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SIMPLIFIED CALCULATION OF GREEN  

FUNCTION AND ITS APPLICATION IN  

SHIP WAVE MAKING RESISTANCE  

 

ABSTRACT 

 

Ship wave making resistance is a very important characteristic of ship performance. When we 

select a flow calculation method, we need to consider both accuracy and practicality of it. Practical 

methods that are simple to use and highly efficient are well suited for quickly evaluating the large 

number of alternative designs that typically need to be considered for concept and preliminary 

design, and especially for hydrodynamic optimization. The mathematical formulation of ship wave 

making problem is introduced here. A modified single integral representation of the Green 

function associated with the theory of ship wave making resistance is derived from the 

well-known classical basic double integral representation of the Green function. The modified 

single integral representation of the Green function is considerably better for purposes of 

numerical calculations. Noblesse has developed a modified theory named Neumann-Michell 

theory based on Neumann-Kelvin theory. A well-known fundamental diffi culty of the 

Neumann-Kelvin theory is that the Neumann-Kelvin boundary integral flow representation 

involves a troublesome line integral around the ship waterline. The waterline integral in the 

Neumann-Kelvin flow representation can be eliminated by a consistent linear flow model and a 

series of mathematical transformations in two steps. Because of the complexity of the exact 

integral Green function, it will be useful if we can get a simple analytical approximation that is 

valid within the entire region. Another feature of the simplified Green function is that the 

singularity associated with the Green function is removed in a mathematical regularization method. 

Finally the simplified Green function only consists of algebraic, exponential and trigonometric 

elementary functions. The absolute error and the relative error of the simplified local flow 

component in the Green function are considered here, and both the exact and simplified local flow 

component in the Hogner potential for the Wigley ship at three Froude numbers are computed and 

compared. We can see that this method is particularly simple and well suited for practical 

applications. 

 

Key words: Green function, simplified Green function, wave making resistance, 

Neumann-Michell theory 
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҅   

 

    1. 1 ᵲ ӎ 

̂ ȁ ȁ ȁ ȁ ȁ ̃Ҭ

ӊѿȂ ԍ ̆ ѿ ҉ ᶏ Ȃ ´

̆ ҍ ᵬ ℗ ῏[1]Ȃ ѿ ⱬ

ң ̆ ױ ῏ ⌠ ᴨⱷȂ ᵞ ⱬ Ȃ

̆ ⱬ ӈ Ȃ 

̆ ᵣ ⌠ ⱬ̆ ⱬ ᵣ №ҹ

ⱬ ⱬȂ ԍ ⱬ̆ №ҹ ᵣ Ҭ ֟ ⱬ Ҭ

ⱬ ⱴṿ ⱬң №̆ ⱬ ᵣ ⱬ ᵣ ⱬȂῒҬ ᵣ ⱬ

ⱬ Һ №̆ ⱬ № ῐ ⱬȁ ⱬ ⱬȂ ᾢ̆

ᵣ ῐ ̆֟ ԅ ᵣ № ̆ ᶏ

ⱴ̆ ᶏ ⁞ ̆ԍ ֟ ᵣ ꜚ Ȃ ױ ῐ

ᵣ № ֟ ⱬҹῐ ⱬȂ׆ ̆ ᵣῐ

ѿ ̆ ᵣᶫ Ȃ ᵣ Ҍ ֟ ̆ ԅѿ ׆̆

ῐ ⱬȂῒ ̆ ԍ ᵬ ᵣ ᶏ̆ ᵣ ⌠

℗ ⱬ ᵬ ῒ̆ ꜚ ҉ ⱬ ҹ ⱬȂ ̆ ᵣ ᴪ֟

̆ ⱬ ᵞ̆ ᵣ ⱬ№ ᵣ╠ ⱬ№ Ҍ ֟

ⱬȂ ԍ ⱬ Ӟ ̆ ҹ ⱬ[1]Ȃ 

 

1.1 Ҭ ⱬ№  

ԍᵞ ̆ῐ ⱬ ̆ ⱬ 70%-80%̆ ⱬ 10%̕

ᵖ ԍ ῐ̆ ⱬ 40%-50%̆ ⱬ 50%̆ ⱬֽ ᵣ ⱬ 5%[2]Ȃ

ⱬ ᵣ ̆ ⱴ̆ӊ ᵣ

ⱬ ̆ ̆ ↕ ⁞ץ ⱬ

ⱬ ᵞȂ ѿ ῤ̆ῐ ⱬ ̆ ֟

Ҭ ḱ ᵞῐ ⱬ[3]Ȃ ȁ ῐ ⱬ

ȁ ᴨ Ḡ ῃ ӈ ᴇṿȂ 

ל ῐ ̆ Ẋ Ҍ ̆ ל ᵣȂ Ҭ ᾢ
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ᴆ̆ Laplace ṿ Ȃ ҩ ᴆ̆

ᴆȁ ᴆȁ ᴆȁ ᴆץ ῀ ᴆ Ȃ

Laplace ṿ ̆ ץ ⌠ ₱ל Ȃ ῤ̆ ԅ

ᴆȁ ᴆ ᴆ Green₱ ̆↕ ץ ₱ל ̆

ῐ ⱬȂ 

ῐ Ȃ ̆ ᾟ№

ӊ╠ Ȃѿ֓ ̆ᵖ Ҍ ̆ ױ ԍ ∆

̆ Ҭ ⱬ ̆ ῒ ԍ ᴨ ̕ᵖ ȁ

̆ Ḃҹ Ȃ ̆ ᵌ

ԍ∆ ᴨ ᴇṿȂᵖ ̆ ԍ ῒ̆

Ӟ ѿҩ Ȃ ױ ῒẠ₮ № ̆ ῒ ԍ Ȃ 

ԍ ̆ Һ ῐ ⱬ ԅ ׃̆ ԅ ῐ

Neumann-Michell ̆ ₮ ῐ № Green₱ №

ῒ ̆ ԍ Noblesse ₮ ѿ ῐ [4]̆ Ώ

Green₱ Ҭ ꜚ № ̆ ԅ Green₱ ꜚ

̆ ꜚ ’ ’ № ̆

ԅ Green₱ Ȃ ≠ HognerלҬ №

ꜚ ꜚ ѿ Ҍ ị Ҋ ̆

ꜚ Ȃ 

    1. 2 Ῐ  

ῐ ⱬ ̆ ׂ ᵩ Ȃ ԍῐ

҉ ῐ̆ ץ ⱬ ᶏ̆ ᾢ ҹӊ

Ҍṩ Ȃ׆ ῐ ץ ₮  Ȃל

1898 ̆ ≠֒ Michell J H[5] ѿҩ ₮ ῐ ⱬῈ ̆ ₮

ᴆҊ ̆ל ῐ ⱬ ѿ Ȃᵖ Michell

ᵣ ѿ ị ῤ ̆ ᵞ ⱬ ̆

Ȃᵖ Michell ῏ Ȃ 

1928 ̆Havelock T H[6] ₮ԅ Havelock Green₱ ̆ ҹ Kelvin ̆

ῐ Ȃץ Michell-Havelock ҹף ῐ ̆ῒ

ңҩ Ȃ ѿ̆ ᵣ ̆ Ҭ╩ ҉ ᴆȂ ԋ̆ ῐ

҉̆ ῐ ̆ Ẋ ̆ ᴆҬҌ ῒ

ԋ ҉ץ ̆ ҹ ᴆ[7]Ȃ 

ԍ ’ӊ ̆ ῤֲױ ҹMichell Ҍ

ԍ Ȃ1962 ̆қ֤ Inui T[8] ≠ ᶏץ ῐ

׆̆ ⁞ ῐ ⱬȂ Inui ᶭ ̆ ҩ

ױֲ ԅ ᶏ̆≠ ῐ ᴨ ҹ Ḇ̆

ԅ ᴨ Ȃ 

ױֲ̆ Michell ᵬ̆

ҹ Ȃ1954 ̆Peters A S Stoker J J[9] Michell ҉ ץ

ҹ ѿ ̆ ҹ ԅ ᵣ ꜚ Ȃ1963 W̆ehausen 

J V [10] ѿ ῐ ᴪ҉ ԅѿҩ Ȃז ԅ ̆Ӟ

ᵣ ᵣꜚⱬᵬ ẁҍҊ ̆ Ҥ ᵖ Ȃ1966 Ĕggers K W H 

[11]≠ ꜚ ₮ԅѿҩԋ ̆ ᴆ ᵈ⌠ ҉̆ᵖ ₮
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Ȃ M̆aruo H[12]Ӟ ₮ԅѿҩԋ Ȃ1976 ̆ ԋ ῐ

ᴪ҉ Kitazawa T Takagi M[13] ҈ ᵬ₮ԅ ̆ ԋ ҉Wehausen

Eggers ̆Maruo ױ ₮ѿҩ № Ȃױז ᵣ

╠ԋ Ȃ 

ѿ ̆Guilloton R ₮ԅѿ ץז̆ Michell ҹ ̆ ₮ѿ

̆ ѿ ↓ ֓ Ȃ1964 ̆Guilloton[14] ᶏ

ᴆ ᴆ ⌠ԋ Ȃ1967 ̆Emerson A [15] Guilloton ̆

ҍ ’ ̆ᵖ Ȃ1973 ̆Gadd G E[16]≠ ԅ

Guilloton ̆ ₮ѿ ̆ ԅ ᵣ ̆ ԅѿ

ⱳ̆ᵖ Ҍ Ȃ1975 ̆Noblesse F[17] Dagon G[18]№≢ ̆

Guilloton-Gadd ѿ Ҍ ̆ └ ѿ ̆p ᴆ ԋ Ȃ1976

῍ңֲױז̆ ₮ԅѿҩ ԋ [19]Ȃ 

1972 ̆Brard R[20] ₮ Ҥ ᴆ̆ᶏῒ ᵣ ҉ ⌠

̆ᵖׅ ᴆ ̆ ӊҹ Neumann-Kelvin Ȃ ԍ ̆

ᵣ ̆ Havelock ̆ ₮ ̆ל ҍ Hess-Smith

ᵌȂ ѿ Ҍ ̆ ғ ԍ ῒ Ҍѿ ̆Ҍ Ḡ

Ȃᵖ Brard Ȃ1977 ̆Guevel P [21] ≠

Neumann-Kelvin └ ̆ ₮ԅ Ȃ1987 D̆octors L J Beck R F[22]

Ῥ ԅ Neumann-Kelvin Ȃ 

Ӟ ҩ ₮ף Ȃ1977 ̆Dawson C W[23] ԅ

ᴆ̆ ѿ Ҥ ԅ ᴆ̆ז Rankine № ҉̆

ᴆ № ᴆ῍ ‗ № ȂDawson Ҭ ῀ԅ ᵣ

Ẋ̆ ԍ ꜚ ȂῒҬ ᵬ ᵣ

̆ Ҋ̆ Ҋץ ᵣ [7]ȂDawson ҉ ѿ

ṿ ̆Raven H C[24] [25] ҹ̆Dawson ȁ⅞№

̆ ⱬ ׅ ‗ ị̆ ᵞ ῐ ⱬ ҹ ṿȂ

̆ ѿ Ȃ1981 ̆Xia F Larsson L[26] ԅ ԍ ל ⱬᵣ

Hess-smith ᾝ ̆ ԅ ̆ ԅ Dawson Ȃ1991 ̆Scragg C

Talcott J[27] ₮ԅѿ ᵣ № Havelock ̆ ᵌԍ Dawson

Ȃ1994 R̆aven[28] ₮ѿ ץ ῃ ῐ ⱬ Ȃ2003

M̆iao Q[29] ≠ ԍ Dawson ṿ ̆ ԅ Ҭ Ҭ

ᶷ ⱬ ⱬ Ȃ2007 ̆Tarafder S Suzuki K[30] ₮ѿ Rankine

ᾝ ̆ ԅץ ҹל ̆ ԅ ṿ

Ȃ 

׆ Ҭ ₮ԅ Ȃ1960 ̆Ursell F[31] ԅ

Ҭ ᴰ Ȃ1977 ̆Inui Kajitani H[32] Ursell ԍ ̆

ꜚᵬҹ҉ ꜚ̆ ҍ ԅ ₱ ̆ ₮ῐ ⱬȂ1980 ̆

Yim B[33]Ӟᵬԅ ᵌ ̆ Ҍ ᵣȂ ̆Tulin M P[34] ₮̆U-I-K

Ҍ ̆ ҹ ᵞ ̆ ị Ȃῒ 1974 ̆

Keller J B[35]Ḃ ₃ᵥᾣ ԍ ̆p Ȃ1979 K̆eller[36]

Ҥ ̆ ҍῒ ᵬ ̆ᵖׅ ‗ Ȃ 

1983 ̆Noblesse[37] ₮ԅ Noblesse ̆ ԅ Neumann-Kelvin

Ҥ ᴆ Ȃ ל ₱ № Ҭ № №̆ ԍ

№ ̆Brard [20] ᾢ ⌠ῒ Ȃ1980 ̆Eggers[38] ᵬԅ ̆
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№ ᶏ Ȃҍ Neumann-Kelvin ̆Noblesse

ᴨ ȂNoblesse Ҍ Ẽ ̆ ל

҉ №̕ ԅ ᴆ ̆ Ẋ ᴆҬ ̆

ף ῒ ̕ ל Ҍ ̆Noblesse Ҍ

Hess-Smith ̆ ף ̆ Ȃ

ᵣ M̆ichell[5] ⱬῈ ȁHogner[39] ⱬῈ Ҭ ⱬῈ

’̆ Guevel P [40] ȁBaba E[41]ȁMaruo[42] Kayo Y [43]№≢ ₮ ᵞ ῐ

ⱬῈ ѿ ᵞ ῐ ⱬῈ ѿ Ȃ1983 C̆hen C Y Noblesse[44]

≠ ԅѿ֓ ̆ ᵬԅ∆ Ȃ1985 N̆oblesse[45] ≠

⌠ ԅ ̆ ₮ῐ Ҭҍל Green₱ ꜚ ῏

№ ῐ ⱬ ̆ ῒ ֟ ԅ ᵝẒ ̆ ҹ Ȃ1999 ̆

Ԑ [46] ԍ ⱬῈ ᾝ ₮ └̆ ԅ₃

ҩ ῐ ⱬ̆ ⌠ ҹ Ḃ Ȃ2002 ̆ [47]

ѿ ῐ ⱬῈ ̆ ≠ ԅ SWATH ῐ ⱬȂ 

ῐ Green₱ Ӟ ῐ Ҭ Ȃ ԍ ῐ ᴆ̆

ҹ Ȃ Ҭ Ҍ Ҍ
[48]Ȃ ╠ ̆Ҍ ῐ Green₱ Ҍ ᴆ̆ ԍ

ῐ Green₱ ѿ̆ ᴆȁ ᴆ ╠

ᴆȂ Ҋ₃ץ ̔Michell № Green₱ ῒ ᴇ

ԍ[3]Ȃ ԍMichell № Ҍ≠ԍ ṿ ̆Noblesse ԍ╠ֲ

ԅ ҈ № Ḃԍץ̆ ṿ ȂPeters № ԍ

[49-51]ȂMichell № ԍ[49]ȂHavelock №

ԍ[49]̆ Ҭ Ȃ1977 ̆Hearn G E[52] ԅ Hearn № ₃

ᴇ ȂNewman ₱ ԍ[53-55]̆ ҹ Ȃ ԍ ῐ Green₱ ̆

ῒ ≢ֽ ҹ ṿ̆ ԍ[56]Ȃ ԍ ῐ Green₱ ̆

ῒ ᴆ ᴆ̆ ԍ[56]Ȃ Green₱ ҹ

ῐ Green₱ Ȃ 

ῐ Green₱ ΐ ̆ Ȃ ∆ ̆

Ҭ ⱬ ̆ ԍ ᴨ ̆ ҹ€ Ȃ

ױֲ Green № ̆ ѿ ῤ̆ Green₱ ̆

Green₱ ԍ Ȃ1987 ̆Newman J N[53] ῐ Green

₱ № ℗ ̆ ⌠ ᵌ ȂGreen₱

ꜚ ᵌ ԍ[51,53,57,58]̆ Ҍ Green₱ ꜚ

ṿ ԍ[59-61]Ȃ2011 ̆Noblesse[4] ₮ԅѿ ῐ

̆ ꜚ ᵌ ҩ ῤ Ȃ ҉

↕ ̆ ԅ Green₱ ԍ≠ץ̆ ṿ Ȃ ῐ

ֽ ף ȁ ҈ ₱ ∆ ₱ ̆ №

№̆ ғḂԍ Ȃᵖ ̆ Ҭ ₮ ꜚ № ̆Ӟ ῒ ԍ

ᵬ₮ Ȃ 

2013 N̆oblesse[62] Neumann-Kelvin ҉ ₮ԅNeumann-Michell Ȃ

Neumann-Kelvin Ҭ ל ᵣ № ᵣ № ̆ῒ

Ҭ № ԍ ȂNeumann-Michell Ṣꜛԍ ̆ ԅ

№ ̆ ῃ ҹ ᵣ ҉ №̆ ̆ ԍ

ⱬȁ ҍ ẁȂ ̆Huang F̆ Yang C Noblesse[63] ₮ԅ Neumann-Michell
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ṿ ̆ Neumann-Michell ῐ ⱬ ITTC ⱬῈ

