/aip/pof

position of this peak shifts upstream. Following the accelerated
collapse stage, the defect velocity decreases monotonically, marking
the transition zone.'” In the transition zone, the defect velocity
for different aspect ratios follows distinct decay rates: u~ (x/D) *%
(L/D=1.0), u~ (/D) *” (L/D=1.5), u~ (/D) ** (I/D=2.0), and
u~ (x/D)"°* (L/D=13.0). These rates differ from the u~ (x/D)” %
observed by Pal et al.** for L/D=1.0 (sphere). As the aspect ratio
increases, the defect velocity decays more rapidly, indicating a shorter
mean lifespan of the wake. According to existing relationships, for
L/D = n, the defect velocity satisfies u ~ (x/D)( 00327172+ 0.0498n—0.0955)

The half-width of the wake is defined as the distance from the
centerline to the position where the defect velocity decreases to half its
value on the centerline. This definition also applies to the half-height
of the wake. In Fig. 11(a), the half width of the wake (Lg) decreases
gradually within the recirculation zone and reaches a local minimum
near the end of recirculation zone. In Fig. 11(b), the half-height of the
wake (Ly) reaches a local minimum at approximately x/D=1.92 and a
peak near x/D=6.4. A comparison of Figs. 11(a) and 11(b) indicates
that the aspect ratio primarily influences the location of the local mini-
mum of the wake half-width. In Fig. 11(c), the ratio of the wake half
height to half width is less than 1, indicating significant anisotropy in
the wake vertical and horizontal dimensions. From Figs. 11(a)-11(d),
it is evident that as the aspect ratio increases, the half-width, half-
height, the ratio of half-height to half-width, and the area of wake all
decrease. These quantities reach maximum values near the onset of the
accelerated collapse stage. Subsequently, periodic oscillations occur

FIG. 11. The thickness of the wake for different aspect ratios. (a) half-widths in the horizontal direction; (b) half-widths in the vertical direction; (c) aspect ratio of vertical wake

span to horizontal wake span; and (d) the area of the wake region (roughly).
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within the range nFr < x/D < 3nFr. The peak values are observed at
one buoyancy period (Nt=2m), and the valley values appear at 1.5
buoyancy periods (Nt = 37).

B. Turbulence levels

Figure 12 shows the root mean square (RMS) values of the
streamwise velocity, spanwise velocity, vertical velocity, and density
deviation. The RMS values of the velocity components are normalized
by the flow velocity U. The density deviation is normalized using
the density difference between the upper and lower boundaries of the
computational domain.

The overall trend observed for the four quantities is that the root
mean square (RMS) values decrease as the aspect ratio increases. At
the same aspect ratio, comparing the RMS values of the three velocity
components reveals that the vertical velocity has smaller RMS values
compared to the streamwise and spanwise velocities. This indicates
that at Fr= 3, vertical motion in the wake is suppressed, streamwise
velocity dominates, and the wake velocity exhibits pronounced anisot-
ropy across all directions. Additionally, in Figs. 12(a) and 12(b),
the streamwise and spanwise velocities decrease approximately mono-
tonically beyond x/D=1.92. In contrast, the vertical velocity and
density oscillate periodically, suggesting that the two quantities are
significantly influenced by buoyancy.

For vertical velocity, the root mean square (RMS) value reaches a
local minimum near the beginning of the accelerated collapse stage

ARTICLE pubs.aip.org/aip/pof

and subsequently attains local peaks at different positions (x/D
=12.70, 22.12, and 31.55). The spacing between these positions corre-
sponds to half a buoyancy period (nFr). For density, a local minimum
is observed at positions corresponding to the vertical velocity peaks,
with the spacing between these locations also satisfying half a buoy-
ancy period. This indicates that the wake undergoes periodic oscilla-
tions driven by buoyancy and inertial forces, leading to periodic
oscillations in both vertical velocity and density.
The expression for Reynolds stress is as follows:

Tj = —pugu]’.. (13)

Reynolds stress is nondimensionalized by normalizing with p,U?,
where p, is the initial density at the centerline of the prolate spheroid,
and U is the velocity of the incoming flow. Figure 13 illustrates the dis-
tributions of 7. T.» 7. and t,,. The regions of increased Reynolds
stress are observed to lie within the recirculation zone."”” For smaller
aspect ratios, the vertical distribution range of Reynolds stress is
broader, and the magnitudes are higher. Conversely, as the aspect ratio
increases, Reynolds stress becomes concentrated near the centerline,
and magnitude decreases significantly.

