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• Continuity equation (equation of mass 
conservation)

Incompressible flow:
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• Stream function: incompressible 2D flow
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Relationship between stream function Ψ and
volumetric flux Q:
The difference in the value of stream function from one streamline to 
another is equal to the volume flow rate per unit width between the 
two streamlines (i.e., ,Ψ is single-valued function).ACACQ  

2

1
2 1

    

   

dq udy vdx

dy dx d
y x

q d




  

  

 
 

  
 

   

Review



Shanghai Jiao Tong University

   

 
A A

2 1A A A

cos , cos ,
B B

n

B B B

q v dl u n y v n x dl

dy dxu v dl udy vdx dl d
dl dl

  

    

         

 

  

Review



Shanghai Jiao Tong University

Problem 1: Assume the velocity profile is as follows, 
determine Ψ.
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Solution: First, verify that if Ψ exists, i.e., 0  V
2 2 2 2

2 2 2 2 2 2[ ] 0
2 ( ) ( )

   
       

   
u v m y x x y
x y x y x y

V

Thus, Ψ exists, and:

2 2 2 2

2 2
2

1

2 2
( / )

2 2 1 ( )

2

m y m xvdx udy dx dy
x y x y

m xdy ydx m d y x
yx y
x

m ytg c
x


 

 




       
 


   

 

 

3.4 Stream Function
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Another solution:
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3.4 Stream Function
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Problem 2: Consider a given velocity potential of  a flow field:

. Solve its stream function.4xy 

The velocity can be determined from the velocity potential

4 , 4u y v x
x y
  

   
 

From the equation above, we get:                 , so there exists the 
stream function.
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By definition of stream function:
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Where C is a constant.
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3.4 Stream Function

Solution: 
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Solution: Because                                     , there is velocity potential.

And because                                  , there is stream function.

Problem 3:  The velocity distribution of a two dimensional flow is 
given as:                                     .  Determine velocity potential 
function and stream function.
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3.4 Stream Function
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Problem 4: The velocity potential of an irrotational flow of an
incompressible fluid is given as below, determine the stream function.

Solution: (1)
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Because                     , there is stream function Ψ.

3.4 Stream Function
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More convenient with polar coordinates. The relations between 
polar coordinates and Cartesian coordinates are:

Then:
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3.4 Stream Function
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The stream function in polar coordinates is:

2
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3.4 Stream Function
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(2) , 0
2r
mv v

r r r
 

 
 

   
 

Because , there is stream function Ψ. 
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3.4 Stream Function



Shanghai Jiao Tong University

First of all, to derive the equation

Let , the application of  the Reynolds transport theorem 
gives:

G  V
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 
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3.5  Momentum Equation
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 
  

  d mVdVF ma m
dt dt

Conservation of  momentum (Newton's 2nd law 

of  motion): time rate of  change of  the momentum of  

a body is equal to the net force acting on it

3.5  Momentum Equation
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
   =      +   

surfacerate of change body
of momentum           force              force

MV MS MV

d dV dA dV
dt

   V s g
 

Applying conservation of  
momentum to a control volume:

First term on the right side:
MS MS MV

dA dA dV     s σ n σ

Thus:  
MV MV MV

d ddV dV dV
dt dt

      
VV g σ

3.5  Momentum Equation
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     or     iji i
j i

j j

u uu g
t t x x


   

                     

V V V σ g 

Since MV(CV) is arbitrary, thus:

d
dt

   
V σ g

The equation above is the momentum equation

?

3.5  Momentum Equation
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  , 1, 2, 3
xx xy xz

yx yy yz ij

zx zy zz

i j
  
   
  

 
    
  

σ

Expression of the surface stresses: 2nd-order tensor 

The first subscript indicates the direction of the normal to the 
surface on which the stress is considered; the second subscript 
indicates the direction in which the stress acts.

3.5  Momentum Equation
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( )ij ji i j  

ij ij ijp    

1  for 
0  for ij

i j
i j




  

Consider the balance of the fluid 
element:

Thus, the surface stress
tensor is a symmetric tensor.

Because the normal stress is
pressure, then surface
stresses is rewritten as:

3.5  Momentum Equation
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To close the equation, it is necessary to build up the
relations between surface stresses and kinematics, i.e.,
relations between stress and strain-rate, which is called

Constitutive Equation.

There are seven unknown variables in the momentum equation: 
3 ui, 1 p,  and 3 τij.  However, the number of governing equations 
is only four: momentum equation (in three directions) and a 
continuity equation.