₮ ⱬ ⱴ ⌠ ⱬ̆ ṿ ̆ῒ ῤ̆ץ10% ԍ ∆

ᴨ Ȃ 

    1. 3 Ῐ Ⱶ ẅ  

Ҭ̆ ױ ̆ ̆ ṿ

ҹ Ȃ ױֲ ṿ Ȃ 

№ Ẓ № ∆ṿ ṿ ѿ ṿ Ȃ

ῤ̆ ҩ ҉ ₱ ṿ̆ ᵌף Ẓ № ̆ ҉₱ ṿ

ף Ẓ № Ҭ ̆ Ҭ ҉ ᵌṿ ף ̆ №

Ẓ № ̆ ṿ ף ̆ ⌠ ҉₱ ṿ̆

ҹ № [64]Ȃ № ԍ Ȃ 

ᵣ № ᾢ Ҭ № ᾝ └ᵣ № Ῥ̆ №

׆̆ ₮ ѿ [64]Ȃ ᵣ ҹ

Ҭ └ᵣȂ׆ № ̆ ᵣ ԍⱴ ᵩ Ҭ ׆̕

ᵌ ̆ ᵣ ԍ ᵌ Ȃ 

ᾝ Ẓ № ∆ ṿ ѿ ṿ ȂẊ № ̆

ץ ץ ╩№̆ ᾝӊ ץ ₱̆ ṿ ӈ ҉Ȃ

ᾝῤ ̆ ṿ₱ ̆ ᾝӊ ṿ₱ ᴆȂ

̆ № ̆ ӈ ҉ ₱ ṿ ̆Ḃ ⌠ ᵌ [64]Ȃ ᾝ

ѿ ṿ Ȃ 

ᾝ └ № Ῥ̆

ף⌠ Ȃ ԍ ҉ ̆ ᶏ ̆ ⁞

ף Ȃ ԍ № ⱴ ᵩ ⌠̆ ԍ ᵌ₱

№ ⌠ ᶃ Ȃ ᾧԅ ₱ Ȃ 

̆ ᾝ № ҉ Ṣ̆ ԅ ᾝ

ṿ Ȃ׆ ̆ ңҩ῏ Ȃ ѿ̆ ̆

҉ ̆ῒҬ ῏ GreenῈ Ȃ

ᶏ ̆ ԍ ̆ ᾝ ₮ ף Ҭ

⁞ ̆ ⁞ Ữ ȁ ‰ ᵬȂ ᾝ ף Ҭ

҉ ̆ Ῥ ’ ῤṿ̆⁞ ԅ Ȃ

ԋҩ῏ Ȃ ԍ ҍ̆ ᾝ

Ҍ Ȃ ԍ ᾝ ̆ ԍ ̆ ױ ᵞ

ⱬ ҉Ȃ ҹ ῤ Ὲ ̆ ԅ ̆ ⌠

ῤṿ ѿ֓ ̆ ȁ [65]Ȃ 

҉ ң ᵣ ₮ ᾝ ȁ ȁ ᴨ ̆ Ӟ ᾝ

ⱬӊ Ȃ ԍ ל ῐ ̆ ᾝ Ȃ 

    1. 4 ᵲ  ב

Һ ԍNoblesse ₮ ѿ ῐ Neumann- 

Michell ̆ ԅ ῐ № Green₱ ̆ ԅGreen

₱ ̆ └ ԅ Green₱ Ҭ ꜚ №

̆ ԍWigley Green₱ Green₱ Hogner῀ף Ҭל ̆

Green₱ ҹ̆ Green₱ ῐ ⱬҬ ᶫ



 

                             

Green⃰ Ὶ Ῐ Ⱶ Ҳ  

 6  ῍ 75  

Ȃ ΐᵣ ᵬ Ҋ̔ 

1ȁ ԅ ῐ ⱬ ̆ ԅ ῤ ῐ

̆ל ԅ ῐ Green₱ Ҍ ̆ ῏ ᵬ₮

Ȃ 

2ȁ׃ ԅ ῐ Noblesse ₮ Neumann-Michell ̆ ₮

ῐ № Green₱ № ῒ Ȃ 

3ȁ ԅNoblesse ₮ ῐ ̆ └ ̆

Green₱ Ҭ ꜚ № ̆ ԅ Green₱ ꜚ

̆ ꜚ ’ ’ № ̆ ԅGreen₱

Ȃ 

4ȁ ԍWigley ̆ № ꜚ ꜚ ῀ף≢№

HognerלҬ ԋ ị F=0.15̆ 0.3 0.5 ̆Ῥ ꜚ

Green₱ Green₱ Hogner῀ף≢№ Ҭל ׅ̆ ị ҹF=0.15̆

0.3 0.5̆ №≢ ⌠ ῐ ⱬ ȁ ẁ̆

̆ ꜚ ̆ ᵬ₮ № ҹ̆

∆ ᴨ ᶫ Ȃ 
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ԑ  Ῐ  

 

    2. 1  

ҹ LS Ҭ ץ̆ VSᵬ ꜚ ῐ

Ȃ O-XYZ 2.1 ȂῒҬ̆ O Ҭ ̆X

Y̆ Z̆ ҉̆ Z=0ҍ ꜚ

Ȃ ѿ ’Ҋ O0-X0Y0Z0̆ T ₱ ȂҌ

T=0 ┴ O-XYZ O0-X0Y0Z0 Ȃ ԍ ᵬ ꜚ̆

ץ ҹ ᵣ ԍ Ȃ ꜚ ̆ ԍ ҹ ̆

ԍ ҹ-VS ꜚ ⱴȂ׆ ңҩ Ҋ῏  

 0 0 0, ,SX X V T Y Y Z Z= + = =   ̂2.1̃  

 

2.1  

῏ Ȃᵖ ̆ ԍ ̆

ҩ ꜚᵬ ̆ ῒ ѿ ᴪ 109Ȃ ԅᶏ ֟ № ̆

ᵣ Ȃ ԍ ̆

Ȃ ץ ῐ ץ ҹ ԍל ̆ ԍ Green

₱ ל ‗ȂWilson W[66] №≢ ל ᵣ ԅ ṿ ̆ ҉

Ҭԋ ҹ Ȃ 

ⱬ ̆p ԍ ҩ ̆ ῒ ᵣ ⱬ№ ̆

ⱬ Ӎῒ ̆ ԅ Ҭᶏ Ȃ ⱬ№ ‗ ԅ
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ῐ ⱬ̆ ׆ ץ ⱬȂ 

ῐ ⱬ Ȃ

̆ Һ ᴪ ң ̔ ԍ ғΐ ᴨ ̆ ᴪ₮

̕ ԍ ᴪ̆₮ Ȃ ѿ

ᵬ̆ ̆ CFD Ạ⌠̕pץ ̆ ԍ RANS CFD

╠ Ҍ [67,68]Ȃל׆ ̆

ҹֲץ №ҹ ῤ ңҩ ̆ ̆ ῤ

ᴆ̕ ῤ ̆ Һ ᵬ [69]Ȃ

Ҍֽᴪ ̆ ᴪ ҉

ȂԊ ҉ ץ ῃ ̆ᶛ ῐ ⱬȂ ̆ ױ ῃ

ᴆ̆ ᶏ̆ῒ ԍ

∆ ̆ Ҭ ₮ ⱬ ̆ ῒ ԍ

ᴨ Ȃ 

    2. 2 Ẑ  

҉ ̆ ᵬ Ẋ Ҋ̔ 

1ȁ Ҭᵬ ꜚ̆ ᵣ ԍ ̕ 

2ȁẊ ᵣ Ҍ ȁ ᵣ̕ 

3ȁẊ ᵣ ꜚ ̆ ל ̕ 

4ȁẊ ῐ ҹ ̆ ҹ ҍ ҹ ̆ ᴆ

̕ 

5ȁ ⱬ ̕ 

6ȁ ̆ ᵣ Ҍ Ȃ 

    2. 3 ┼  

ᵣҹ ᵣ ↕̆ῒ ל Ȃ ԍ ꜚ̆

ῒ ̆ҹūô(X,Y,Z)ל ᵬ VSX-ל ū(X,Y,Z)לꜚ ̆  

 ( , , ) ( , , )SX Y Z V X X Y Z¡F =- +F  ̂2.2̃ 

₮ Ḃל ץ № Ȃ ԍ ̆ ױ  

 

( , , )

( , , )

( , , )

X S X S

Y Y

Z Z

U V V U X Y Z

V V X Y Z

W W X Y Z

¡ ¡=F =- +F =- +

¡ ¡=F =F =

¡ ¡=F =F =

 ̂2.3̃ 

̆Uô,Vô,Wô U,V,W ף≢№ X,Y,Z № ꜚ № Ȃ ԍ

Ҍ ᵣ̆ ̆  

0X Y ZU V W¡ ¡ ¡+ + = 

 

 0X Y ZU V W+ + = ̂2.4̃ 

̂2.3̃ 2.4̃̂῀ף ̆ └ ̆ Laplace Ҋ 

 0XX YY ZZDF=F +F +F = ̂2.5̃ 
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ҹ Laplace ̆ ₮ ῏ ᴆȂ 

    2. 4 ᴌ 

ң ׃ № ̆ ₮ ᴆ ̆Laplace ѿ

Ȃ ԍ ῐ ̆ ᴆ׃ ҊȂ 

    2. 4.1 ᴆ 

ᵣ ԍ ᵣҬ̆ Ҍᴪ₮ ̆ӞҌ ᵣ ᵣ ’Ȃ ԍ

̆ X (X,Y,Z) ᵣ ҹ Uô=(Uô,Vô,Wô)̆ ꜚ ҹ U=(U,V,W)̆

ᵣ ɆH҉ѿ ᵝ n=(nx,ny,nz)̆ ῤ Ȃ↕  

0S xV n¡Ö = Ö - =U n U n  

 

 H

S xV n
µF

ÐFÖ = = Ö = ÍS
µ

n U n X
n

̆  ̂2.6̃ 

    2. 4. 2 ᴆ 

ҹ H ↕̆ לꜚ Ҍ ᴆȂ ҉ᴋѿ ᵝ

ҹ nB=(0,0,1)Ȃ ᵌԍ ᴆ̆  

 0Z Z HF = =-̆  ̂2.7̃ 

Ҭ ῐ Ȃ ɆBҹ ԍ ̆

ԍ HŸ+Ð Ȃ ̂2.7̃ ̆ ᴆ 

 0 B

ZF ­ ÍSX̆  ̂2.8̃ 

    2. 4. 3 ᴆ 

̂1̃ ꜚ ᴆ 

ױ Ҭ ꜚ ᴆȂ ᵝ ҹ

ɕ(X,Y)̆↕ ҹ 

 ( , , ) ( , )F X Y Z z X Yz= -  ̂2.9̃ 

҉ ῏ԍ T ῃ ̆Ῥ ̂2.3̃ ̆῀ף  

( )X Y Z Z S X X Y Y

DF
U F V F W F V

DT
z z¡ ¡ ¡= + + =F - - +F -F 

 

 S X Z X X Y YVz z z=-F +F +F ̂2.10̃  

ԋ ūXɕX ūYɕY̆ ꜚ ᴆ 

 S X ZVz =-F ̂2.11̃  

̂2̃ ꜚⱬ ᴆ 

╠ ̆ ԍ Pă ᵝ ҹ ̆ ᵣ ҹ(VS,0,0)̆

╠ Bernoulli [70]̆ ꜚ  

2 2 2 21 1
( )

2 2

a
X Y Z S

PP
g Vz

r r
¡ ¡ ¡+ F +F +F + = + 
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ԍ ⱬ Ҍ ̆ ӊҊ ԍ Ῥ̆≠ ̂2.3̃

̆  

 2 2 21
( )

2
S X X Y Zg Vz= F - F +F +F ̂2.12̃  

Ҭ ᵣ ꜚ ҹ ̆ ױ ᵬҹԋ ̆↕҉ ҹ 

 
S Xg Vz= F ̂2.13̃  

ҹ ꜚⱬ ᴆȂ 

̂2.11̃ ̂2.13̃ ̆ ₱ ɕ̆  

2
0XX Z

S

g
Z

V
zF + F = =̆  

Ẋ ̆ ԍɕҹ ̆ Z=ɕ҉ ᴆ

ᵌҹ Z=0҉ Ȃ ɆFҹ ᵣ Z=0̆҉ ҹ 

 
2

0 F

XX Z

S

g

V
F + F = ÍSX̆  ̂2.14̃  

ῐ ̆ ̆ᶏ ֟ Ҍ [71]Ȃ

ԅ҉ ᴆ̆ ױ ₮ ᴆ̆ ╠ Ȃҹԅ ╠

̆ ץ ῀∆ṿ Rayleigh ⱬ ף ᴆ̆ғң

ᴇ [49]Ȃ ⱬ ᵬ ԍ ᵣ ѿ Ẋ ⱬ̆ῒ ҍ Ȃ

׆ ӈ҉ ̆ ῀ ⱬ ԅ ╠ ̆ ⱬ ̆ ԍ ׆̕ ӈ

҉ ̆ ῀ ⱬ ҹԅ № Ҭ ₱ ᵝ № ̆ ⌠ ╠

̆Ῥפ ⱬ ԍ ̆ᶏ Ȃ [71] ԅ ῐ

ṿ ῀ ⱬ ᴆ ᴆȂҹ Ḃ Ҋ̆

₮ ῀ ⱬ ᴆȂ 

ɛôҹ ⱬ ↕̆ ⱬ ₱ל ҹɛôūȂῬ ╠ Bernoulli

̆↕  

2 2 2 21 1
( )

2 2

a
X Y Z S S

PP
g V V Xz m m

r r
¡ ¡ ¡ ¡ ¡ ¡+ F +F +F + + F = + - 

̂2.2̃ ҉῀ף ̆  

 2 2 21
( )

2
S X X Y Zg Vz m¡= F - F- F +F +F ̂2.15̃  

ԋ ̆  

 S Xg Vz m¡= F - F ̂2.16̃  

̂2.11̃ ₱ ɕ̆ Z=ɕ҉ ᴆ

ᵌҹ Z=0҉ ̆  

 
2

0 F

XX Z X

S

g

V
mF + F - F = ÍSX̆  ̂2.17̃  

Ҭɛ=ɛô/ VSȂ ҹ ⱬ ᴆȂ ɛŸ0 ̆̂ 2.17̃

ҹ̂2.14̃ Ȃ 
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    2. 4. 4 ᴆ 

ᴆ Ҍ ̆ ⌠ ╠ Ȃҹ ᴆ̆ Ҍ

῀ ⱬ ̆ ל ҉ ⱴѿ └ ⱴ ̆ל

ᶏ ל Laplace ̂2.5 ȁ̃ ᴆ̂ 2.8̃ ᴆ̂ 2.14̃

̆ ᴆ̂2.18̃ Ȃ  

2 2

1H X Y= +  

↕ ᴆ Ώҹ 

 
12

1

1
( ) 0X H
H

F=O > ­¤̆ ̆  ̂2.18̃  

̆ ᴆ ̆Ҍ≠ԍ Ȃ ҈ Green₱ ̆ ױ

῀ ⱬ ᴆ ף ᴆȂᵖ ԍ Neumann ̆

Ҍⱴᴋᵥ └̆ Ҍ Ḡ ѿ Ȃ ɆÐҹ ԍ ̆ ҩ

Ȃ ҉̆ ῐ לꜚ ԍ ̆  

 0 ¤F­ ÍSX ̆  ̂2.19̃  

    ѿҩ ᴆ̆ ֽ לꜚ ԍ ׆̆ Ḃԅ № ҍ

Ȃ 

    2. 5  

ᶏ ᵣ № Ȃ ᵣ ԇҌ

̆ ӞҌ Ȃ ԍ ῐ ̆ LS VS
2/ğ

№≢ ҊȂ 

    2. 5. 1 ҹ LS 

LSȁ VS ɟҹ ̆ᵬ Ҋ  

 

2

( , , ) / ( , , ) /

( , , ) / ( , , ) /

S S

S S

S

S S S S

x y z L X Y Z L

u v w V U V W V

V P
t T p

V L L V
f

r

= = =

= = =

F
= = =

x X

u U

̆ ̆ 

 ̂2.20̃  

̂2.20̃ 2.5̃̂῀ף ̆ └  

 0xx yy zzf f f fD = + + = ̂2.21̃  

̂2.20̃ 2.6̃̂῀ף ̆ ᴆ 

 H

xnfÐ Ö = ÍSn x̆  ̂2.22̃  

̂2.20̃ 2.8̃̂῀ף ̆ ᴆ 

 0 B

zf­ ÍSx̆  ̂2.23̃  

̂2.20̃ 2.14̃̂῀ף ̆ ᴆ 

 2 0 F

xx zF f f+ = ÍSx ̆  ̂2.24̃  

ῒҬ /S SF V gL= ҹị Ȃ 



 

                             