C. Spectra

Four sampling points are set in the computational domain at
dimensionless positions (2.0,0,0.51), (6.5,0,0.51), (13.0,0,0.51), and
(30,0,0.51). The first point is located at the end of the recirculation

FIG. 12. Root mean square value of variables for different aspect ratios. (a) streamwise velocity; (b) lateral velocity; (c) vertical velocity; and (d) the change in density.
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FIG. 13. Normalized average Reynolds stress for different aspect ratios. (a) 7y (b) Txz; (C) Tz; and (d) 7.

zone, the second at the beginning of the accelerated collapse stage, the
third at the position where a local peak is reached after the accelerated
collapse, and the fourth in a region farther from the wake. Sampling
begins after the incoming stream has flowed through the entire com-
putational domain for three cycles and ends after nine cycles, with a
sampling interval of 0.002s.

Figure 14 presents the power spectra of the streamwise velocity
at the four sampling points. As the aspect ratio increases, the energy

across different frequencies (f) gradually decreases. At the first point,
the energy difference among the four aspect ratios is the largest, and
this difference diminishes progressively at farther positions. At the first
sampling point, the inertial subrange satisfying the —5/3 slope lies
between 1 < f< 5. As the distance increases, the extent of the inertial
subrange satisfying the —5/3 slope decreases.

Power spectra of the vertical velocity at the four sampling points
are shown in Fig. 15. The pattern resembles that of the streamwise
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FIG. 14. Power spectra of the streamwise velocity for different aspect ratios. (a) at x/D=2.0, y/D=0, zZD=0.51; (b) at ¥D=6.5, y/D=0, z/D=0.51; (c) at x/D=13.0,

y/D=0, /D=0.51; and (d) at /D =230.0, /D=0, zD=0.51.

velocity power spectrum; however, the energy levels of the vertical
velocity are significantly lower than those of the flow velocity. Similar
to Fig. 14, the power spectrum of the vertical velocity exhibits distinct
discrete spectral peaks. As the aspect ratio increases, the frequency val-
ues corresponding to these discrete spectral peaks gradually rise. The
Strouhal number (Sf), a dimensionless quantity related to frequency, is
calculated based on the discrete spectral peaks for different aspect
ratios, yielding St=0.26, 0.28, 0.31, and 0.35. As the aspect ratio
increases, the frequency of vortex shedding shows a slight increase. In
stratified flow, the narrowing of the wake shear layer contributes to a
higher vortex shedding frequency compared to unstratified flow.*’

D. Energy of wake

In stratified flow, the wake involves not only changes in kinetic
energy but also changes in potential energy induced by density stratifi-
cation. Turbulent potential energy is a unique feature of stratified flow.
As noted by Stadler et al,** the total energy (E) of the wake can be
decomposed into three components: mean kinetic energy (mke), tur-
bulent kinetic energy (K), and turbulent potential energy (Kp). The
expression is given as

E=mke+ K+ K, — 515 + > Wl +—— 7@ 14
mke + K + K, 2u,u,+2uiu,~+2Fr2pp. (14)

The expression for turbulent potential energy is derived from the
research of Itswire et al,” incorporating the Froude number (Fr) to

quantify the influence of stratification intensity on turbulent potential
energy. At different positions in the wake region, the energy is inte-
grated, with A representing the integrated area. The formulas for area
integral are defined as follows:

MKE = J mkedA, (15)
JA

TKE = J K dA, (16)
A

TPE = J K,dA. (17)
A

Figure 16 shows that the total energy, turbulent kinetic energy,
mean kinetic energy, and turbulent potential energy of the wake all
decrease as the aspect ratio increases. Among the different energy com-
ponents, mean kinetic energy dominates the energy distribution within
the wake. The total energy and turbulent potential energy reach maxi-
mum values near the beginning of the accelerated collapse stage (x/
D=6.4). Near the end of the accelerated collapse stage (x/D = 12.70),
where defect velocity occurs a local peak, the total energy, turbulent
potential energy, and turbulent kinetic energy begin periodic oscilla-
tions. The oscillation period corresponds to half a buoyancy period
(nFr). A key difference is observed: the total energy and turbulent
potential energy exhibit local troughs at x/D = 12.70, 22.12, and 31.55,
while turbulent kinetic energy shows local peaks at these positions.
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FIG. 15. Power spectra of the vertical velocity for different aspect ratios. (a) at x/D=2.0, y/D =0, z/D=0.51; (b) at x¥’D=6.5, /D=0, z/D=0.51; (c) at D =13.0, y/D=0,

z/D=0.51; and (d) at D =30.0, y/D=0, zZD=0.51.

The maximum turbulent kinetic energy occurs near the end of the
recirculation zone. Additionally, turbulent kinetic energy at different
aspect ratios follows the relationship TKE ~ (x/D)~**°.

In the turbulent kinetic energy of the wake, the buoyancy flux
term is used to quantify the energy transfer between turbulent kinetic
energy and turbulent potential energy. The expression for the buoy-
ancy flux term is provided in Eq. (18). The expression for the turbulent
dissipation term in the turbulent kinetic energy of the wake is shown
in Eq. (19)

1 —
B= “E2 P, (18)

1 Vigs \ Ou} O
=—— (1+=2) 2525 19
¢ Re<+v>8x,-8x,- (19)

The mixing efficiency of the wake quantifies the energy utilization
efficiency during the fluid mixing process, and its traditional expres-
sion is provided in Eq. (20). The traditional expression for the mixing
efficiency of the wake is not suitable for stratified flow, as the buoyancy
flux term oscillates between negative and positive values, leading to
both positive and negative overall efficiency values.” Furthermore,
when the magnitude of the buoyancy flux term equals that of the tur-
bulent dissipation term, opposing signs can result in mutual cancel-
ation. This cancelation may produce anomalous values for the mixing
efficiency, such as negative values or unrealistically maxima, which do

not align with the actual physical meaning of mixing efficiency in
stratified flow. Stadler et al** introduced a scalar dissipation term,
expressed in Eq. (21). While turbulent kinetic energy is primarily dissi-
pated through the turbulent dissipation rate, turbulent potential energy
is predominantly dissipated through the scalar dissipation term. This
term essentially represents the degree to which density stratification is
disrupted. By incorporating the scalar dissipation term, the wake mix-
ing efficiency in density-stratified flows has been redefined, as shown
in Eq. (22)

J BdA
n= At (20
J BdA+‘ edA
A Ja
1 Vsgs\ Op' Op'
N — ) T 8 21
K Pr Re Fr? < - v)f)x,- Ox;’ (1)
J &, dA
_JA (22)

n = .
J gpdA—i-J edA
A A

Figure 17 compares the distributions of turbulent kinetic energy
(TKE) and turbulent potential energy (TPE) in the wake region at
the same aspect ratio and presents the corresponding wake mixing
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FIG. 16. Area integrated energy for different aspect ratios. (a) total energy; (b) turbulent kinetic energy; (c) mean kinetic energy; and (d) turbulent potential energy.

efficiency (7). The peak positions of TKE and TPE do not coincide. As
previously analyzed, the peak position of TKE is located within the
recirculation zone, where turbulence intensity is relatively high, and
the turbulent dissipation rate dominates. At this stage, the mixing effi-
ciency of the wake is relatively low. As the wake progresses down-
stream, turbulence intensity weakens, TPE gradually increases, and the
scalar dissipation term begins to dominate. This shift results in an
increase in wake mixing efficiency. Near the beginning of the acceler-
ated collapse stage, as discussed earlier, TPE reaches peak, and the cor-
responding wake mixing efficiency also reaches maximum value.
Beyond this position, the wake mixing efficiency curve stabilizes,
approaching a value of 1.

