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Chapter 5
Vorticity Dynamics




AN Y FAARY 5.11 Induced VEIOCity Field

For a fluid at rest, to make it in motion, there should be either
source/sink in the flow field (divergence of velocity is not 0, V.V ()
, or vortex in the flow field (vorticity is not 0, vxVv =0 ). Therefore,
source/sink and vortex are two factors to induce the motion of fluid.

In a mathematical sense: if there is divergence field or vorticity field
in the flow field, then the velocity field V of a fluid can be uniquely

determined, i.e.,

V-V=H(x,y,z,.t), divergence field |

VxV=Q(x,y,z,.t), vorticity field Determine the velocity
: field V uniquely

\% -n|Z = U, (x,y,z,t), boundary condition

on solid surfaces )




%mmxg 5.11 Induced Velocity Field

=
Verification of the uniqueness: Suppose there are two velocity

fields V|, and V,, both satisfying equations of divergence field, vorticity
field and boundary conditions.Verify thatV,=V,.

Verification: LetV =V, -V, , thenV satisfies:
V-V=0, VxV=0, (V-n)|;=0

Because the curl of Vis 0, i.e., for irrotational flow, there must be a
velocity potential §,i.e., V =V ¢

And since the divergence ofV is 0, then the velocity potential ¢
satisfies Laplace equation: 0
PSS V=0, (f (V-n)|;=0

Based on the theory of Laplace equation, solution for the equation
above is: = Const, thus: V=Vg¢=0

Which verifies thatV,=V,, the solution is unique.



YEAALE 5.11 Induced Velocity Field
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Problem: In an infinite region, if there is no solid boundary, and it
satisfies the divergence equation and curl equation. Determine the
velocity field, i.e., :

V-V =H(x,y,z,t)
VxV :Q(x,y,z,t)

} 5= |Determine velocity fieldV

Solution: According to the uniqueness of the solution, the velocity
field exists and is unique. Because both equations of divergence field
and vorticity field are linear, their solution, the velocity field can be
decomposed into two parts: V =V, +V , where:

l) V, satisfies: V-Ve:H(x,y,Z,t), VxV, =0

2) V, satisfies: V-V, =0, VxV =Q(x,y,z,t)




¢+# .11 Induced Velocity Field

In this way, the problem is changed to a linear superposition of two
problems:

V-V =H(x,y,z1) }

VxV=Q(x,y,z,1)

V-V, =H(x,y,z,t)}
=
VxV, =0

V-V, =0 }
_|_
VXVV =Q(x,y,z,t)

) First to solveV,

Ve ﬁmH(G&»%CJ):—MédWC




BN v EL A 5.11 Induced Velocity Field

Source and sink

The fluid flows radially outward through a line from the origin, IS
called a source flow, the origin is a source point; if the fluid flows
radially inward through a line toward the origin, IS called a sink
flow, the origin is a sink point. For both source and sink, there is
only radial velocity, since the flow is a purely radial flow.

*E‘y vy




YEAALE 5.11 Induced Velocity Field

From the continuity principle of the fluid: in polar (spherical)
coordinates, the volume flow rate m (also called as the strength
of the source/sink flow) per unit height of a fluid through any
cylindrical surface (spherical surface) is constant.

e

For2D: V. 2zr=tm = Vr=iri, V,=0
27Tr

For 3D: Vr'47Z'I"2=im = Vr:i mza VQZO, VZZO
drr

It can be verified that except for the source and sink, the above-
mentioned flow field is irrotational and the divergence is 0, then:

For 2D: ¢ = 2 in r, W = iy
2r 2

m

For 3D: —
°or ? drr




AN Y FAARY 5.11 IlldllCEd VEIOCity Field

G =
=

According to the derived stream function and velocity potential
function, equipotential lines are a series of concentric circles with

different radii, streamlines are a series of radial lines with different
polar angles.




5.11 Induced Velocity Field

2) Secondly, to solve V , which satisfies:
V-V, =0, VxV, =Q(x,y,2,t)

The divergence of curl is 0,and V.V =0, so there must be a

vector potential (function) B, satisfying:
V =VxB

Substituting it into the vorticity equation, and applying the following
tensor formula:

VV=V(V-V)-Vx(VxV)

Weget Vx(VxB)=V(V:-B)-V’B=Q

VIB=-0
3 s> V(V-B)-V’B=Q
' V-B=0 (V-B)




5.11 Induced Velocity Field

The first equation is a Poisson equation, its solution is:

(§n§ﬁ
IS Tt e iy o

Next to check if the solution satisfies the second equation:

— ([ )asanac - - [[ 22

To make V.B = then there must be: Q'anwfhﬁh requires

the boundary at infinity or in local region should be a vortex surface.