Green⃰ Ὶ Ῐ Ⱶ Ҳ  

 12  ῍ 75  

̂2.20̃ 2.18̃̂῀ף ̆ ᴆ 

 
12

1

1
( ) 0x h
h

f=O > ­¤̆ ̆  ̂2.25̃  

ῒҬ 1 1 / Sh H L= Ȃ ̂2.20̃ 2.19̃̂῀ף ̆ ᴆ 

 0f ¤­ ÍSx̆  ̂2.26̃  

̂2.20̃ 2.17̃̂῀ף ̆↕ ⌠ 

2

02 0 F

xx z xF f f e f+ - = ÍSx ̆  

ῒҬ 0 / 2SLe m= ҹѿ ̆ 1e Ȃ ҉ ⱴѿҩ 2 2

0 / Fe f ̆

ⱬ ᴆ 

 2[ ( ) ] 0 FF
z x F

e
f

µ µ
+ - = ÍS

µ µ
x̆  ̂2.27̃  

    2. 5. 2 ҹ VS
2/g 

VS
2/gȁ VS ɟҹ ̆ᵬ Ҋ  

 

2 2

3 2

( , , ) / ( , , ) /

( , , ) / ( , , ) /

S S

S S

S S S

x y z g V X Y Z g V

u v w V U V W V

g g P
t T p

V V V
f

r

= = =

= = =

F
= = =

x X

u U

̆ ̆ 

 ̂2.28̃  

̂2.28̃ 2.5̃̂῀ף ̆ └  

 0xx yy zzf f f fD = + + = ̂2.29̃  

̂2.28̃ 2.6̃̂῀ף ̆ ᴆ 

 H

xnfÐ Ö = ÍSn x̆  ̂2.30̃  

̂2.28̃ 2.8̃̂῀ף ̆ ᴆ 

 0 B

zf­ ÍSx̆  ̂2.31̃  

̂2.28̃ 2.14̃̂῀ף ̆ ᴆ 

 0 F

xx zf f+ = ÍSx̆  ̂2.32̃  

̂2.28̃ 2.18̃̂῀ף ̆ ᴆ 

 
12

1

1
( ) 0x h
h

f=O > ­¤̆ ̆  ̂2.33̃  

ῒҬ 2

1 1 / Sh H g V= Ȃ ̂2.28̃ 2.19̃̂῀ף ̆ ᴆ 

 0f ¤­ ÍSx̆  ̂2.34̃  

̂2.28̃ 2.17̃̂῀ף ̆↕ ⌠ 

2 0 F

xx z xf f ef+ - = ÍSx ̆  
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ῒҬׅ 2 / 2SV ge m= ҹѿ ̆ 1e Ȃ ҉ ⱴѿҩ 2e f̆

ⱬ ᴆ 

 2[ ( ) ] 0 F

z x
e f

µ µ
+ - = ÍS

µ µ
x̆  ̂2.35̃  

    ̆ VS
2/gҹ ̆ ᴆ ҹ ̆ Green

₱ Һ VS
2/g ҹ ̕ LSҹ Ҭ ᶏ ̆

׃ Neumann-Michell Һ LSҹ Ȃ 

    2. 6  

LSҹ ̆ ̂2.21̃ -̂2.25̃ ̆ ῐ

ṿ  

 
2

12

1

0

0

0

1
( ) 0

xx yy zz

H

x

B

z

F

xx z

n

F

x h
h

f f f f

f

f

f f

f

D = + + =ë
î

Ð Ö = ÍS
î
î ­ ÍS
ì

+ = ÍSî
î
=O > ­¤î

í

n x

x

x

̆ 

̆ 

̆ 

̆ ̆

 ̂2.36̃  

VS
2/gҹ ̆ ̂2.29̃ -̂2.33̃ ̆ ῐ

ṿ  

 

12

1

0

0

0

1
( ) 0

xx yy zz

H

x

B

z

F

xx z

n

x h
h

f f f f

f

f

f f

f

D = + + =ë
î

Ð Ö = ÍS
î
î ­ ÍS
ì

+ = ÍSî
î
=O > ­¤î

í

n x

x

x

̆ 

̆ 

̆ 

̆ ̆

 ̂2.37̃  

Ɇ Ҋץ  

 
H F B¤S=S ÇS ÇS ÇS ̂2.38̃  

ṿ ̂2.36̃ ̂2.37̃ Ḃ ⌠ ꜚ ῐ ̆ל ‗ ╠

Green₱ ̆ ץ ₃ Һ ῤ Ȃ 

    2. 7  

₮ԅ ȁ ⱬ ’Ҋ̆ Ҍ

ל Ҭᵬ ꜚ ̆ ₮ԅ └ ᴆ̆ ᴆȁ

ᴆȁ ᴆ ᴆ ῐ ᴆ̆

ԅ ᴆҬ ῀ Rayleigh ⱬ ᵬ ̆ ԅ

ᴆ ץ̆ Ҍ≠ԍף ᴆȂ №≢ LS VS
2/gҹ ̆

̆ ⌠ ῐ ҹ̆ץ

Ҋ Ȃ ҈ ԍ ῤ ̆ ῐ № Green₱ ̆

№ ῒ Ȃ 
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Ҏ  Ῐ Green⃰  

 

    3. 1 Green⃰  

ԍ ꜚ ῐ ̆ל Green₱ Ȃ Ҭ̆

ᴆȁ ᴆ ᴆ Green₱ ↕̆ ₱לꜚ

̆ ῐ ⱬȂ ԍ № Green₱ ԍ№ ̆Noblesse[49]

ԅ ҈ № ῐ Green₱ Ḃԍץ̆ ṿ Ȃ 

ԋ ̆ ᴆҌ≠ԍ ̆ ῀ ⱬ ᴆ ף

ᴆ̆ ѿҩץ ᴆ̆ᶏ ᵞȂ ױ 2.5.2 ׃

ץ VS
2/gҹ Ȃ x=(x,y,z)ҹ ̆ὀ=(Ø,Ù,Ú)ҹ Ȃ ῐ

└ ̂2.29̃ ȁ ᴆ̂ 2.31̃ ȁ ῀ ⱬ ᴆ̂ 2.35̃

ᴆ̂2.34̃ ̆ Green₱ G(ὀ;x,Ů) Ҋ  

 ( ; , ) ( ) ( ) ( ) 0G x x y y z z ze d d dD = - - - <x x  ̆  ̂3.1ã  

 2[ ( ) ] 0 0G z
z x

e
µ µ
+ - = =

µ µ
̆  ̂3.1b̃  

 0G­ - ­¤x x̆  ̂3.1c̃  

 0
G

z
z

µ
­ ­-¤

µ
̆  ̂3.1d̃  

ῒҬ̆ŭ(x)Dirac₱ ̆zҤ ԍ Ȃ↕ ῐ Green₱ ҹ 

 
0

( ; ) lim ( ; , )G G
e

e
+­

=x x x x  ̂3.2̃  

    3. 2 ⅎ Green⃰  

ӈ r r1 

 2 2 2 2 2 2

1( ) ( ) ( ) , ( ) ( ) ( )r x x y y z z r x x y y z z= - + - + - = - + - + +  ̂3.3̃  

ῒҬ rף ὀ=(Ø,Ù,Ú) x=(x,y,z)ӊ r̆1ף ὀ=(Ø,Ù,Ú) ῏ԍ

Ἕ x1=(x,y,-z)ӊ Ȃ a,b,c,d№≢ҹ 

 
2 2 2

1, , ( ),a x x b y y c z z d a b c r= - = - =- + = + + =    ̂3.4̃  

̂3.1ã ѿҩ 4 Ǵ=-1/rȂ ̂3.1ã Ώ Ҋ  

 4 ( ; , ) 1/ ( ; , )G r Hp e e=- +x x x x  ̂3.5̃  

ῒҬ₱ H Ҋ z<0 ₱ Ȃ ̂3.5̃ 3.1ã̂῀ף -̂3.1c̃ ̆  

 0 0H zD = < ̆  ̂3.6ã  

 2 2 1
[ ( ) ] [ ( ) ] 0H z

z x z x r
e e

µ µ µ µ
+ - = + - =

µ µ µ µ
̆  ̂3.6b̃  

 0H r­ ­¤ ̆  ̂3.6c̃  

҉ ₱ H ҉ Ø Ù ị ‗Ȃ ₱ H(ὀ;x,Ů)
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ị ҹ H** (Ŭ,ɓ,Ú;x,Ů)̆↕ 

 ( )1
( , , ; , ) ( ; , )

2

i x yH z dy dxe Ha ba b e e
p

¤ ¤
** +

-¤ -¤
= ñ ñx x x  ̂3.7̃  

Ҋ ₱ 1/r ị Ȃ ӈ 1/r ị ̆ ԍ 1/r

Ҋץ  

1
4 ( ) ( ) ( )x x y y z z

r
pd d dD =- - - - 

҉ ң ị ̆  

 

2
2 ( )

2

( )

(1/ ) 1
( ) 2 ( ) ( ) ( )

2 ( )

i x y

i x y

d r
dy dxe x x y y z z

dz r

e z z

a b

a b

r d d d

d

**
¤ ¤

** +

-¤ -¤

+

- =- - - -

=- -

ñ ñ

                

 ̂3.8̃  

ῒҬ 2 2r a b= + Ȃ  

2
2

2

(1/ ) 1
( ) 0

d r
z z z z

dz r
r

**
**- = < >̆  

҉ ҹ 

1 2

3 4

1
( )

1
( )

z z

z z

Ae A e z z
r

A e A e z z
r

r r

r r

** -

** -

= + <

= + >

̆ 

̆ 

 

ῒҬ A1,A2,A3,A4ҹᴋ Ȃ ⌠₱ 1/r (1/r)** ҹÚ-z Ẽ₱ ̆ Ú-zŸ±Ð̆

1/rŸ0ғ(1/r)**Ÿ0Ȃ  

 
1

( )
z z

Ae
r

r- -**=  ̂3.9̃  

ῒҬ!ҹ Ȃ₱ (1/r)** Ú=z ̆ᵖ (1/r)** Ú Ú=z Ҍ

̆  

( )

( )

(1/ )
z z

z z

Ae z zd r

dz Ae z z

r

r

r

r

-**

- -

ë <
=ì
- >í

̆ 

̆ 
 

҉  

 
0(1/ )

0

A z zd r

dz A z z

r

r

** ë = -
=ì
- = +í

̆ 

̆ 
 ̂3.10̃  

̂3.8̃ң Ú [z-0,z+0]҉ №̆  

0
0

2 ( )

0
0

(1/ ) 1
( ) 2

z
z

i x y

z
z

d r
dz e

dz r

a br

+
**

+
** +

-
-

- =-ñ  

̂3.10̃ ҉῀ף ̆ !ҹ 

( )i x ye
A

a b

r

+

=  

3.9̃̂῀ף! ̆ ⌠₱ 1/r ị (1/r)**ҹ 
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( )1 1

( )
i x y z z

e
r

a b r

r

+ - -**=  ̂3.11̃  

̆ ̂3.6ã -̂3.6c̃ ң ҉ Ø Ù ị ̆

₱ H** (Ŭ,ɓ,Ú;x,Ů) Ҋ҈ץ  

 
2

2

2
0 0

d H
H z

dz
r

**
**- = <̆  ̂3.12ã  

 
2

2 ( )( )
( ) [1 ] 0z i x ydH i

i H e z
dz

r a ba e
a e

r

**
** + +-

- - =- + =̆  ̂3.12b̃  

 0H z**­ ­-¤ ̆  ̂3.12c̃  

̂3.12ã ҹ H**=C 1Å + C2Å Ȃ ̂3.12c̃ C2=0̆ C1 ̂3.12b̃

Ȃ H**=C 1Å 3.12b̃̂῀ף ̆  

( ) ( )

1 2

1 2

( )

z i x y z i x yC e e
i

r a b r a b

r r a e

+ + + += -
- -

 

 

 
( ) ( ) ( ) ( )

2

1 2

( )

z z i x y z z i x yH e e
i

r a b r a b

r r a e

** + + + + + += -
- -

 ̂3.13̃  

₱ H(ὀ;x,Ů) ₱ H**ᵬị ⌠ 

( )1
( ; , ) ( , , ; , )

2

i x yH d d e H za be b a a b e
p

¤ ¤
- + **

-¤ -¤
= ñ ñx x x  

̂3.13̃ ҉῀ף ̆ ⌠̂3.11̃ ̂3.3̃ ̆ ױ  

( ) [ ( ) ( )]

2

( ) [ ( ) ( )]

2

1

1 1 2
( ; , ) [ ]

2 ( )

1 1

( )

z z i x x y y

z z i x x y y

H d d e
i

e
d d

r i

r a b

r a b

e b a
p r r a e

b a
p r a e

¤ ¤
+ + - + -

-¤ -¤

+ - - + -
¤ ¤

-¤ -¤

= -
- -

= -
- -

ñ ñ

ñ ñ

x x

        

 

Ῥ ҉ 3.5̃̂῀ף ̆ ױ ⌠ 

 

2 2 ( ) [ ( ) ( )]

2 2 2
1

1 1 1
4 ( ; , )

( )

z z i x x y y
e

G d d
r r i

a b a b

p e b a
p a b a e

+ + - - + -
¤ ¤

-¤ -¤
=- + -

+ - -
ñ ñx x  ̂3.14̃  

ῖ № ῐ Green₱ Ȃp ԍ №

Green₱ ԍ ̆ Ҋױ ῒ ҹ № ῐ Green₱ №Ḃԍץ̆

ṿ Ȃ 

    3. 3 ⅎ Green⃰  

№ Green₱ ̂3.14̃ Ώҹ Ҋ  

 ( )

1

1

1 1 1
4 ( ; , , )i y yG e I x x z z d

r r

bp b e b
p

¤
- -

-¤
=- + - - +ñ  ̂3.15̃  

ῒҬ I1ҹ 
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2 2 ( ) ( )

1
2 2 2

( ; , , )
( )

z z i x x
e

I x x z z d
i

a b a

b e a
a b a e

+ + - -
¤

-¤
- + =

+ - -
ñ  ̂3.16̃  

ҹԅ ѿ I1ᶏӊḂԍ ṿ ̆ ᶏ ѿ֓ ₱ Ȃ № I1 ץ

ᵬ ҉῏ԍ Ŭ №Ȃ ₱ Ҭ ₱ ɻ ɼ̆ ҈ҩ Ŭ=Ð̆

Ŭ=i|ɓ|̆ Ŭ=-i|ɓ|Ȃ ᵬ׆ Ŭ=i|ɓ| ҉ ⌠ Ŭ=Ð ׆ Ŭ=-i|ɓ| Ҋ ⌠ Ŭ=Ð

◓ ̆ 3.1 ׆̆ C ◓ ҉ ץ ⌠ ṿ ῃ № Ȃ 

 

3.1 Ŭ=Ŭr+iŬi҉ ὀ-x<0 ̂҉̃ ὀ-x>0 ̂Ҋ̃ №  

I1 ₱ ңҩѿ ̆ ױ ɻ ɼ=(Ŭ-iŮ)2 Ȃ

Ŭ1,2=±s+0ĭ ŮŸ0̆ Ů ԍ ̆ ҉׆ ԍ±s̆ ῒҬ s Ҋ ₮ 

21 1 4

2
s

b+ +
=  

ᵝ ԍ 3.1Ȃ № № ‗̆ № ҹ

̆ ◓ Ȃ ᶏ № ̆ ᴆ 

 2 2Re[ ( ) ( )] 0z z i x xa b a a+ + - - ¢ ­¤̆  ̂3.17̃  

ῒҬ Reף Ȃ ԍ₱ f(Ŭ)= ɻ ɼ ῒ̆ ⌠

№ 3.2 Ȃ ₱ f(Ŭ)= ɻ ɼ ԍ Ȃ ҹÚ+z<0̆

Re[ ɻ ɼ(Ú+z)]<0Ȃ ̆ ᴆ̂3.17̃ ̆ Ø-x>0 № Ҋ

̆ Ø-x<0 № ҉ ̆ 3.1 Ȃ  
2 2 ( ) ( )

2 2 2
lim 0

( )

z z i x x
e

i

a b a

a

a

a b a e

+ + - -

­¤
=

+ - -
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3.2 ₱ f(Ŭ)= №  

ᾢ Ø-x>0 ’Ȃ ◓ Ŭr=0̆ -Ð<Ŭi<-|ɓ| ң ̆ Ŭ=±0+iŬĭ↕ ױ  

2 2 2 2

iia b a b+ = -  

1.1Ҭ 1 ̆  

2 2 2 2( ) ( ) ( ) ( )

1
2 2 2 2 2 2

0
i i i ix x i z z x x i z z

i i

i i i i

e e
I id id

i i

a a b a a b
b

b
a a

a a b a a b

- - - + - + - +
- -¤

-¤ -
+ + =

- - + -
ñ ñ  

҉ ңҩ № ⌠ ̆  

2 2 2 2( ) ( ) ( ) ( )

1
2 2 2 2 2 2

i i i ix x i z z x x i z z

i i

i i i i

e e
I id id

i i

a a b a a b
b

b
a a

a a b a a b

- + - + - - - +
- -¤

-¤ -
= +

+ - - -
ñ ñ  

Ῥ ҉ ѿҩ № ԋҩ № №≢ᵬ ף  

2 2 2 2

i im a b m a b= - =- - 

 

 

2 2( ) ( )

1
2 2 2 2( )

x x i z z
e

I i d
i

m b m

m m
m b m m b

- - + + +
+¤

-¤
=

+ + +
ñ  ̂3.18̃  

Ῥ Ø-x<0 ’Ȃ ◓ Ŭr=0̆ |ɓ|<Ŭi<+Ð ң ̆ Ŭ=±0+iŬĭ↕ 

2 2 2 2

iia b a b+ =° - 

1.1Ҭ 1 ̆  

2 2 2 2( ) ( ) ( ) ( )