Figure 18 illustrates the variations in wake mixing efficiency
under different aspect ratios. The mixing efficiency reaches minimum
value within the recirculation zone and peaks near the beginning of
the accelerated collapse stage. Beyond this position, the mixing effi-
ciency stabilizes as the aspect ratio increases. Before the peak mixing
efficiency is reached, the efficiency gradually increases with the aspect
ratio. This trend reveals that as the aspect ratio increases, the contribu-
tion of the scalar dissipation term to the energy dissipation in the wake
becomes more significant.

E. Terms in the turbulent kinetic energy budget

The turbulent kinetic energy (K) equation describes the change of
energy in turbulence. The form is provided in Eq. (23), where A, P,
and T represent the advection term, production term, and transport

term, respectively. The expressions for these three terms are presented
in Eqs. (24)-(26). The formulas for the dissipation and buoyancy terms
are introduced earlier

%:A+P+8+T+B, (23)
OK
A=—u— 24
u]axj7 ( )
oG
1 0 —-—— 0
T:—Ea—%u;u]’uj’v—a—)qp’ug
L L O ) D
2Re 0x; v ) Ox; i (26)
1 0007
Re '0x; 0Ox;

Figure 19 illustrates the distribution of turbulent kinetic energy at
various positions in the wake region under different aspect ratios. As
the distance from the wake region increases, the values of turbulent
kinetic energy gradually decrease. For a sphere with L/D=1.0, at
x/D=2.0, the intensity of turbulence is relatively high, and the
distribution of turbulent kinetic energy is approximately circular, indi-
cating isotropy in all directions. As the distance increases, buoyancy
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FIG. 17. Mixing efficiency and relative changes in turbulent kinetic energy and turbulent potential energy for different aspect ratios. (a) L/D=1.0; (b) L/D=1.5; (c) L/D=2.0;

and (d) L/D=3.0.

suppresses the vertical motion of the wake, and the turbulent energy
distribution evolves into an elliptical shape, becoming compressed in
the vertical direction and extended horizontally. For higher aspect
ratios, such as L/D = 3.0, the distribution of turbulent kinetic energy at
x/D=2.0 already shows a distinct horizontal elongation. Comparing
turbulent kinetic energy at the same position across different aspect
ratios reveals that the anisotropy of turbulent kinetic energy becomes

FIG. 18. Mixing efficiency for different aspect ratios.

increasingly pronounced, with the horizontal distribution range
exceeding the vertical range.

Figures 20-23 present area integrated of various terms in the tur-
bulent kinetic energy (K) equation across two regions of the wake. The
entire wake is divided into two parts: the first region, 0.4 < x/D < 10,
and the second region, 10 < x/D < 35. Due to the varying magnitudes
of the terms, to better observe the changes in each term, Figures (c)
and (d) provide enlarged views of Figures (a) and (b), respectively.

In the range 0.4 < x/D < 10, the peak of the production occurs
near the end of the recirculation zone. Beyond this position, produc-
tion gradually decreases, approaching zero near the beginning of the
accelerated collapse stage. Correspondingly, buoyancy reaches a local
minimum at this position, coinciding with the location where turbu-
lent kinetic energy reaches maximum. This indicates that negative
buoyancy flux converts turbulent kinetic energy into turbulent poten-
tial energy.

In the range 10 < x/D < 35, production becomes negligible, as
magnitude is near zero. Dissipation monotonically decreases through-
out this region. In contrast, transport, advection, and buoyancy exhibit
periodic oscillations, with buoyancy displaying the most prominent
periodic variations, the periodic oscillation of the buoyancy term, alter-
nating between positive and negative values, further validates the ear-
lier discussion on the wake mixing efficiency formula. The positions of
the peak and valley values align closely with the patterns discussed pre-
viously, confirming that the wavelength of the periodic oscillations cor-
responds to half a buoyancy period (nFr).
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FIG. 19. Turbulent kinetic energy distribution at different aspect ratios and wake positions.