 
   

        

iji i
j i

j j

u uu g
t x x

0  
  

  
u v w
x y z

( ) 
 
     

       

ij iji i
j i

j j

pu uu g
t x x

3.5  Momentum Equation
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Relation between stress and strain-rate:

ij ij ijp    

Consider Newtonian fluids, from Newton’s law of viscosity, the 
shear stress is proportional to the velocity gradient. For a small 
fluid element, a general Newton’s law of viscosity can be derived:

l
ij ijlm

m

uC
x

 



Where Cijlm is a forth-order tensor coefficient, i.e., with           
coefficients. From tensor theory, forth-order tensor consists of 
second-order tensors, i.e., :

 ijlm ij lm il jm im jlC         

81 coefficients are reduced to two: λ and μ

43 81

3.5  Momentum Equation
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jl l i
ij ijlm ij

m l j i

uu u uC
x x x x

   
   

         

Substitute this coefficient into the shear stress equation:

 ijlm ij lm il jm im jlC         

Relation between surface stresses and strain-rate:

jl i
ij ij ij ij

l j i

uu up p
x x x

     
   

                

3.5  Momentum Equation
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For incompressible fluids: 0l

l

u
x


   


V

ji
i j

j i

uu
x x

 
 

     
We get:

ji
ij ij ij ij

j i

uup p
x x

    
 

          

Relation between surface stresses and strain-rate for 
incompressible fluids is:

3.5  Momentum Equation
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Momentum equation:

ji
i j i j

j i

uup
x x

  
 

       


 
   

       

i i
j i

j j

i ju uu g
t x x

Substitute into the momentum equation:

22

2

ji
i j

j ii i
j i

j j

ji
i

i j j j i

i
i

i j j

uup
x xu uu g

t x x

uup g
x x x x x

up g
x x x

 

 

 

 

  
                    

 
           

 
        

3.5  Momentum Equation
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where               is the kinematic viscosity 

Momentum equation for incompressible flows:

 
2

2

2

2

  , 1, 2, 3

1or       

       (I)       (II)          (III)    (IV )    (V )

  




   
           

  
    

   

i i i
j i

j i j

i i i
j i

j i j

u u upu g i j
t x x x

u u upu g
t x x x

2p
t

          
V V V g V  Or, in tensor form:

3.5  Momentum Equation

    
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2p
t

          
V V V V g  

Physical interpretation of  each item:

Local acceleration

Convective acceleration 
(inertia, nonlinear item)

Pressure gradient

Viscous diffusion due to molecular 
viscosity of the fluid

Gravity 
(body force)

3.5  Momentum Equation
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Momentum equation can be derived 
from the practical engineering problems.

(Pipe flows as shown in the figure)
According to the conservation of 
momentum: time rate of change of the 
momentum of a CV is equal to the net 
force acting on it:

1 1 2 2 3 3

3 3

cos
sin

x

y

F QV Q V QV
F QV




   


From conservation of mass:

1 2 3 1 1 2 2 3 3Q Q Q SV S V S V      

Q:  flux
V:  velocity
S:  cross‐sectional area
F:  forces acting on CV



3.5  Momentum Equation

Exp.
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3.6 Governing Equations of Fluid Motion

Continuity equation and momentum equation form the 
basic governing equations of fluid flow.

For incompressible Newtonian fluids, the basic governing equation is:

21 p
t





     


V V V g V  

0 VContinuity equation:

Momentum equation:

This system of equations has four unknowns: three ui and 
one p. The number of the governing equations is four, so 
the system of equations is closed.

This is so-called Navier-Stokes equations, NS equations 
for short.
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In vector form:
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If the gravity is the body force, then 



Shanghai Jiao Tong University

where is the kinematic viscosity.
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Or denoted by Einstein notation:
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(I) local acceleration; 

(II) convective acceleration (inertia, convection, nonlinear

term of  the equation);

(III) pressure gradient; 

(IV) volume force or gravity; 

(V)  viscous diffusion of  momentum due to molecular 

viscosity of  the fluid.  

The physical explanation of each item in NS 
momentum equation:

3.6 Governing Equations of Fluid Motion
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Cartesian/Rectangular Coordinates (x, y, z) 

Cylindrical Coordinates (r,θ, z)

3.6 Governing Equations of Fluid Motion
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NS equations in Cylindrical Coordinates (r,θ, z):
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NS equations specifies the motion of real fluids. To simplify the

problem, we consider the ideal fluids first. Namely, the fluids

have no viscosity and their viscosity coefficients are 0, μ = ν = 0.

Then, NS equations can be simplified as:

1 ,p
t 


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
V V V f  0 V

This governing equation is called Euler equation for ideal fluids.
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Because:

Then, Euler equation can 
be rewritten as:

This form of  Euler equation is called Lamb equation.

3.6 Governing Equations of Fluid Motion
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