1 1 2
2 2 2 2 2 2

2 [Res( ) Res( )]
i i i ix x i z z x x i z z

i i

i i i i

e e
I id id i

i i

a a b a a b
b

b
a a p a a

a a b a a b

- + - + - - - +
+¤

+¤
+ + = +

+ - - -
ñ ñ  

҉ ңҩ № ⌠ ̆  

2 2 2 2( ) ( ) ( ) ( )

1 1 2
2 2 2 2 2 2

2 [Res( ) Res( )]
i i i ix x i z z x x i z z

i i

i i i i

e e
I id id i

i i

a a b a a b
b

b
a a p a a

a a b a a b

- - - + - + - +
+¤

+¤
= + + +

- - + -
ñ ñ  

Ῥ ̂3.16̃ I1Ҭ ₱ ңҩѿ ̆ΐᵣ ԍ[72]̆ ױ  

 

2 2 2 2

1

2 2 2 2

2

( ) ( ) ( ) ( )

1 1
2 2 2

( ) ( ) ( ) ( )

2 2
2 2 2

Res( ) lim ( )
2 1/

Res( ) lim ( )
2 1/

z z i x x s z z is x x

z z i x x s z z is x x

e e

s s

e e

s s

a b a b

a a

a b a b

a a

a a a
a b a

a a a
a b a

+ + - - + + - -

­

+ + - - + + + -

­

= - =-
-+ -

= - =
-+ -

 ̂3.19̃  

ᵌԍØ-x>0 ’̆Ῥ ѿҩ № ԋҩ № №≢ᵬ ף  
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2 2 2 2

i im a b m a b=- - = - 

Ῥ ̂3.19̃ ѿ ↕̆῀ף  

 

2 2 2 2( ) ( ) ( )

1
2 2 2 2

4 sin[ ( )]

2 1/( )

x x i z z s z z
e e s x x

I i d
s si

m b m bp
m m

m b m m b

- + + + + +
+¤

-¤

-
= -

-+ + +
ñ  ̂3.20̃  

̂3.18̃ ̂3.20̃ ̆ ̆+ŮŸ0פ  

 
2 2 2 2( ) ( )

1
2 2 2 2

4 sin[ ( )]
( )

2 1/( )

x x i z z s z z
e e s x x

I i d H x x
s si

m b m bp
m m

m b m m b

- - + + + + +
+¤

-¤

-
= - -

-+ + +
ñ  ̂3.21̃  

ῒҬ H(x) ᵝ ₱ Ȃ ̂3.21̃ ף ̂3.15̃ ̆ ױ ץ ῐ Green₱

Ώҹ Ҋ  

 1 14 ( ; ) 1/ ( ) ( )G r N Wp =- + - + -x x x x x x  ̂3.22̃  

ῒҬ₱ N(ὀ-x1) W(ὀ-x1)№≢ Ҋ ₮ 

2 2

2 2

( )

( )

1
2 2 2 2

1

( ) ( )

1

1
( )

( )

( ) ( )4 sin[ ( )]
2 1/

x x i z z

i y y

s z z i y y

i e
N e d d

r i

e
W H x x s x x d

s s

m b m
b

b b

b m m
p m b m m b

b

- - + + +
¤ ¤

- -

-¤ -¤

+ + - -
¤

-¤

- = -
+ + +

- = - -
-

ñ ñ

ñ

x x

x x

 

ᵬ ף ɓ=tЍρ Ô̆ ҉῀ף Ҭ W(ὀ-x1)̆↕  

2 2( )( 1) ( ) 1 2

1( ) ( )4 sin[( ) 1]z z t i y y t tW H x x e x x t dt
¤

+ + - - +

-¤
- = - - +ñx x  

⌠ ₱ Ẽ № ̆↕ 

 
2 2( )( 1) [( ) ( ) ] 1

1( ) ( )4 Im z z t i x x y y t tW H x x e dt
¤

+ + + - + - +

-¤
- = -ñx x  ̂3.23̃  

№ NȂ ₱ N(ὀ-x1) Ώҹ Ҋ  

2 2 [ ( ) ( )]

1
2 2 2 2

1

1
( )

( )

x x i y y z z
i e

N d d
r i

m b b m

m b m
p m b m m b

- - + + - + +
¤ ¤

-¤ -¤
- = -

+ + +
ñ ñx x  

ᵬ ɓ=ɟcosɗ̆ ɛ=ɟsinɗ̆ (ɓ, ɛ) ҹ (ɟ, ɗ)̆  

 
1 1

1

1
( ) ( ; )sin

i
N I d

r

p

p
q q q

p -
- = - -ñx x x x  ̂3.24̃  

ῒҬῤ № I(ɗ;ὀ-x1) Ҋ ₮ 

{ [( )cos ( )sin ]}

1
0

( ; )
sin

x x i y y z z
e

I d
i

q q r

q r
r q

- - - - + +
¤

- =
+ñx x  

ᵬ ף Ű=ɟ+isinɗ̆ ₮ 

{ [( )cos ( )sin ]}

1
sin

( ; )
x x i y y z z

i

d
I e e

q q tz

q

t
q

t

¤ - - - - + +
- =ñx x  

ῒҬɕ ӈҹ 

[( )cos ( )sin ]siny y z z i x xz q q q= - + + + -  
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Ῥᵬ ף { [( )cos ( )sin ]}x x i y y z zl q q t= - - - + + ̆ ױ ⌠ 

 
1 1( ; ) ( )

d
I e e e Ez l z

z

l
q z

l

¤
-- = =ñx x  ̂3.25̃  

ῒҬ E1(ɕ) №₱ ̆ɕ=0 ɕ=Ð ₱ E1 ңҩ Ȃ ҹῒ ◓

׆̆ C ҉ ץ ⌠ ṿ ῃ № Ȃ №₱ ΐ

ᵣῤ ԍ 1.2Ȃ 

ῤ № I(ɗ;ὀ-x1) ̂3.25̃ 3.24̃̂῀ף ̆  

1 1

1

0

1 1
0

1

1 1
0 0

1

1
( ) ( )sin

1
[ ( )sin ( )sin ]

1
[ ( )sin ( )sin ]

i
N e E d

r

i
e E d e E d

r

i
e E d e E d

r

p
z

p

p
z z

p

p p
z z

z q q
p

z q q z q q
p

z q q z y y
p

-

-

- = -

= - +

= - -

ñ

ñ ñ

ñ ñ

x x

        

        

 

ῒҬɣ=ɗ+ˊ̆ ʁӶף ₱ ɕ ῍ ₱ Ȃ ⌠ 

1 1( ) ( )e E e Ez zz z=  

ԋҩ № № ɣΏҹ ɗ̆  

1 1 1
0

1

1
0

1

1
( ) [ ( ) ( )]sin

1 2
Im ( )sin

i
N e E e E d

r

e E d
r

p
z z

p
z

z z q q
p

z q q
p

- = - -

= +

ñ

ñ

x x

        

 

ᵬ ף t=cosɗ̆ ҉ ҹ 

 1
1

1 1 1
1

1

1 2
( ) Im ( )N e E dt

r

z z
p -

- = +ñx x  ̂3.26̃  

ῒҬ
2 2

1 [( ) 1 ( ) ] 1z z t y y t i x x tz= + - + - + - -Ȃ 

̂3.22̃ ȁ̂ 3.23̃ ȁ̂ 3.26̃ ҈ ̆ ⌠ Peters № Green₱  

 
2 2

1

1 1

( )( 1) [( ) ( ) ] 1

1

1

1 1 1
1

1

4 ( ; ) 1/ ( ) ( )

( ) ( )4 Im

1 2
( ) Im ( )

z z t i x x y y t t

G r N W

W H x x e dt

N e E dt
r

z

p

z
p

¤
+ + + - + - +

-¤

-

=- + - + -

- = -

- = +

ñ

ñ

x x x x x x

x x

x x

 ̂3.27̃  

ῒҬ
2 2

1 [( ) 1 ( ) ] 1z z t y y t i x x tz= + - + - + - -Ȃ 

Ҋ ̂3.27̃ ₮ Green₱ ѿ ץ̆ ⌠ ≠ԍ ṿ [51]Green₱

Ȃ ԍ₱ log(ɕ)̆ ԍ 

 
0 0

2 2
Imlog( )sin arg( )sin arg( )d d
p p

z q q z q q z p
p p

= <ñ ñ ̆  ̂3.28̃  

ᵬ |Ø-x|=r1sinɔ̆ Ù-y=r1cosɔcosɚ̆ -(Ú+z)=r1cosɔsinɚ̆ ῒҬ 0ÒɔÒˊ/2 0̆ÒɚÒˊȂ↕

ɕ=[(Ù-y)cosɗ+(Ú+z)sinɗ+i|Ø-x|]sinɗ=r1sinɗ[cosɔcos(ɚ+ɗ)+isinɔ]̆ arg(ɕ)=arccot[cotɔcos(ɚ+ɗ)] 

= /́2-arctan[cotɔcos(ɚ+ɗ)]̆  
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0 0

2 2
arg( )sin 2 arctan[cot cos( )]sind d
p p

z q q g l q q q
p p

= - +ñ ñ  

ᵬ ף a=ɚ+ɗ̆ ҉῀ף  

0

0

2 2
arg( )sin 2 arctan[cot cos ]sin( )

2
2 arctan[cot cos ](sin cos cos sin )

d a a da

a a a da

p l p

l

p

z q q g l
p p

g l l
p

+

= - -

= - -

ñ ñ

ñ

 

t=a- /́2̆ ̂3.28̃ ̆↕ 

2

0
2

2

0

2 2
Imlog( )sin 2 arctan[cot sin ](cos cos sin sin )

4
2 sin arctan[cot sin ]sin

d t t t dt

t tdt

p
p

p

p

z q q g l l
p p

l g
p

-
= + +

= +

ñ ñ

ñ                  

 

҉ №̆  

0
1

2 sin cos ( )
Imlog( )sin 2(1 ) 2[1 ]

1 sin

z z
d

r x x

p l g
z q q

p g

- +
= + = +

+ + -ñ  

ᵬ ף t=cosɗ̆ ҉῀ף №̆҉ ҹ 

1

1
1

1

2 ( )
Imlog( ) 2[1 ]

z z
dt

r x x
z

p -

- +
= +

+ -ñ  

ῒҬ
2 2

1 [( ) 1 ( ) ] 1z z t y y t i x x tz= + - + - + - -Ȃ ҉ 3.26̃̂῀ף ̆↕

₱ N(ὀ-x1)Ώҹ Ҋ  

 1
1

1 1 1 1
1

1 1

1 ( ) 2
Ĕ( ) 2[1 ] Im[ ( ) log( ) ]

z z
N e E dt

r r x x

z z z g
p -

- +
- = - + + + +

+ - ñx x  ̂3.29̃  

Ҭɾҹ Euler ̆ɾ=0.5772156649ŀŀȂ ̂3.29̃ 3.27̃̂῀ף ̆ ≠ԍ

№ ṿ № Green₱  

 
2 2

1

1 1

( )( 1) [( ) ( ) ] 1

1

1

1 1 1 1
1

1 1

4 ( ; ) 1/ ( ) ( )

( ) ( )4 Im

1 ( ) 2
Ĕ( ) 2[1 ] Im[ ( ) log( ) ]

z z t i x x y y t t

G r N W

W H x x e dt

z z
N e E dt

r r x x

z

p

z z g
p

¤
+ + + - + - +

-¤

-

=- + - + -

- = -

- +
- = - + + + +

+ -

ñ

ñ

x x x x x x

x x

x x

 ̂3.30̃  

ῒҬ
2 2

1 [( ) 1 ( ) ] 1z z t y y t i x x tz= + - + - + - -Ȃ ῏ԍ̂3.30̃

Ȃ 

    3. 4 Green⃰  

ѿ҉׆ ⌠ Peters № Green₱ ̂3.27̃ ̆ ױ ץ ₮ Green

₱ №ҹץҊ҈ №̔ ѿ -1/r̆ ῒҬ r ̂3.3̃ ӈ ף̆ ὀ=(Ø,Ù,Ú) x=(x,y,z)

ӊ ̆ Green₱ Ȃ ᵣ ₱ N(ὀ-x1)

W(ὀ-x1)ң Ҭ̆ῒҬὀ-x1 ׆ ῏ԍ Ἕ x1 ὀ Ȃ ̂3.23̃

Ҭ ₱ W(ὀ-x1) ҉ № ѿ ֟ ̆ 3.1 Ȃ ῏ԍØ-x
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Ù-y ꜚ ̆ ₱ץ W(ὀ-x1)ף ꜚ ֟ ꜚ̆ ₱ N(ὀ-x1)↕ף

ꜚ ֟ ꜚȂ 

̂3.26̃ Ҭ ₱ N(ὀ-x1) ҹ № ̆ №҉ ҹ 1̆ №Ҋ ҹ-1̆

₱ Ҭ №₱ E1(ɕ)Ȃ №₱ ѿҩ ₱ ̆

Ҭ ᵬ ‰₱ ȂE1(ɕ) ץ ҹ ̆ ԍ 1.2̆ Hershey[77] ₮

ԅ №₱ Ȃᵖ ₱ N(ὀ-x1) № ̆ ₱ Ҭ

№₱ ғ ̆ ѿ ץ Ḃ Ȃ₱ N(ὀ-x1) ѿҩ

῏ԍÙ-y Ȃ Ù-y<0̆↕ ̂3.26̃ ̂3.29̃ № Ҭᵬ ף Ű=-t̆

₱ ṿ ԍץ|Ù-y| Ù-y ₱ ṿ̆ ɕ1Ҭ Ù-y ץ ҹ|Ù-y|̆

ץ ’Ҋ Ȃ ԓ Ҭ̆ ױ ᶏ |Ù-y| Ù-y N Ȃ₱ N(ὀ-x1)

῏ԍØ-x Ù-y Ẽ₱ ̆ ꜚ֟ ꜚ῏ԍ y x Ȃ 

̂3.23̃ Ҭ ₱ W(ὀ-x1) ҹ № ̆ғ № Ȃ Ø-x>0 ̆

W(ὀ-x1)=0̆ ╠ ̆ ꜚ ֟ ꜚֽ ԍ ̆

ῃ Ȃ 

ṿ ѿ ԋ ῐ Green₱ Ȃ ᵝ ̆ ԋ Green

₱ Ҋ  

1 12 ( ; ) log ( ) ( )G r N Wp = + - + -x x x x x x  

ῒҬ r=|ὀ-x|ף ὀ=(Ø,Ú) x=(x,z)ӊ x̆1=(x,-z)ҹ ῏ԍ x ἝȂ

r1=|ὀ-x1|ף ὀ=(Ø,Ú) ῏ԍ x Ἕ x1=(x,-z)ӊ Ȃ ꜚ

ꜚ №≢ҹ 

( ) ( )

1

( ) ( )

1 1 1

( ) ( )2 Im

( ) log 2Re [( ) ( )]

z z i x x

z z i x x

W H x x e

N r e E z z i x x

p + + -

+ + -

- = -

- = + + + -

x x

x x
 

҉ ̂3.27̃ ̆ Peters № Green₱ ԋ ῐ

Green₱ ҉ ҹ ᵌȂ 

    3. 5 Green⃰  

̂3.27̃ ̆  

 
1 12

1
4 ( ; ) ( ) ( )G N W

r r
p

-
Ð = +Ð - +Ð -

x x
x x x x x x  ̂3.31̃  

ῒҬ₱ W(ὀ-x1) № ҹ 

 
2 2( )( 1) [( ) ( ) ] 1 2( )4 Re 1z z t i x x y y t t

xW H x x e t dt
¤

+ + + - + - +

-¤
= - +ñ  ̂3.32ã  

 
2 2( )( 1) [( ) ( ) ] 1 2( )4 Re 1z z t i x x y y t t

yW H x x e t t dt
¤

+ + + - + - +

-¤
= - +ñ  ̂3.32b̃  

 
2 2( )( 1) [( ) ( ) ] 1 2( )4 Im ( 1)z z t i x x y y t t

zW H x x e t dt
¤

+ + + - + - +

-¤
= - +ñ  ̂3.32c̃  

₱ N(ὀ-x1) № ҹ 

 1
1

2

1 12 1
1 1 1 1

1 2 2
sgn( ) Re ( ) 1x

x x z z
x x N e E t dt

r r r x x r

z z
p -

-- +
- = - + -

+ - ñ  ̂3.33ã  

 1
1

2

1 12 1
1 1 1 1 1

1 2 2
Im ( ) 1y

y y z z y y
N e E t t dt

r r r x x r x x r

z z
p -

- - + -
= - + -

+ - + - ñ  ̂3.33b̃  

 1
1

2

1 12 1
1 1 1 1 1

1 2 2
(1 ) Im ( )(1 )z

z z z z z z
N e E t dt

r r r x x r x x r

z z
p -

- + + +
= + - + -

+ - + - ñ  ̂3.33c̃  
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    3. 6 Green⃰ ⅎ  

ᾢ ₱ 1

1 1 1( ) log( )e E
z z z+ Ȃ ῒ ҹ 

1 1 1

1 1 1 1 1 1 1( ) log( ) [ ( ) log( )] ( 1) log( )e E e E e
z z zz z z z z+ = + - -  