As the aspect ratio increases, all terms decrease in magnitude.
Within the range 0.4 <x/D < 10, the dissipation term remains
consistently negative across different aspect ratios, while the trans-
port term dominates. This behavior contrasts with the dominance
of production observed in Pal et al.** It is important to note that,
for method validation, the diameter of the prolate spheroid, the
vertical density distribution, and the computational domain size
used in the numerical simulations are based on the experimental
setups of Bonnie and Eiff'* and Lin et al.° The diameter of prolate
spheroid, on the order of centimeters, necessitated a relatively
small computational domain. The small size of the prolate spher-
oid results in a smaller wake region and a more compact turbulent
structure. Consequently, the turbulent energy generation process

occurs relatively quickly, leading to rapid diffusion and down-
stream transport of turbulent energy in the near-wake region. In
this region, transport dominates production. Additionally, at dif-
ferent aspect ratios, the transport exhibits local minimum, with
the location of local minimum shifting upstream as the aspect
ratio increases.

V. CONCLUSIONS

This study employs large eddy simulation and the Boussinesq
approximation to investigate the characteristics of wakes
generated by prolate spheroid with different aspect ratios in
a linear stratified flow, with an emphasis on the transition
from blunt to streamlined geometries. The research primarily
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FIG. 20. Terms in the turbulent kinetic energy budget (L/D = 1.0).

FIG. 21. Terms in the turbulent kinetic energy budget (L/D = 1.5).
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FIG. 22. Terms in the turbulent kinetic energy budget (L/D = 2.0).

focuses on the effects of different aspect ratios on defect veloc-
ity, wake length scales, root mean square (RMS) values of
velocity components, power spectra, wake energy, and turbu-
lent kinetic energy. These results contribute to the understand-
ing of wake dynamics in stratified flows and provide a
foundation for future studies on slender-body geometries. The
conclusions are as follows:

As the aspect ratio increases, the starting and ending positions of
the accelerated collapse stage progressively shift upstream, resulting in
a shorter mean lifespan of the wake. The defect velocity along the
wake centerline follows the relationships: u~ (x/D) % (L/D
=1.0), u~ (x/D)""° (L/D=15), u~ (/D) (L/D=2.0), and
u~ (x/D)"%** (L/D=3.0), for L/D=n, the defect velocity satisfies
1~ (/D) (0032712 + 0049581 -0.0955)

As the aspect ratio increases, the half-width, half-height,
the ratio of half-height to half-width, and the area of wake all
decrease. The position of the recirculation zone significantly influ-
ences the half-width of the wake but has a relatively smaller
impact on the half-height. After the starting position of the accel-
erated collapse stage, the half-width, half-height, the ratio of half-
height to half-width, and the influence area of the wake oscillate
periodically. These oscillations exhibit valleys at 1.5 buoyancy
periods (Nt =3m).

As the aspect ratio increases, root mean square (RMS) values
of velocity components decrease. The vertical velocity and density
are strongly influenced by buoyancy, undergoing periodic oscilla-
tions after the starting position of the accelerated collapse stage.

The oscillation wavelength corresponds to half a buoyancy period
(mFr). As the aspect ratio increases, the Reynolds stress gradually
decreases in magnitude and becomes concentrated near the cen-
terline of the wake.

As the aspect ratio increases, the energy of wake decrease, the
total energy, turbulent kinetic energy, and turbulent potential
energy oscillate periodically, with the oscillation positions corre-
sponding to half a buoyancy period (nFr). The turbulent kinetic
energy for different aspect ratios follows the relationship
TKE ~ (x/D)~ 1%, Additionally, as the aspect ratio increases, the
mixing efficiency gradually improves.

As the aspect ratio increases, the spatial anisotropy of the turbu-
lent energy distribution becomes more pronounced. In the turbulent
kinetic energy budget, transport dominates. Within the range
10 < x/D < 35, transport, advection, and buoyancy exhibit periodic
oscillations, with the oscillation wavelength corresponding to half a
buoyancy period (Fr).

It is important to note that the empirical formulas derived in
this study are based on simulations conducted for blunt-body
geometries (L/D <3.0), when L/D > 3.0, may indicate significant
deviations in wake behavior, suggesting a transition from blunt-
body to slender-body flow regimes. This transition likely results in
changes to flow separation, vortex shedding, and wake stability,
which warrants further investigation. Determining the critical
aspect ratio at which this transition occurs and analyzing the wake
dynamics in slender-body regimes will be an important direction
for future research.
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FIG. 23. Terms in the turbulent kinetic energy budget (L/D = 3.0).
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