In this case, B is the original solution to a vorticity equation.
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Under this condition, the induced velocity distribution of a vorticity
field can be obtained:

V,—VxB- VX{MMJ

(§n§0
2 (Z_g)Z
|| I jdfdnd;——m VY teapag

dgdndd

ey JI[ 5775' dédndg

Therefore, if the vorticity field € is known, the induced velocity
distribution of the motion of surrounding spatial points by a vortex
can be determined. —



@y rezase  O.11 Induced Velocity Field

Thus, the total induced velocity by divergence field
(sourcel/sink) and vorticity field (vortex) is:

V=V +V,

mH@?Jr) dgdndg+_m 5775)

dgdndd

:im%[ﬂ(f,n,g,z)r+Q(§,n,g,t)xr]d§dnd§

where (x, y, z) is a spatial point, (¢, #, ¢) is a integral variable

=(x=&y-m.2=¢)" s r=lr|=\(x=&) +(y=n) +(z=¢)




5.11 Induced Velocity Field

Application 2: Determine the induced velocity distribution of a

vortex filament (length is L, vortex strength is I')

Solution: A vortex filament is the vorticity
concentrates on a vortex tube whose cross-section is
of extremely small dimension, so the vortex filament

can be approximated as a line. Take a small segment dI
from this thin tube, the cross-sectional area is S, the

volume is Sdl. Let the vorticity be ), then:
lim S|Q|=T, Qd&dndg=Qdr=|Q|Sd1=Tdl

AS—0
‘Q‘—)oo

Substitute into the vortex- induced velocity equation, thus:

r

Vg I dcanic= 4
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This equation is identical to the Biot-Savart equation in
electromagnetics, which can be used for liquid-electricity
analogy. In electromagnetics, the Biot-Savart equation is
used to determine the induced magnetic strength field
around a live wire; while in fluid mechanics, this equation
is used to determine the induced velocity field around a
vortex. Let the angle between r and dl be «, then Biot-
Savart equation turns to be:

_ I s1nadl

2
472Lr

A%

v

Direction of induced velocity is the
direction of the cross product of dl and r-
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Application 3: A section of straight
vortex filament AB is shown in the figure.
Its vortex strength is I, the direction is
the same as the positive direction of x
axis. The distance between a spatial point
M and the vortex filament is R.
Determine the induced velocity at point
M by the vortex filament.

Solution: Take a |-D vortex filament dl from AB, from the geometrical relationship:

sztg(a—gjz—Rcota, dl=dx=Rcse’ada, r :Rsec(a—gj =—Rcsea

Substitute it into the Biot-Savart equation of vortex-induced velocity:

%

:4F jSinadl L'fﬂazsinadaz r
T

= cosa, +cosa,
7 r? 41 R Yo 41 R ( )
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G B
=

. : s
For semi-infinite vortex filament: «, = o % = 0

Substitute into the equation: . T
47 R

For infinite vortex filament: o, =0, a, =0

Substitute into the equation: v r
- 27R

For an infinite vortex filament, in any plane perpendicular to the vortex
filament, the induced velocity are the same, therefore, it can be treated
as the 2D vortex induces a 2D flow, the velocity distribution is:

I

2wr
where r is the distance between a spatial point and the vortex.

V. =0, 1V, =
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VYortex:

5.11 Induced Velocity Field

If the radius of a straight vortex filament r,—0, then the flow in

the plane perpendicular to this vortex filament is called vortex or

free vortex flow, the center of the vortex flow is called the vortex

point. Except for the vortex point, the flow field is irrotational and

its divergence is 0, then:

or rod 2xr
%)
Vr:la_wz(), ng__‘”
r 06 or

p—
p—

I
= —0
/ 2
I
y =——-Inr
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The equipotential lines of a vortex

flow field are radial lines with different

polar angles, i.e., ¢=constant; The

streamlines are concentric circles with

different  radii, i.e., Y=constant.
Opposite to the source/sink. The

strength of a vortex I is the circulation

around the axis of the vortex.

When [ >0, the circulation is counterclockwise; when ['<<0, the
circulation is clockwise. From Stokes’ theorem, the strength I' of a

vortex depends on the vortex strength (vortex flux).




NS SEPT 5.11 Illdllced VEIOCity Field

Application 4: The original position of L r,
two vortices is shown in the figure. Their /‘\
vortex strengths are ', and I',. Analyze the /éwéz}

) ) r
motion of these two vortices. (
Myt m)

Solution: If regard the two vortices as a whole.

0
When I'|+ ', = 0, their vortex strengths are the same but with different

directions, the two vortices only have the translational motion as a whole,
there is no rotation or relative motion. Conversely, there will be rotation
and relative motion.

The motion of point M, is induced by the vortex at point M,, from the
vortex-induced Biot-Savart equation, then:

y :d&:_rzﬂl—ﬂz v :d771:F2 &) — 6,
M dt 2z prr M dt 2r  r? —




ORI 5.11 Induced Velocity Field

The motion of point M,, is induced by the vortex at point M, from the
vortex-induced Biot-Savart equation, then:

_dg, __Fl N, — 17,

u, = Y
Mo dt 27 e Mo dt 27T r

:d772 _ Fl 52_51
2

Where r = \/(51 ~&) +(n,—n,) is the distance between the two vortices.

If I'+I> = 0, obviously, u, =u, , v, =V,the two vortices have
the uniform translational motion, there is no relative motion.

If I +12 # 0, there are relative motion and rotational motion of the

two vortices.