№₱ E1(ɕ1) ̂ ԍ 1.2̃  

1
1 1 1 1

1

( 1)
Ĕ( ) log( ) arg( )

!

n n

n

E
nn

z
z g z z p

¤

=

-
=- - - <ä ̆  

 

1 1 11
1 1 1 1

1

( 1)
Ĕ( ) log( ) [ ] ( 1) log( )

!

n n

n

e E e e
nn

z z zz
z z g z

¤

=

-
+ =- + - -ä  

₱ Maclaurin 1 1

0 !

n

n

e
n

z z¤

=

=ä ҉῀ף̆  

 1 1
1 1 1 1

1 1

1
Ĕ Ĕ( ) log( ) [log( ) ]

!

nn

n m

e E
m n

z z
z z g z g

¤

= =

+ =- - + -ä ä  ̂3.34̃  

̂3.34̃ ץ ₮̆̂ 3.29̃ Ҭ № ῤ ₱ -1ÒtÒ1 0Òr1<+Ð

Ȃפ tŸ±1 r1Ÿ0̆↕ ɕ1Ÿ0̆ ̂3.29̃ Ҭ ₱ ԍ Ȃ ̂3.34̃

ҩ ῤ 0Òr1<+Ð ̆ᵖ Ҍ ԍ№ r1 ’Ȃ r1 ̆

№₱ E1(ɕ1) ɕ1ŸÐ ̂ ԍ 1.2̃  

1

1 1 1

11 1

!
( ) [1 ( 1) ] arg( )n

n
n

e n
E

z

z z p
z z

-

²

+ - <ä ̆  

҉  

 1

1 1 1 1 1
11 1

1 !
( ) log( ) log( ) ( 1)n

n
n

n
e E
z z z z

z z+²

+ + + -ä  ̂3.35̃  

╠ ̆ ױ Im log(ɕ1)=arg(ɕ1)=arccot[cotɔcos(ɚ+ɗ)]̆ 0ÒIm log(ɕ1)< ˊ̆ ̂3.35̃

̂3.29̃ Ҭ № ῤ ₱ r1Ÿ+Ð Ȃ 

̂3.34̃ ̆ 1 2

1 1 1 1 1 1 1
Ĕ Ĕ( ) log( ) [log( ) 1] ( log( ))e E

z z z g z g z z z+ + =- + - +O ̆

ױ ץ ꜚ ȂNoblesse[51] ԅ ꜚ  

 

1

1

1 1

2 2
1

2

1

1 1

1 1 1 1

1 ( )
( ) 2[1 ]

1 1 ( ) ( )
Ĕ[ (log )

4 2 6 ( )

2 4 ( )
( ) ( )(1 )]

3 3

2
Ĕ ĔIm{ ( ) log( ) [log( ) 1

z z
N

r r x x

r x x y y z z
x x

r x x

y y z z
y y z z

r x x r x x

e E
z

g

z z g z g
p

- +
- = - +

+ -

+ - - - +
- - + - -

+ -

- - +
- - + + +

+ - + -

+ + + + + -

x x

         

         

         
1

1
1

] } dtz
-ñ

 ̂3.36̃  
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r1 ̆҉ ̂3.29̃ ԍ ₱ N(ὀ-x1)Ȃ3.36̃̂׆ ₮ Ӟ

⌠ ꜚ № Ȃ 

ױ ҉ץ ⌠ Green₱ ᴆȂ Green₱ ̆

ױ ̂3.1d̃ ȂԊ ҉̆̂ 3.1d̃ Ȃ ̂3.31̃ ȁ̂ 3.32c̃ ̂3.33c̃ ҈

̆ ̂3.35̃ ̆ ױ  

1 13
lim 0 lim ( ) 0 lim ( ) 0z z
z z z

z z
W N

r­-¤ ­-¤ ­-¤

-
= - = - =x x x x̆ ̆  

҉ 3.31̃̂῀ף ̆  

0zG z­ ­-¤ ̆  

Green₱ ̂3.1̃ Ȃ 

    3. 7  

ԅ ᴆȁ ᴆ ᴆ Green₱ Ȃ ᾢ

≠ ị ̆ Green₱ ̂3.1̃ ҹ ԍ ̂3.12̃ ̆ ₮ԅ

ῖ № ῐ Green₱ Ȃp ԍ № Green₱ Ҍ≠ԍ№

ṿ ̆ ᶏ ѿ֓ ₱ ̆ № ף ̆ ⌠

Peters № Green₱ ̆ Green₱ Ώҹ-1/rȁN(ὀ-x1) W(ὀ-x1)҈ №

̆ῒҬ-1/rף Ҭ Green₱ ̆₱ W(ὀ-x1)ף ꜚ ֟

ꜚ̆ ₱ N(ὀ-x1)↕ף ꜚ ֟ ꜚȂ ꜚ

№ ̆ ԅ ≠ԍ№ ṿ № Green₱ ̂3.30̃ Ȃҹ Ḃ

№ ̆ ױ ԅ Green₱ ̆ Green₱ ԅ

№ Ȃ ῤ ‗ ῐ ⱬ ΐ̆p ⌠ Green₱ ׅ Ҍ

Ȃҹ Ḃ∆ ᴨ ̆ ױ ᵌ ̆ Green₱ ҹ

ԍ ̆ Ҋ Һ ῤ Ȃ 
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 Neumann- Michell  

 

    4. 1 Neumann- Michell  

ᾢױ ѿҊ╠ Ҭ ⌠ ῐ Green₱ ȂMichell[5] ῖ

Hogner[39] ȁNoblesse[37] ԍל ̆ ױ

ӈԅ ╠ ȁ ȁ ῏ ̆ ғ Ȃ

֓ Ӟ ̆ ԍ ᵣ ⱬ№ ȁ ῐ ⱬ̆ ҩֲ

҉ ֽ ₃ ̆ ԍ ∆ ᴨ Ӟ̆ ԍ

ѿ֓ ̆ ȁ ẁ Ȃ ̆ ֓ Ӟ ̆

ԍ ῒ Ҍ ⌠ Ȃ ҹҌ ̆

₮ ⱬ Ҭ ̆ ’ӊ ȂMichell Hogner

לꜚ Laplace ̂2.21̃ ȁ ᴆ̂2.24̃

ᴆ̂2.25̃ ̆ᵖֽֽ ᵌ ᴆ̂2.22̃ Ȃѿҩ ᶏ לꜚ Ҥ

ᴆ̆ ԍ Brard[20] Guevel[40] ₮ ԅ Neumann-Kelvin ̆Noblesse

Ḃ Neumann-Kelvin ѿҩ ᵌ Ȃ 

ҹ ῃ Ҋ ᵣ ̆Neumann-Kelvin ₮

ṿ ̆ ԍ Neumann-Kelvin ṿ ṿ ̆

ԍ ̆Neumann-Kelvin № ̆ ₮ ӞҌ ȂῒҺ ԍ

Neumann-Kelvin Ҭ № ȂMarr G P[73] ҹ̆ ѿҩ №

̆ Neumann-Kelvin Ȃ ̆Neumann-Kelvin

₮ ῐ ⱬ ̆ ᶏץ ᴆ

ᴆGreen₱ ᾢ ᴨלȂṿ ֽ̆ Green₱ ҹ Rankine Neumann- 

Kelvin ῒ ᵌ ṿ ԍ ῐ Green₱ [24,74-76]Ȃ 

Neumann-Kelvin Ҭ ὀ לꜚ ᵣ ɆH №

ũ № Ȃ ũ № ᵣ ɆH № ֟

҉ ԅ̆ Ҍ ᾧ ṿ ̕ Ҥ ԍ̆ №

ᵀ Ú=0 ̆ ˒לꜚ ῒẒ x˒̆p ץ Ȃ

Neumann-Kelvin Ҭ № ₱ G x˒- G˒x̆ῒҬ G ῐ

Green₱ ̆ ╠ G ꜚ ꜚ ꜚ Ȃ 

Neumann-Michell Ҭ N̆oblesse[62]№ң Neumann-Kelvin Ҭ №

ԅ̆ Ҋ̔ 

̂1̃Neumann-Kelvin ѿҩ └ Ú=0҉

ᴆȂp ҩẊ ԅ ᵣ ӊ

Ȃ ҉̆ ѿҩ ל Ҭ̆Ҍᴪ₮ G x˒ ѿ ̆Neumann-Kelvin

Ҍ ꜚ Ȃ 

̂2̃ Neumann-Kelvin Ҭ № G˒x ל Ҭׅ

ᴪ₮ ̆ᵖ ѿ ᵬ Ȃ ⌠ ԍ ₱

W=(0,7 ,-7 ) № №̆ῒҬθ×W=θW̆W Green₱ Ҭ ꜚ Ȃ 

̆ ԍ ל ꜚ № №̆ Neumann-Michell Ҭ
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ԅ Neumann-Kelvin Ҭ № Ȃ Neumann-Michell Ҭ̆ ὀ

₱לꜚ ֽ ᵣ ɆH № ̆ ԅ № Ȃ

Neumann-Kelvin ̆Neumann-Michell ԍ ̆ ԅ ̆ ԅ

Ȃ 

    4. 2 ⅎ  

    4. 2. 1 №  

ԋ ̆ ԍ 2.5.1 ҹ LS Ȃ

ὀ x ≢№ל ҹ =˒ (˒ὀ) =˒ (˒x)̆↕ ὀ x Ἵ=(Õ,Ö,×)

u=(u,v,w)№≢ҹἽ=Ð˒ u=θ Ȃ˒ ԋῈ ̂ 1.1Ҭ 3̃̆ №≢ ₱

ɡ(x)= (˒x)̆ɜ(x)=G(ὀ;x)̆ῒҬ˒ҹ Gҹ̆ל Green₱ ̆ ױ  

 ( ) ( )o oG G d G G daf f f f
W S
D - D W= Ð - Ðñ ñn n  ̂4.1̃  

ῒҬɋҹ Ɇ̆ ҹѿ n̆oҹ ᵝ ̆ Ȃ

⌠ 

( ) ( ) ( ) ( )G G d x x y y z z d Cf f fd d d f
W W
D - D W= - - - W=ñ ñ  

ῒҬ ὀҹ ῤ #=1̆ ὀ ץ #=0Ȃ nҹ ᵝῤ ̆

ῤ ̆ ҉ 4.1̃̂῀ף ̆ №  

 ( )C G G daf f f
S

= Ð - Ðñ n n  ̂4.2̃  

҉ ῤ ὀ ל Ώ˒ҹ ҉ № ̂n·θ˒ ҍ̃Ẽ №

̂˒ Ẽ ̃ № ̆ Green₱ Green₱ ѿ Ẓ Ȃ

№ ῤ ὀ ל ל ῒ ҉ ṿ Ȃ 

№ Ɇᴪᶏ ⌠ Ȃ Ҭ ╠ ̆

̂4.2̃ Ҭ № Ɇ ҹ 

 H F

a a S¤S=S ÇSÇ  ̂4.3̃  

ῒҬ Ɇa
F ’Ҋ ̆Ɇa

H ᵣ ̆SÐ ԍ

̆ ҩ Ҋ Ȃ 

ԍ Green₱ Ҭ ⁞̆ ̂4.2̃ Ҭ ԍ Ҋ SÐ҉

№ҹ ̆  

 ( ) 0
S

G G daf f
¤

Ð - Ð =ñ n n  ̂4.4̃  

̂4.2̃ -̂4.4̃҈ ̆ ᴆ̂2.22̃ ̆  

 ( )
H H F
a a a

xGn da Gda G G daf f f f
S S S

= - ÖÐ + ÖÐ - ÖÐñ ñ ñn n n  ̂4.5̃  

ὀҤ ԍ ῤ ̆ ῤȂץ ױ ԍ̂4.5̃

ꜚ ̆ ⌠ ל ῒ Ȃ 

    4. 2. 2  

2.4.3 ױ ԍ Ẋ ̆ ᴆ ԅ ̆ ⌠

ᴆȂ ̂2.13̃ ̆  

 2

xFz f=  ̂4.6̃  



 

                             

Green⃰ Ὶ Ῐ Ⱶ Ҳ  

 27  ῍ 75  

̂4.5̃Ҭ ᵣ Ɇa
H҉Ẽ № Ɇa

F҉ Ẽ

№ ˒לꜚ ῒ n·θ˒̆ ˒ n·θ˒ ץ ˒ ῒѿ Ẓ

Ȃ ꜚ ̆̂ 4.5̃ Ҭ Gn·θ˒ ҍ n˒·θG Ɇa
Fץ

ᵣ Ɇa
H҉ №̆ ≢№ץ Ώ ɆF ᵣ ɆH҉

№Ȃғ ̂4.6̃ ̆ ҍ x˒ ̆ ᵣ

ᵣ ֞ҍ x˒ Ȃ ⌠ ɆF ̆ ᵝῤ ҹ

n=(0,0,-1)̆ ғ da=dxdyȂ ̂4.5̃ Ώҹ 

 ( )
H H F
a

x

z zGn da Gda G G dxdyf f f f
S S S

= - ÖÐ + -ñ ñ ñn  ̂4.7̃  

Ώ╠ ң ҹɃ(˒2)̆ Ҭ ץ Ȃ ̂4.7̃ Ҭ

№ ₱ Ώҹ 

 2( )G

z z x x xG G G F G Gff f fp p f f- = - + -  ̂4.8̃  

ῒҬˊG ˊ˒№≢ҹ 

 2 2G

z xx z xxG F G Ffp p f f= + = + ̆  ̂4.9̃  

̂4.8̃ ̂4.9̃ ̆ GreenῈ [78]̆  

 

2

2

( ) ( ) ( )

( ) ( )

F F F

F

G

z z x x x

G y

x x

G G dxdy G dxdy F G G dxdy

G dxdy F G G t dl

f

f

f f p f p f f

p f p f f

S S S

S G

- = - + -

= - + -

ñ ñ ñ

ñ ñ                
 ̂4.10̃  

ῒҬ̆ũҹ ɆF ᵣ ɆH ֜ ׆̆ z ҉ Ҋ ̆ũ

ҹ ̆ 2.1 t̆=(tx,ty,0)ҹ ũ ᵝ℗ ̆ ҍũ

ѿ ̆ ᶷ yÓ0 t Ȃ n=(nx,ny,nz)ҹ ᵣ ᵝ ̆

̆↕ ױ  

 2 2( , ,0) / ( ) ( )y x x yn n n n= - +t  ̂4.11̃  

̂4.7̃ ̂4.10̃ ⌠ ѿ ל  

 2

2 2
( )

( ) ( )
H H F
a

x x Gx x

x y

G G
Gn da Gda F n dl G dxdy

n n

ff f
f f p f p

S S G S

-
= - ÖÐ + + -

+
ñ ñ ñ ñn  ̂ 4.12̃  

˒לꜚ ɆF ᴆ ˊ˒=0Ȃ ԍѿ

̆ ᴋ ˊ˒=0Ȃ Green₱ ɆF ᴋ

ᴆ ˊG=0̆ ↕̂4.12̃ Ҭ ɆF №

ɆF҉ ѿ Ȃ ԍ ֽ ѿ ̆ ˒ ɆF

҉ ˊ˒=0̆ Green₱ ɆF҉ ˊG=0̆ ↕̂4.12̃ Ҭ

ɆF № ҹ ̆  

( ) 0
F

G G dxdyfp f p
S

- =ñ  

    4. 2. 3 Neumann-Michell ꜚ  

҉̆ ũ ᵝ ҹ nũ̆ ↕ 

2 2( , ,0) / ( ) ( )x y x yn n n nG= +n  

̂4.12̃ Ҭ ᵣ Ɇa
H҉ ҹ nx № № ̆  
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2

2

0

2

2 2 2 20 ( ) ( ) ( ) ( )

x

H H H
a

x

H

x
F

x x x

xx
F

x x

x y x y

Gn dz
Gn da Gn da dl Gn da

G n dlGn dz
dl Gn da F

n n n n

f

f f

S S G S
G

G S G

º + =
Ö

+ = +
+ +

ñ ñ ñ ñ ñ

ñ ñ ñ ñ

n n

        

 ̂ 4.13̃  

̆ ̂4.13̃ Ҭ ῏ԍ ɆF ũ № Ҭ

ԅ Ȃ̂ 4.13̃ Ҭ ῏ԍ ũ № № ԅ̂4.12̃ Ҭ῏ԍ ũ №

Ȃ ̂4.13̃ 4.12̃̂῀ף ̆  

 
2

2 2
( ) ( )

( ) ( )
H F

x
x Gx

x y

G n dl
Gn G da F G dxdy

n n

ff
f f p f p

S G S
= - ÖÐ + + -

+
ñ ñ ñn  ̂ 4.14̃  

̂4.14̃ ҹ Neumann-Michell ꜚ Ȃ 

    4. 2. 4 Neumann-Kelvin ꜚ  

Neumann-Kelvin ꜚ Ҭ̆ ҉ ԅ

ᴆȂ↕̂4.12̃ Ҭ ᵣ Ɇa
H҉ ҹ nx № № └

Ώҹ ᵣ ɆH҉ №̆  

 
H H
a

x xGn da Gn da
S S

ºñ ñ  ̂4.15̃  

ױ ῃ ӇẶ ҹ ҉ ԍѿҩ ꜚ Ȃ

̂4.15̃ 4.12̃̂῀ף ̆ Brard[20] Guevel[40] ₮ Neumann-Kelvin  

 2

2 2
( ) ( )

( ) ( )
H F

x x Gx x

x y

G G
Gn G da F n dl G dxdy

n n

ff f
f f p f p

S G S

-
= - ÖÐ + + -

+
ñ ñ ñn  ̂4.16̃  

҉ № ̆ ᴪ ῀ ̆ ԍ Ȃ № Ҭ ₱ Ҭ

x № x˒ Ώҹץ ל θ˒ ҈ҩ ԑ ֜ ᵝ n̆t̆d №

ӊ ȂῒҬ n ᵣ ᵝ ̆ t̆ ũ

ᵝ℗ ̆ ҍũ ѿ ̆d ᵣ ᵝ℗ ғ d=n×tȂ ⌠̂2.22̃

̆  

 
2

2 2
( )

( ) ( )

y z x
x x z y x t d

x
x y

n n n
n t n t n

n n

f f
f f f f

+
= ÖÐ + ÖÐ - ÖÐ = +

+
n t d  ̂4.17̃  

ɆH ɆF ֜̆↕ ũ҉ ױ nz =0̆̂4.17̃ Ҭ῏ԍ℗ d˒ ѿ

ҹ Ȃ ̂4.17̃ 4.16̃̂῀ף ̆↕ ױ  

 

2 3 2 2

2

2 2 2 2

( ) / ( ) ( )

( )
( ) ( ) ( ) ( )

H H

F

x x x y

y z x x
Gt d

x
x y x y

Gn da F G n n n dl Gda

n n n n dl
F G G G dxdy

n n n n

f

f f

f f
f p f p

S G S

G S

= - + - ÖÐ +

å õ+
æ ö- + -
æ ö+ +ç ÷

ñ ñ ñ

ñ ñ

n

  
 ̂ 4.18̃  

̂4.18̃ ҹ Neumann-Kelvin ꜚ ̆ ̂4.16̃ ᴇ Ȃ 

    4. 2. 5  

Neumann-Kelvin ꜚ Neumann-Michell ꜚ ῤ

ị F Ḥ ̆ ∆ ҹ ל ῒ Ȃ ױ

֓ Ҭ ̆ ⌠ ˒ל Ἵ=Ð˒ Ȃ ԍ

Neumann-Michell Neumann-Kelvin ꜚ ̆ ⌠ Ҋ  
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 2 3 2 2( ) / ( ) ( )
H

x x x y

H NK HGn da F G n n n dlf f f
S G

= = - +ñ ñ̆   ̂4.19̃  

Neumann-Kelvin ᵌ N˒K ҹ Noblesse [37]Ҭ ҉

ȂNeumann-Michell ᵌ H˒ ҹ Hogner[39] Michell[5] ῖ ⌠

ȂMichell Ҭ ₮ 

 
0

( , )
2 ( ; ,0, )

HM

b x z
G x z dxdz

x
f

S

µ
=-

µñ x  ̂4.20̃  

ῒҬ ᵣ ɆH ӈҹ y=±b(x,z)̆ Ɇ0
H ᵣ Ҭ ╩ y=0҉ Ȃ 

    4. 2. 6 ꜚ №  

№ ̂4.14̃ ̂4.16̃ Ҭ̆ ᴆ Green₱ ̆

ғ Green₱ Ø Ù>>1̂ ̃

ᴆˊG=0Ȃ ҈ Ҭ Green₱ ҹ-1/rȁ ꜚ W ꜚ N

ӊ ̆ -1/rΏ῀ ꜚ NȂῒҬ ꜚ W ᴆ Laplace

̆ғ ᴆ ˊW=0Ȃ↕ Green₱ ῒ

Ҋ  

 G W N G W N G W N= + Ð =Ð +Ð Ð =Ð +Ð ̆  ̆  ̂4.21̃  

҉ № ῀ף № ̂4.14̃ ̂4.16̃ Ҭ̆ ˒ל

Ἵ=Ð˒ ꜚ ꜚ №ҹң №̆  

 W L W Lf f f= + = +u u u ̆  ̂4.22̃  

̆Neumann-Kelvin Neumann-Michell ̂4.16̃ ̂4.14̃ Ҭ

W˒לꜚ Ҋ ₮ 

 2

2 2
( ) ( )

( ) ( )
H F

W x x Wx x

x y

W W
Wn W da F n dl W dxdy

n n

ff n f
f f p f p

S G S

-
= - ÖÐ + + -

+
ñ ñ ñn  ̂ 4.23̃  

ῒҬ ԍNeumann-Kelvin ɜ=1̆ ԍNeumann-Michell ɜ=0Ȃ 

    4. 2. 7  

̂4.23̃ ˒ל θ˒̆ ũ № ȂҊ ױ

⌠ֽ θ˒ғ № Ȃ ԍ 

( ) ( ) [ ( ) ] [ ( )]W W Wf f f f f f f fÖÐ + Ö ³Ð = Ö Ð +Ð ³ = Ö Ð +Ð³ - Ð³ = Ö Ð³n W n n W n W W n W  

ῒҬ ₱ W ₱ W ῏  

 WÐ³ =ÐW  ̂4.24̃  

ʆʩʪʨʦʛʨʘʜʩʢʠʡ-GaussῈ [78]̆  

[ ( ) ] [ ( )] [ ( )] 0W da df f f f
S S W
ÖÐ + ³Ð Ö = Ö Ð³ = ÐÖ Ð³ W=ñ ñ ñn n W n W W  

҉ ԍ ̆ῒ ҹɆ=ɆHŢɆFŢSÐ̆↕ ₮ 

 ( ) [ ( ) ]
H H F

Wda da W dxdyf f f f
S S S
- ÖÐ = ³Ð Ö + ÖÐ + ³Ð Öñ ñ ñn n W n n W  ̂4.25̃  

ῒҬ̆ № ԍ ̆ ̂4.4̃ ȂҊ ױ ₱  

 (0, , )x x

z yW W= -W  ̂4.26̃  

ῒҬ҉ x x №Ȃ Wx=0̆ θ×W=(-(7 +7 ),Wy,Wz)=(Wx,Wy,Wz)=θW̆

̂4.24̃ Ȃ ɆF n=(0,0,-1)̆ n˒·θW=-Wz˒ғ(n×θ )˒·W=-7 x˒Ȃ
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̂4.25̃ ̆  

 ( ) ( )
H H F

x

z xWda da W dxdyf f f
S S S
- ÖÐ = ³Ð Ö -ñ ñ ñn n W  ̂4.27̃  

̂4.27̃ 4.23̃̂῀ף ̆ GreenῈ ̆  

2

2 2

2 2

2

2

2 2

( ( ) )
( ) ( )

[( ) ( ) ( ) ]

( ( ) ) [ ( ) ]

( ) ( )

H

F

H F

W x xx

x y

x

z xx x x z x

x x

z x x

xx

x y

W
Wn da F n dl

n n

W F W W F W W dxdy

Wn da W F W W dxdy

W
F n dl

n n

f

f

f
f f n

f p f f

f f f p

f
n

S G

S

S S

G

= + ³Ð Ö -
+

+ + - - -

= + ³Ð Ö + - + -

-
+

ñ ñ

ñ

ñ ñ

ñ

n W

n W

   

   

   

 

҉  

 
2

2 2

[ ( ) ] [( ) ]

( ) ( )

H F

W x W x

x

xx

x y

Wn da W dxdy

W
F n dl

n n

ff f p f p

f
n

S S

G

= + ³Ð Ö - +

-
+

ñ ñ

ñ

n W

   
 ̂4.28̃  

ῒҬˊW ˊ˒ ̂4.9̃ ₮Ȃ ԍ Neumann-Michell ꜚ ̆ ɜ=0Ȃ

ױ ԅNeumann-Kelvin № ҬҍG x˒ W˒x ῏ Ȃ̂4.26̃

̆ ץ ₮ 

 ( ) ( ) ( )y x z x x x x

y z x y y z zn W n W W W nf f f f³Ð Ö = + - +n W  ̂4.29̃  

ᴆ̂2.22̃ ̆ ҹθ =˒˒tt+˒dd+nxn̆ῒҬ˒t ˒d

θ˒ t d҉ ̆t ҍ d ᵣ ңҩᴋ Ҍ῍ ᵝ℗ ̆

Ҍ t ҍ d№≢ ҹ 

 
2 2

(0, , ) ( , , )

( ) ( ) ( , ) ( , ) /

z y x y x z

y z y z y z

n n

n n n n

n n n n n

n n n n

= - = - -

= + =

d t̆ 

̆ 
 ̂4.30̃  

t d ᵣ ɆH҉ңҩ ԑ ֜ ᵝ℗ Ȃ d̆ ҉̆

̆d ҊȂ ᵣ ɆH҉ᴋ ̆ ᵝ t Ȃ ѿ

’Ҋ̆ ˒ t d  

 / /x y z x y z

t x y z d x y zt t t t d d d df f f f f f f f f f f f=µ µ = ÖÐ = + + =µ µ = ÖÐ = + +t d ̆  ̂ 4.31̃  

Ů=t·d̆↕ ױ t˒=˒t+Ů˒d̆ d˒=˒d+Ů˒ tȂ ˒t=( t˒-Ů˒d)/(1-Ů2)̆˒d=( d˒-Ů˒ t)/(1-Ů2)Ȃ

₮ 

 
2 2( ) / (1 ) ( ) / (1 )

x

x y z t d nf f f f f f

e e e e

¡ ¡Ð = + + = + +

¡ ¡= - - = - -

i j k t d n

t t d d d t̆ 
 ̂4.32̃  

ῒҬ i j̆̆k№≢ף x̆y̆z ᵝ Ȃ ̆ № x˒̆ y˒̆ z˒ ℗

t˒t+ d˒d nxn ῏ ҹ 

 
,y,z , , ,y,z , ,

, ,

, , 2 21 1

x x y z x x y z
x x y z

x y z

t d d t
n n

t d

f e f e
f

e e

µ - µ -
= + +
µ - µ -

 ̂4.33̃  

̂4.32̃ ̆ ױ  
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 * *t df f f³Ð = +n d t  ̂4.34̃  

ῒҬ 

 
* *2 21 1

e e

e e

³ - ³ ³ - ³
¡ ¡= ³ = = ³ =

- -

n t n d n d n t
d n t t n d̆  ̂4.35̃  

≢ ̆ ױ ̂4.30̃ Ҭ t d̆↕ t=t*̆d=-d*ȂῬ ̂4.26̃ ̆ ₮ 

 * * * * * *( ) ( ) ( ) ( )y x z x y x z x

t d z y t z y dd W d W t W t Wf f f f f³Ð Ö = + Ö = - + -n W d t W  ̂ 4.36̃  

Neumann-Michell Ҭ Ŵ4.28̃˒לꜚ  

 * *[ ( ) ] [( ) ]
H F

W x W x

t d xWn da W dxdyff f f p f p
S S

= + + Ö - +ñ ñd t W  ̂4.37̃  

Ҋ Neumann-Michell ꜚ Ҭ  LȂ˒לꜚ

    4. 2. 8 Neumann-Michell  

ҹԅ ̂4.22̃ Ҭ ̆לꜚ ױ Neumann-Michell ̂4.14̃

Ҭ Green₱ G ҹ ꜚ L̆  

 
2

2 2
( ) ( )

( ) ( )
H F

x
L x Lx

x y

L n dl
Ln L da F L dxdy

n n

ff
f f p f p

S G S
= - ÖÐ + + -

+
ñ ñ ñn  ̂ 4.38̃  

̂4.21̃ ̆ ̂4.37̃ ̂4.38̃ ₮ Neumann-Michell לꜚ =˒˒W+˒L

ҹ 

 

2

* *
2 2

( ( ) )
( ) ( )

[ ( ) ]

H

F

x
x x

t d
x y

W x L

x

L n dl
Gn L da F

n n

G dxdyf

f
f f f f

p p f p f

S G

S

= + + Ö - ÖÐ +
+

- + -

ñ ñ

ñ

d t W n

  

 ̂4.39̃  

Ҋ Ҭ ᶏױ Kelvin-Michell ᴆ ˊG=0 Green₱ ̆ғ

Ẋ ᴆˊ˒=0 Ҥ ̆ Ӟ̂ ᵌ̃ Ȃᵖ ȁ

̆ ᴪ ѿ ⱬ№ ̆ ˊG Ҍҹ ̆

ᵖ֞ҹ Ȃ ⱬ ˊ˒№ ѿ ῀̂4.19̃ Ҭ Hogner ל H˒ҬȂ↕

Hogner ל H˒ҹ 

 
H F

x

H Gn da G dxdyff p
S S

= -ñ ñ  ̂4.40̃  

҉ ӈԅ Hogner ל H˒ ₃ᵥ ῏ ̆ ԍ

̆Hogner ל H˒ ₃ᵥ ⱬ ˊ˒ ӈȂ↕

Neumann-Michell ̂4.39̃ Ώҹ 

 

* *

2

2 2

( )

( ) ( )

H

H

L

H t d

x
L x

x y

da

L n dl
Lda F

n n

f f f f y

f
y f

S

S G

= + + Ö +

=- ÖÐ +
+

ñ

ñ ñ

d t W

n
 ̂4.41̃  

҉ ῐ Ώҹ Hogner ל H˒ Neumann-Michell ḱ ʕל

ӊ ̆ῒҬʕ=ʕW+ʕL ꜚ №ʕW ꜚ №ʕLȂ 

    4. 2. 9  

[4]Ҭ ṿ ̆̂ 4.41̃ Ҭ ꜚ №ʕL ῏ԍ ꜚ L
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№ ҉ ץ ̆ № ꜚ L Һ №-1/r+1/r1 ҹ Ȃ

ғ̆ ѿҩ ⱬ ᵣ Ҭ╠ ̆̂ 4.41̃ Ҭ ꜚ №ʕL

ᵣ № ҍ Hognerל H˒Ҭ לꜚ H˒
L ̆ ҉ ץ Ҍ Ȃ

[79] ̆ѿҩ ᵣҬ╠ ᵣ̆ῒ ֽלꜚ ԍ Hogner

ᵀ H˒Ȃ ԍ ꜚ ̆ ѿ ׅ ᵌ ̆

ꜚ №ʕL ᵣ № ꜚ ⱬ ᵣ Ҍ Ȃ

Neumann-Michell ḱ Ҭ ꜚ №ʕL ץ Ҍᴪ Ȃ

ҹԅᶏ ̆ ֽױ Һ ̆ ѿ֓Ҍ ̆

҉ ȂNeumann-Michell ҹ 

 
W L W W L W

H H H Hf f y f f y f fº + = + + = + ̂4.42̃  

ῒҬ̆ H˒ Hogner 4.40̃̂ל ̆Neumann-Michell ḱ ʕW Ҋ

₮ 

 * * * * * *( ) [( ) ( ) ]
H H

W y x z x y x z x

t d z y t z y dda d W d W t W t W day f f f f
S S

= + Ö = - + -ñ ñd t W  ̂ 4.43̃  

=W˒לꜚ H˒
W+ʕW ̂4.40̃ ̂4.43̃ ԋ  

 * * * *[( ) ( ) ]
H H F

W x y x z x y x z x

z y t z y dWn da d W d W t W t W da W dxdyff f f p
S S S

= + - + - -ñ ñ ñ  ̂ 4.44̃  

Neumann-Michell ̂4.40̃ ȁ̂ 4.42̃ ̂4.43̃ ҈ ₮̆Ҋ Ҭ

ӊҹ Neumann-Michell ל Ȃ Hogner ל H˒

Neumann-Michell ḱ ʕWң №Ȃ ԍ ֽ ̆ ɆF

ᴆ ˊ˒=0̆ ̂4.40̃ ԋҩ № ҹ Ȃ 

    4. 2. 10 № ף  

̂4.42̃ Ҭ ᵣ ɆH҉̆↕ ױ ⌠ 

 ( , )W H

H t d xf f y f fº + ÍS̆  ̂4.45̃  

̂4.45̃ Ҭ ˒ל t˒ d˒̆ ԍ ᵣ ɆH҉

˒ל № № Ȃ ̂4.45̃ ף  

 
1 0( , ) 0 0k W k k H

H t d x kf f y f f f+= + ÍS ² = ̆ ̆ ̆  ̂4.46̃  

k=0̆ ҉ Ҭ ѿ ף ˒1ҹ Hogner ל H˒̂4.40̃ Ȃ 

    4. 3 Neumann- Michell  

῏ԍ Green₱ ῐ Ҋѿ Ȃ

Ҋ Һױ ȁ ⱬȁ ȁ ẁ Ҭ Hognerל H˒Ҭ לꜚ

H˒
L ḱ Ȃ 

    4. 3. 1 ȁ ⱬȁ ẁ 

╠ ̆ ԍ Pă ᵝ ҹ ̆ ᵣ ҹ(VS,0,0)̆

╠ Bernoulli ̆  

2 2 2 21 1
( )

2 2

a
X Y Z S

PP
gZ V

r r
¡ ¡ ¡+ F +F +F + = + 

≠ ̂2.3̃ ̆ ̆ ҹ 
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2 * 2 * 2 2 2( ) / ( ) / ( ) / 2a s x x y z xp P P V p z F pr f f f f f= - º - = - + + º ̆  ̂4.47̃  

p -z/F2 ꜚ p*ң №̆ Bernoulli ̂4.47̃

ᵝ e=ɕ/LS̆ ҹ ӊҊ ԍ ̆ p=0Ȃ ̂4.33̃

̆ ῤ̆ ᵝ Ҋ ₮ 

 
2

2 2 2
( )