The first equation times I'|, the second equation times [',, then sum
up the two equations and by integrating:

'S, +I',5, =const, I'np +I,n,=const



BN v EL A 5.11 Induced Velocity Field

G =
=

Because I'|+I', # 0, and I'|+I',= constant, then:
L'y, +1,m,

I'é +1
gc = lé:l 252 — COnSt, 77c — = const
' +1, ' +17,

If there are several vortices, and ZFZ- =0 | ZFI. = const , similarly, it
can be derived that:

_Zrié:i_ B Ures
é:c_ Zri > 11, = Zri

Where point (&, 7, ) is called the center of gravity of the vortex group, which

is similar to the equation of computing the centroid of several material
particle. It should be noted that, although there are relative motions between
vortices, the center of gravity of the vortex group does not change during

the motion. The rotational motion and relative motion of vortices are around
the center of gravity of the vortex group as the origin.
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Application 5: The original position of v}
two vortices is shown in the figure. Their

vortex strengths have the same magnitude

: : : : r I
but opposite directions. Determine the £ e

=\1g Ol Al/ K3
motion of these two vortices. L—a—-ll—— a———.

Solution: The motion of a vortex must be induced
by other vortex.

Because I',+17;=0, the two vortices have a translational motion as a whole.
The motion of point A, is induced by the vortex at point B, from the
vortex-induced Biot-Savart equation, then:

d d I I
MA — xA — O, VA — yA = — = —
dt dt 21 -2a 41ra
Integrating: x, =C,, y,=- 1 t+C,
Ta

At t=0, x,=a,y,=0,then:C, =a, C, =0
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The motion of point B, is induced by the vortex at point A, from the
vortex-induced Biot-Savart equation, then:

_dyy I I

dx
_ o ) VB —_
dt dt 21 -2a dra

Up

Integrating: x, = C;, Yz =— t+ C,

47 a
At t=0, xz= -a,yz=0,then:C; =-a, C, =0

Therefore, the motion equation s of points A and B are:
)
4ra
I
47 a

l

X, = 4a, Y, =

{

Xp = —4a, Yp = —




By Er 5.11 Induced Velocity Field

Application 6: The original position of g

two vortices is shown in the figure. Their

vortex strengths have the same magnitude n

- 2
7 x
A

r
and direction. Determine the motion of ]’;ll 5
a

1
. e’
these two vortices. 1
Solution: Because I',+I;7#0, the two vortices have relative motion
and rotational motion. The center of gravity of the vortex group
(fixed point) is:
Fo- I'a-Ta 0-0
o=

:0, :_:O
2T 7 2T

So the two vortices rotates around the origin 0.
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The motion of point A, is induced by the vortex at point B, from the
vortex-induced Biot-Savart equation, then:

d d I I
uA: xA:O, VA: yA: =

dt dt 2x-2a 4ra

Similarly, the motion of point B, is induced by the vortex at point A,
from the vortex-induced Biot-Savart equation, then:

Cdy, I I

dx
_ B __

dt di 27 -2a Ara

Both point A and B rotate around the origin 0 with the same angular
velocity w:

‘VA(B)‘ T

a dra

Q) =

2




Expressed in polar coordinates, the equation of
motion for point A and B are:

=a, 0,= t

¥4
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Potential Flow Theory
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N IEFS
| Rotational flows
Ideal fluid
— . Potential flows
mechanics
Wave motion
Fluid
mechanics
Simple flows
| Viscous ﬂ.u'd Boundary layer flows
mechanics

Laminar and turbulent flows




SERLAY 6.1 Governing Equations

We consider an incompressible inviscid potential flow. The flow is governed
by Euler’s equation (inviscid) and continuum equation (incompressible).

6—V+V-VV:—le+f, V-V=0
ot yo,

VZ
N v VL —V}F{:—leJrf, V-V=0
Ot 2 yo,

For irrotational flow, there exists a velocity potential, ¢ :

V =V ¢

Substituting it in continuum equation, Lapalce’s equation results

V.Vg=0 = V=0
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In addition, 1f the body force is a potential force, then Euler’s equation is
rewritten
2
0 \%
V(_¢j+v M - _V P —~VII
ot 2 yo,

Vel
8t 2 p

\% L2i1l=0

|V¢| + +H C
— (1)
8t 2 0

That is the general Bernoulli equation, usually used as a dynamic boundary
condition 1n potential flow solution, from which pressure distribution can be
determined when velocity potential is obtained.
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Furthermore, generally fluid is assumed not able to enter into or flow out
from the wall of a body, but has to move with it, 1.e. body surface is considered

as impermeable. This is a boundary condition governed on body surface,

V.n=U-n = V¢-n=U, >

—) | -,

Named kinematic boundary condition.




SERLAY 6.1 Governing Equations
Besides, at very far field, both velocity and pressure have to be given.

Also the whole flow field has to be given at an instant, generally when flow
starts and named as an 1nitial instant.

The far field condition at infinity
V ¢ — U o0 ? p — p 00

The general initial condition

Vél_,=U,(x), pl_o=pr,(x)