1 1

x x x x
x

x t d

e t d d t
n

F

e e
h f f f

e e

- -
= º = + +

- -
 ̂4.48̃  

z=0 Ȃ ᵣ ᵝ℗ t ҍ d ̂4.30̃ ̆

↕҉ ѿ ҹ 

 2 2 2

2
( ) ( ) ( )y z x

x t

e
n n n

F
h f f= º ¹ + + ̂4.49̃  

ᵣᵬ ԍ ᵣ ᵝ ҉ ⱬҹ-pnȂ x z ҉ ꜚⱬⱬ № №≢ҹ

FX=ɟ6,Cx FZ=ɟ6,Cz̆ ꜚⱬ ⱬ ҹMY=ɟ6,Czx̆ῒҬ CxȁCz Czx

ҹ(Cx,Cz,Czx)=-(# ,Clift ,Cpitch) ῒ̆Ҭ # ῐ ⱬ ᵣ

№ ₮̆ ῐ ⱬ # ῐ ⱬ ῐ

₮Ȃ ֓ ꜚⱬ Ҋ  

 
x(C ,C ,C ) ( , , )

H

near z x z

wave lift pitch xn n n z n x daf
S

= -ñ  ̂4.50̃  

ꜚⱬ ⱬ ⱬ ᴪ ᵣ ẁȂ Ҋ ṿ h=H/LS ẁ

Ű håF2Clift /Á ŰåF2Cpitch/Áң ῒ̆Ҭ hץ ᵣҊ ҹ Ű̆ץ ẁҹ Á̆ =! /,

Á =! /,№≢ҹ Ȃ↕ ױ  

 
2

0 22 2

0 2

H H

lift pitch W W

W W

C Ch
a dxdy a x dxdy

F a F a

t
S S

º º = =ñ ñ̆ ̆ ̆  ̂4.51̃  

̂4.50̃ ԍ Ҭᵣ № ԍ nx ̆ ῐ ⱬ₃Ӎ ̆

ῐ ⱬҺ ԍ ҉ ̆ nxÍ0Ȃ ԅ ӊ ̆ ҉

̂ nzå0̃ ₃Ӎ ̆ғ ҉ Ҭᵣ̂ zå0ғ nzå0̃ ẁ

₃Ӎ Ȃ ̆ ẁ Һ ԍ Ȃ 

    4. 3. 2 Hogner לꜚ ḱ  

≠ ῐ ץ ֲפ⌠ ̆ ȁ ғҍ ’

Ȃ ᵣғ ᵌ ̆ῒ ԍ 2 F́2̆ᵖ׆

⌠ ѿ ῤ ᵌҹ [67][80]Ȃ 

ῤ̆ ᵣ ɆH҉ ὀ ԍ Ҭ ╩ y=0 Ῥ

ᵀ Hogner לꜚ H˒
W̆ ὀŗɆH ⌠(Ø,0,Ú) ̆↕̂4.40̃ ⌠ ȁ

ғҍ ’ ȂҊ ױ ≠ ҩ ̆ ԍ̂ 4.42̃ ȁ̂ 4.43̃ ̂4.45̃

Ҭ לꜚ H˒= H˒
L+ H˒

W Neumann-Michell ḱ ʕW̆

ὀŗɆH ̆ Hogner לꜚ H˒
W ⌠ Ҭ ╩ y=0 ᵀ Ȃ

≢ ̆ ̂4.40̃ Ҭ לꜚ H˒
W ᵣ № Ώҹ 

 
2 4( ) ( , , ) ( ) ( ) 1 [ 0.3(0.5 x) / ]

H

W x

H W x y z n da exp Ff j j
S

º = - - -ñx x x x̕ ̆  ̂ 4.52̃  

ῒҬ̆ ḱ ₱ ű Ø=0.5 ⁞ҹ ̆ ץ ῤ₃Ӎ ԍ 1Ȃ 

[80] ׆ ⌠ ҍ z=0 ѿҩ֜ ᵌҹ

2.3F2̆ ץ ᵬ Ȃ Ø=0.5-2.3F2 ױ űå0.8Ȃ x ׆ ⌠
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lfront=Lfront/LS lfront=CF2/(1+VS/ Ç$) ̆ῒҬ C ҹ ᶛ ̆

ԍ ԍ 1.1̆ D LBDȂ ≢ ̆ ҩ

ůĤ ̃ B D Ҋ ӈ 

/ 2 / 2

BD
BD H

S S S

BD L bd B D
L b d

B D L b d L L
s= = = = =

+ +
̆ ̆ ̆  

↕ LBD<Bғ LBD<2DȂ b=0.15 d=0.05 ̆ ᵣ

ůH=0.06Ȃ ԍ lfrontåCF2/(1+F/Ѝʎ )̆ Ø=0.5-l front ױ űå1-exp[-0.4/(1+F/Ѝʎ )2]Ȃ

ᵣ ůH=0.06̆ ị F=0.15̆ 0.25̆ 0.35̆ 0.5̆ 1̆↕ ₮űå0.13̆ 0.08̆

0.06̆ 0.04̆ 0.01ȂHogner לꜚ ḱ ̂4.52̃ ԍ ῐ ⱬȁ

ẁ ̆ᵖ ץ ⌠ ῐ Ȃ 

    4. 3  

׃ ԅ Neumann-Michell ῒ Ȃ ԍ Neumann-Kelvin

Ҭ ԍ № ̆ᴪ ῀ ȂNeumann-Kelvin Ҭ

№ ₱ G x˒- G˒x̆ Neumann-Michell Ҭ N̆oblesse№ң Neumann 

-Kelvin Ҭ № ԅȂ ᾢ≠ ל ̆ ԅ ᵣ

ӊ ̆ ԅ G x˒ ѿ Ȃ ԍ №

G˒x ̆ᾢ ˒ל Ἵ=Ð˒ ꜚ ꜚ №ҹң №̆

ԅ Ҭלꜚ № W˒x Ȃҹԅᶏ ̆ ױ

ԅ Neumann-Michellḱ ʕҬל ꜚ №ʕL̆ ԅ

№ ̆ Neumann-Michell ל ҹ Hogner ל H˒

Neumann-Michell ḱ ʕWң №ӊ ̆ ₮ԅ ף Ȃ ׃

ԅ Neumann-Michell ̆ ԅ ȁ ⱬȁ ẁ Ὲ ̆ Hogner

לꜚ ḱ ᵬ₮ ̆p ῏ԍ Green₱ ῐ

Ҋѿ Ȃ 
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֒  Green⃰  

 

    5. 1 Green⃰ ӎ 

╠ ̆ ᾟ№ ӊ╠ Ȃѿ֓

̆p Ҍ ̆ ױ Ҭ ₮ ⱬ ̆

ԍ ∆ ̆ ῒ ԍ ᴨ ̕ ȁ

̆ ᶏ Ḃҹ Ȃ ̆ ᵌ ԍ∆

ᴨ ᴇṿȂ 

≠ ᴆ ᴆ Green₱ ̆ ҈

ҹԋ ̆ᵖ ̂3.30̃ ̆ ῐ Green₱ ̆ ῒ

ꜚ Ҭ ѿҩ № ̆ ₱ ῤ ԍ №₱ ̆ Ҍ ̆

№₱ Ῥ № Ȃҹԅ ∆ ᴨ ᶫ

̆ Green₱ ȂҊ ԍ Noblesse[4] ₮ ѿ

ῐ ̆ Green₱ ̆ ₮ Green₱

ꜚ № Ȃ 

    5. 2 Green⃰  

LrefȂ 2.5 ̆ ԍ ῐ ̆

Lref LS VS
2/ğ ӈị ҹ F=VS/ Ç, Ȃ ̂3.4̃ ҹ Ҋ ̆

↕ ă b̆c̆d ԍ ԍ ̆ғҹ 2.5.2 ׃ ץ VS
2/gҹ

Ȃ 

 
2 2 2 2 2 2 2

1/ , / , ( ) / , /a x x F b y y F c z z F d a b c r F= - = - =- + = + + =    ̂ 5.1̃ 

ӈ ɝ̆ ɖ̆ ɕҹ 

 1 1 1/ , ( ) / , ( ) /x x r y y r z z rx h V= - = - =- +   ̂5.2̃ 

ɝ̆ ɖ ɕ 0ÒɝÒ1̆-1ÒɖÒ1̆0ÒɕÒ1̆ғɝ2+ɖ2+ɕ2=1Ȃ ױ ⌠ ֓ Ȃ 

3.4 Ҭ ױ ⌠̆ Ù-y<0̆ ꜚ ̂3.29̃ № Ҭᵬ ף Ű=-t̆

₱ ṿ ԍץ|Ù-y| Ù-y ₱ ṿ̆ ɕ1Ҭ Ù-y ץ ҹ|Ù-y|Ȃ

ῐ Green₱ ̂3.30̃ Ώҹ 

 
[ ]2 2 2 2(1 )( )/ 1 ( ) /

2

4 1
4 ( ) Im

t t z z F i t x x t y y F L

t
G H x x dt e G

F r
p

¤

¤

+ + + + - + -

-
= - L - +ñ  ̂5.3̃ 

ῒҬ ꜚ Ҋ ₮ 

 
1

12 1
1

1 2 1
1 Im[ ( ) ln( )]L AL c

G L dt e E A A
r F d a p -
= - = + - +

+ ñ̆  ̂5.4̃ 

2 2( 1 ) 1A bt c t ia t= - - + -Ȃ Ҭלꜚ №҉Ҋ ±t Ð ₱ ȿ

ץ Ҍ℗ |t|>tÐȂ 

ԍ ⱬ ᵬ ̆ ҉ ⱬ Ҍ℗ Ȃ ԍ ױ Ẋ
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ԅ ⱬ ᵬ ̆ ץ ֟ Ȃ ғ̆ ԍ

ȁ ȁ ᵣ ⱬ№ ȁῐ ⱬȁ ⱬ ⱬ

ᵬ ̆ᵖ ᴪⱴ ̆ Ҍ≠[4,46,81]Ȃ ̆ ױ ᾟ№

Ҍ℗ Ȃ 

ױ Green₱ ѿ -Ð<Ø-x<Ð̆ -Ð<Ù-y<Ð̆ -Ð<Ú+zÒ0Ȃ ꜚ ̂5.4̃

ΏҹץҊ  

 
2

2 2 2

1 1 1 1

1 2 2 ( )
(1 )L F L z z

G
r F r F r F r x x

y
y

¡ - +
= - + - =

+ + + -
̆  ̂5.5̃ 

 
1

1
1

2 1
(1 ) Im[ ( ) ln( )]

1 1

Ad d
L dt e E A A

d d
y

p -

+
¡= + - +
+ + ñ  ̂5.6̃ 

̂3.34̃ ̂3.35̃ ץ ₮̆̂ 5.6̃ ԍ ’Ҋ ̆ ԍ

Ҭ d̆ᵖ Ҍ ԍ d ’Ȃ 

    5. 3 Green⃰  

[59]Ҭ ̂12̃ -̂15̃ ̆Lô ҹ 

 
2 2

2 2

1 (1 / ) / / /
[(2 / ) ]

(1 / ) 1 /

c d c d b d c d
L c d d

d c d a d

+ +
¡ + - ­¤

+ +
̆  ̂5.7̃ 

҉ dŸÐғbÍ0cÍ0̆ ԍ ᵖ Ҍ x ҉̆ Lô=Ƀ(1/d2)Ȃ

x ԍ ̆ dŸÐғ b=0ғ c=0 ̆ Lô=Ƀ(1/d3)ȂԊ ҉̆ [82]Ҭ ̂16̃

ץ ⌠ 

 31/ 0L d d b c¡- ­¤ = = ̆ ғ  ̂5.8̃ 

̂3.36̃ ̆  

 
2 2

2

1 1 / 3 2 3
Ĕ1 log 1 0

2 4 2 6 ( ) 3

a d a c b b b c d c
L d d

d d a d d a d d a
g

è øå õ+ - -å õ
¡ + + - + - - - ­é ùæ ö æ ö

+ + +ç ÷ç ÷ê ú
̆  ̂ 5.9̃ 

̂5.4̃ ̂5.5̃ ̆ ꜚ Ҋ῏  

 
2 1/ 2 [1 / (1 )] / (1 )L LF G g d L L d d Ly ¡= = - = + + + + ̆  ̂5.10̃  

̂5.7 -̃̂ 5.10̃ ̆ gL~1/d̆ dŸ0̆ғ gL~-1/d̆ dŸÐȂ Lô/gL=Ƀ(d2)̆dŸ0̆

ғLô/gL=Ƀ(1/d2)̆dŸÐғ b=c=0Ȃ dŸ0 dŸÐ̆ ױ Lô<<gLȂ 

    5. 4 Green⃰ ₉ᵫ  

ҹԅḂԍ№ ̆ ԅ Green₱ ₃ᵥ ץ ᵬ̆ ף  

 2 2 2/ (1 ) 1 1 1d a d b d c dr r x g x g x= - = = - - = -̆ ̆ ̆  ̂5.11̃  

ῒҬ 0ÒɟÒ1̆0ÒɝÒ1̆0ÒɔÒ1  

 
2 2/ (1 ) / /d d a d c b cr x g= + = = + ̆ ̆  ̂5.12̃  

̂5.11̃ ̂῀ף 5.6̃ ̆ ῏ԍ ɟ̆ ɝ̆ ɔ ₱ Lô(ɟ,ɝ,ɔ)Ȃ Ώ ̂ 2.1̃

ᵬ₮₱ Lô̓͂ԍ ɟ̆ ɝ̆ ɔ Ἕ̆ 5.1ȁ5.2ȁ5.3 ȂῒҬ̆ 5.1ҹ₱ Lôɝ=0

̂҉ ̃̆ ɝ=0.5̂ Ҭ ̃̆ ɝ=1̂ Ҋ ̃ ῏ԍɟ Ἕ̕ 5.2ҹ₱ Lôɟ=0.25̂ ҉ ̃̆

ɟ=0.5̂ Ҭ ̃̆ ɟ=0.75̂ Ҋ ̃ ῏ԍɝ Ἕ̕ 5.3ҹ₱ Lôɟ=0.25̂ ҉ ̃̆ ɟ=0.5
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̂Ҭ ̃̆ɟ=0.75̂ Ҋ ̃ ῏ԍɔ ἝȂ 5.1 5.2Ҭ Ҍ̆ ԍɔ=0̆ 0.25̆

0.5̆ 0.75̆ 1 ̕ 5.3Ҭ̆Ҍ ԍɝ=0 0̆.25̆ 0.5̆ 0.75̆ 1 Ȃ

׆ 5.1Ҭ ױ ץ ₮̆ ɝ=1 b=c=0 x ҉ ̆₱ Lôɔ ῏̆ 5.11̃̂׆

ҬӞ ₮Ȃ 

 

 

 

5.1 ₱ Lô(ɟ,ɝ,ɔ)ɝ=0̆0.5̆ 1 ῏ԍɟ Ἕ 
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5.2 ₱ Lô(ɟ,ɝ,ɔ)ɟ=0.25̆ 0.5̆ 0.75 ῏ԍɝ Ἕ 
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5.3 ₱ Lô(ɟ,ɝ,ɔ)ɟ=0.25̆ 0.5̆ 0.75 ῏ԍɔ Ἕ 
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ṿ ̆ 5.2 5.3 ץ ₮ ₱̆ Lô(ɟ,ɝ,ɔ)῏ԍ ɝ ɔ ץ ᵌ Ạ

Ȃ 

    5. 5 Green⃰  

Green₱ ̂5.7̃-̂5.9̃҈ ȁ ף ̂5.11̃ ̂5.12̃ ң ₃

ᵥ 5.1ȁ5.2ȁ5.3 ץ ₮̆ ɝ<1̆ Lôɟ(1-ɟ)2 ̆ɟŸ0̆ɟŸ1̆ғLôɝ̆ ɔ

ᵌ ῏ ̕ ɝ=1̆Lôɟ(1-ɟ)3 ̆ɟŸ0̆ɟŸ1̆ғ b=0̆ c=0̆ ₱ Lô

ҍɔ ῏Ȃ ױ ₱ Lô Ҋ ᵌ῏  

 ( )( ) 2

1 2 31 (1 ) (1 )L P P Pg x r x r r¡º + - + - -è øê ú  ̂5.13̃  

ῒҬ P1̆P2̆P3ҹ῏ԍ ɟ ᵞ Ȃ ױ ̂5.6̃ ̂5.13̃

P1̆P2 P3 Ȃ ҈ҩ ̆ 2.2 ₮ԅ ԍ

ԋӗ [83]№ ҈ҩ Ȃ ᾢפ ɝ=1a=d̆ ↕ P3

̕ ɝ=0ғɔ=0פ b=d̆ ↕ P1 ̕ ɝ=0ғɔ=1פ c=d̆ ↕

P2 Ȃ 2.3 ₮ԅ ԍ ԋӗ ҩ №↓ ̆

P1̆P2 P3 Ȃ ԍ ̆ԋ

ԅȂ ₮ ₱ Lôҹ 

 ( ) ( )( ){ }2 2 2 24 2 24 1 37 62 1 4 5 6 (1 ) (1 ) / 5L r r r r g x r r r x r rè ø¡º - + + + - - - - + - -
ê ú

 ̂ 5.14̃  

ԍ҈ ’ a=0̆b=0 c=0̆ Ø-x=0̆Ù-y=0 Ú+z=0̆ Ώ ̂

2.4̃ ᵬ₮ № ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô Ἕ ₱ L Ἕ̆

5.4 Ȃ 5.4 ץ ₮̆ ₱ L № ₱ Lԋ ҹ

Ȃҹԅ № ₱ L ̆ ₱ L ҹ 

 
approximationEra L L= -  ̂5.15̃  

₱ L ҹ 

 100% 100%
approximationL L Era

Err
L L

-
= ³ = ³  ̂5.16̃  

Ῥ ԍ҈ ’ a=0̆b=0 c=0̆ Ø-x=0̆Ù-y=0 Ú+z=0̆ Ώ ̂

2.4̃ ᵬ₮ ₱ L Ἕ̆ 5.5 5.6 Ȃ׆ 5.4ȁ

5.5 5.6Ҭ ױ ץ ₮̆ ԍ a=0̆ b=0 c=0҈ ’̆ ₱ L

̆ ₱ L № ₱ L ҹ Ȃ

ҹ|Era|max=0.049̆ ₮ 5.5Ҭ b=0̆ ɣ=0.8̆ ɟ=0.33 Ȃ ҹ

|Err|max=9.534%̆Ҍ⌠ 10%̆ ₮ 5.6҉ a=0̆ ɔ=0̆ ɟ=0.93 Ҋ c=0̆

ɝ=0̆ɟ=0.93 ̆ ңҩ Ԋ ҉ҹ ѿ Ȃ ҹ ɟŸ1

Ὲ Ҭ № LŸ0̆ ɟŸ1 ԍῒ Ҍ

₱ L Ҍ ȂԊ ҉̆ Έ Wigley ̆ Green

₱ ԍ Ȃ 

5.7 5.8№≢ҹ 0<d<0.1 0<1/d<0.1 ₱ L

̆ ץ ₮ ₱ L ̆ל

ῒ ԍ 2.5 2.6Ȃ ̆ 0<d<0.1 ̆ d ̆

₱ L ᾢ Ῥ⁞ Ȃ 0<1/d<0.1 ̆ d ̆

₱ L ֞ᾢ Ῥ⁞ ̆dŸÐ ̆ErrŸ0Ȃ 
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5.4 № ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô 

a=0̆b=0 c=0̆ ὀ-x=0̆ὁ-y=0 ὂ+z=0 ῏ԍɟ Ἕ 
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5.5 ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô  

a=0̆b=0 c=0̆ ὀ-x=0̆ὁ-y=0 ὂ+z=0 ῏ԍɟ Ἕ 
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5.6 ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô  

a=0̆b=0 c=0̆ ὀ-x=0̆ὁ-y=0 ὂ+z=0 ῏ԍɟ Ἕ 
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5.7 0<d<0.1 ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô  

a=0̆b=0 c=0̆ ὀ-x=0̆ὁ-y=0 ὂ+z=0 ῏ԍ d Ἕ 
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5.8 0<1/d<0.1 ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô  

a=0̆b=0 c=0̆ ὀ-x=0̆ὁ-y=0 ὂ+z=0 ῏ԍ 1/d Ἕ 



 

                             

Green⃰ Ὶ Ῐ Ⱶ Ҳ  

 46  ῍ 75  

̂5.5 ȁ̃̂ 5.12̃ ̂5.14̃ ҈ ̆ ⌠῏ r1=F2d̆  

 
22

21

2 2 2 2 5

1 1 1 1

0.41 2 2
, ( )(1 )

( ) ( )

L L L F rF
G R R A B F C

r F r F r F r

y
g x xè ø= - º + + + - -ê ú+ + +

 ̂ 5.17̃  

ῒҬ̆ĂB̆C ɝ̆ ɣ̆ ɔ№≢ҹ 

 
4 2 2

4 2 2 4 2 2 1 1
1 1 1 1 2

1

4 3 5
4 6 26 39 24

F F r r
A F F r r B F F r r C

F r

+ +
= + + = + - =

+
̆ ̆  ̂ 5.18̃  

 
2 2 2 2

1 1

( ) ( )

1 ( ) ( )

x x z z z z

r r x x y y z z

z z
x y g

x h z

- - + - +
= = = = =

+ - + - + + +
̆ ̆  ̂ 5.19̃  

ꜚ GL̂5.17̃ -̂ 5.19̃ № ꜚ GL̂5.4̃

ԅȂ ꜚ GL ∆ ₱ Ȃ⌠ ̆

Green₱ ף ȁ ҈ ₱ ∆ ₱ ̆ ≠ԍ ṿ Ȃ 

    5. 6 Green⃰  

Ҋ Green₱ G(ὀ;x,Ů) ÐGȂ ̂5.3̃ ̂5.17̃  

 4 W r r LGp ¡Ð = + - +G G G R  ̂5.20ã  

ᵌԍ̂3.32̃ ̆ ꜚ GW=(' ,' ,' 5.3̃̂׆( ץ ₮ 

2 2 2 22 (1 )( )/ 1 [ ( )]/ 2

4

4
( ) Im 1 ( , , 1 )

t
t z z F i t x x t y y F

W
t

H x x dt t e i it t
F

¤

¤

+ + + + - + -

-
= - L + +ñG ̂5.20b̃  

5.3̃̂׆ Ӟ ץ ₮ 1/r Gr=(',',')ҹ 

 3 3( , , ) / ( ) /r x x y y z z r r= - - + = -G x x  ̂5.20c̃  

5.17̃̂׆ ץ ₮ 1/r1 Grôҹ 

 3 3

1 1 1( , , ) / ( ) /r x x y y z z r r¡= - - + = -G x x  ̂5.20d̃  

̂5.20c̃ ̂5.20d̃ ң z=0 Ú=0 ̆ ױ  

 (0, 0, 0) 0r r z¡- = =G G  ̆  ̂5.20ẽ  

 3 2 2 2(0, 0, 2 / ) ( ) ( ) 0r r z r r x x y y z z¡- = - = - + - + =G G ̆ῒҬ ̆  ̂ 5.20f̃  

5.17̃̂׆ ₮ RL=(2 ,2 ,2 ) Ώҹ 

1

1

L L L L

L

R R R R
r

r
y x g

y x g

µ µ µ µ
- = Ð + Ð + Ð + Ð

µ µ µ µ
R  

↕ ױ  
22

21
1 2 2 2 5

1 1 1

0.42
[( ) (1 ) ]

( ) ( )

L

L

F rR F
r A B F C B

r F r F r

y
g x x g

µ Ð
=- Ð - + + + Ð - - Ð
µ + +

R  

̂5.19̃ ̂5.2̃ ɝ2+ɖ2+ɕ2=1 ױ ץ ₮ 

1 1 1

2

1 1 1

2 2

1 1 1

2 2

1 1

/ ( ) / /

(1 ) ( ) (1 ) (1 ) 1
1 1

/ ( )( ) / /

/ 0 (1 ) / (1

r x sign x x r y r z

r sign x x r r
x y z

r x sign x x r y r z

x r x r

x h z

y y hz y z
x z x x

x x

x h z x xh x xz

g x g hg x

µ µ = - µ µ = µ µ =-

µ µ - µ
+ =- - + = + = -

µ µ + µ +

µ µ = - + µ µ =- µ µ =

µ µ = - µ µ =- -

̆ ̆ 

̆ ̆ 

̆ ̆ 

̆ ̆ 2 2 2) / /zg h h zµ µ =- +
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5.17̃̂׆ ₮ ױ ץ ₮ÖRL/Ör1=-P̆ῒҬ Pҹ 

2 2 * 2 *
*

2 2 2 3 2 6 22 2
1 1 1 1

2 4 0.4
[ (1 ) ]

( ) ( ) (1 ) ( )

F F B F C
P A

F r F r F r F r

z z x
x

x h z
= + - + - -

+ + + + ++
( ) ̂5.21ã  

҉ ױ ⌠ԅ̂5.19̃ Ȃץ f ף ₱ ĂB̆C̆ץ fôף ₱ ĂB̆

C r1 ̆↕ ױ ῏ f*=(F2-4r1)f+r1(F2+r1)fôȂ5.18̃̂׆ ₮ ̆ ̂5.21ã

Ҭ ₱ A*̆B*̆C*№≢ҹ 

 

* 6 4 2 2 3

1 1 1

* 6 4 2 2 3

1 1 1

* 6 4 2 2 3

1 1 1

4 4 60 52

74 189 48

4 14 3 15

A F F r F r r

B F F r F r r

C F F r F r r

û= - + -
î

= - - +ü
î

= - + - ý

 ̂5.21b̃  

D=0.4F2(A+F2C)/(F2+r1)5̆E=0.4F2B/(F2+r1)5Ȃ↕ ̂5.18̃  

 
6 4 2 2 3 4 2 2

2 21 1 1 1 1

2 6 2 5

1 1

8 13 37 26 39 24
0.4 0.4

( ) ( )

F F r F r r F F r r
D F E F

F r F r

+ + + + -
= =

+ +
̆  ̂ 5.21c̃  

Ῥ ӈ₱ Q̆S Tҹ 

2

1

2 2 2 2 2 2
1

2 /

( ) (1 ) 1 1

F r Q E E
Q S P D T

F r

z z h
x

x x xh x h z
= = + - + =

+ + + ++ +
( )̆ ̆ ̂5.21d̃  

ῒҬ S Ҭ ₱ P ̂5.21ã ̂5.21b̃ ₮Ȃ̂ 5.21ã ̂5.21d̃ Ҭ

ɝ̆ ɖ ɕ̆ ץ ̂5.21ã -̂5.21d̃ Ҭ r1 ҹ 

 1 1 1

2 2 2

1

( )

( ) ( ) ( )

x x y y z z

r r r

r x x y y z z

x h z
- - - +

= = =

= - + - + +

̆ ̆ 
 ̂5.21ẽ  

RL=(2 ,2 ,2 ) Ҋ ₮ 

 

2 2 2 2( )[ ( ) ]x

L

y z

L L

R sign x x P Q D E

R S T R Q T S

x z h z z h z

h z h z

û= - + + + + +î
ü

= + = + - îý̆             
 ̂5.21f̃  

҉̆ Green₱ G(ὀ;x) ᵌ ̂5.17̃ -̂5.19̃ ₮̆Green₱

ÐG ̂5.20̃ ₮ ῒ̆Ҭ̂ 5.20ã Ҭҍ ꜚ ῏ RL ̂5.21̃

₮Ȃῒᴨ ̆p № ץ ₮ ꜚ Ҍ

≢ Ȃp ׆ Έ ̆ Green₱ № Green₱

҉ ҹ Ȃ Һ ҹ 5.5 Ҭ ױ ⌠ ꜚ

r1Ÿ0 r1ŸÐ № ꜚ Ḡ ѿ ̆

Ҭ Һ ᵬ Ȃ 

    5. 7 ∑  

ὀ ᵣ x ̆ r=0̆ -1/r Ȃ ᵌ ̆ ꜚ

GL r1=0 Ӟ Ȃ ꜚ GL -1/r ↕ GL -1/r ̆

Ῥ ↕ GL -1/r ᵌף GL -1/r̆ ԍ≠ץ ṿ Ȃ  

 2 4 2 2 2 4 2 2 2 4 2 2

1 1 1 1 1 1/ ( ) / ( ) / ( )r r r r r rr d d r d d r e e¡= + + = + + = + +̆ ̆  ̂ 5.22̃  

ῒҬ0<ŭ<<1̆ 0<Ů<<1̆ ŭ Ů Ȃ ŭ ҹŭ=ůLl̆ῒҬůL>0
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̆l ᵣ ҉ ᾝ ̆ Ů ץ ̆ᶛ Ů=10-10ȂῬ ӈ

ɝ̆ ɖ̆ ɕ ůҹ 

 2 2 2

1 1 1| | / ( ) / ( ) /x x y y z zx r h r z r s h z e¡ ¡ ¡= - = - =- + = + + ̆ ̆  ̆  ̂ 5.23̃  

≠ ̂5.22̃ Ҭ ɟ̆ -1/rΏҹ ↕ (-1/r)reg=-1/ɟ̆ ғ  

 
3( 1/ ) 1/ ( 1/ ) ( ) /reg regr rr r- =- Ð - º -x x ̆  ̂5.24̃  

̂5.22̃ ȁ̂ 5.23̃ 5.17̃̂῀ף ̂5.19̃ ̆  

 
22

21

2 2 2 2 2

1 1 1 1

0.41 2 2 / (1 )
[( )(1 ) ]

( ) ( )
reg

L F rF
G A B F C

F r F r F r

z x z
x x

r s

+
= - - - + - -

+ + +
 ̂ 5.25̃  

ῒҬ₱ ĂB̆C ̂5.18̃ ӈȂ ̆ ̂5.25̃ ᵌҹ 

 

3

1

3

1

3

1

/ ( ) / ( )[ ( ) ]

/ ( ) /

/ ( ) /

reg
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reg

L

L

L

G x x x sgn x x D E P Q

G y y y S T

G z z z Q T S

r s s z x z

r h z

r h z

ûµ µ º- - + - + + +
îî

µ µ º- - + + ü
î

µ µ º- - + + - îý

 ̂5.26̃  

҉ Ҭ₱ A* B̆* C̆* ̂5.21b̃ ӈ ₱̆ D Ĕ ̂5.21c̃ ̆ ₱ P̆

Q̆S̆ TΏҹ Ҋ  

 

2 2 2 *
* *

2 2 2 3 2 6 2

1 1 1 1

2

1

2 2

1

2 4 0.4
[ (1 ) ]

( ) ( ) (1 ) ( )

2 /

( ) (1 ) 1 1

F F F C
P A B

F r F r F r F r

F Q E
Q S P D E T

F r

z z x
x

x s

r z z h
x

x x s x s

= + - + - -
+ + + + +

= = + - + =
+ + + +

( )

( )̆ ̆ 

 ̂ 5.27̃  

ᵞ ᾝ ῤ̆ ᵣ ɆH⅞№ҹѿ ↓҈ ᾝ̆↕̂4.40̃ Ҭ

ʒHלꜚ
LҬ ᵣ ɆH № ᶏ 7 Gauss № Ȃ

ṿ ԍůL̆ 0.01<ůL<0.3 ῤ̆ ꜚ Ȃ ůL=0.1 ⌠

Ȃ 

    5. 8 Green⃰ Ҳ ꜠  

̂5.3̃ Ҭ ꜚ ΏҹץҊ  

 

2 2 2 2

2 2 2 2

(1 ) / 1 ( )/

2
(1 ) / 1 ( )/

( )
Im

t z F i t x ty F
t

t t z F i t x ty F

E eH x x
W EEdt

F E ep

¤

¤

+ + + +

- + - + +

ë =- î
= L ì

î =í
ñ ̆  ̂5.28̃  

5.28̃̂׆ ₮ ̆  

 
2

( )
1

t
x

t

H i EE
W Im dt H H x x

tp

¤

¤-

L
= = -

+
ñ ̆  ̂5.29̃  

̂5.29̃ ̂4.26̃ Ҭ ₱ ҹ 

 
2 2

Im
1

x
t

y

x t
z

tW H
EEdt

FW i tp

¤

¤-

ë ûë û î î
= Lì ü ì ü

+î îí ý í ý
ñ  ̂5.30̃  

̂5.29̃ Ҭ ₱ Wx ῏ԍ x Ẓ ̆↕ ᵝ ₱ H(x-Ø) ῏ԍ x

Ẓ ̆ Ẓ Ҭᴪ₮ Dirac₱ ŭ(x-Ø)=dH(x-Ø)/dxȂ ̆̂ 5.28̃ Ҍ ԍ
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̂5.29̃ Ҭ ₱ Wx ῏ԍ x Ẓ ӊױז̆ ԅ₱ ŭ(x-Ø)Ȃ ̂5.28̃ Ҭ

₱ Wx ̂5.30̃ Ҭ ₱ 7 ̆7 Ҍ ῃ Ȃ ԅῒҌ Ȃ 

    5. Ҳשׂ 9  שׂ꜠

Ҋ ױ ̂4.44̃ ̂5.28̃ ȁ̂ 5.30̃ ԋ ꜚ ʒW=ʒH
W+ʕWȂ↕

ʒWלꜚ ҹị  

 
1

Im ( )
t

W W W H

H
t

S S Edtyf f y
p

¤

¤-
= + = L +ñ  ̂5.31ã  

ῒҬ ₱ 3H=3H(t;Ø)̆3ɣ=3ɣ(t;Ø) ӈ Ҋ  

 
2 21 ( )/F
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H F

H x i t x tyS Hn Eda H E dxdy E e
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fp - + +

S S
= - =ñ ñ ̆  ̂5.31b̃  

2 2

* * * *2

1
[( 1 ) ( 1 ) ]

H

z y z y

t dS H td i t d t t i t t Eda
F

y f f
S

-
= - + + - +ñ  

ױ ̂4.30̃ ӈ ᵣ ℗ t d̆↕ ױ t=t*̆d=-d*Ȃ

₱ 3ɣ ҹ 

 2 2

2

1
[( 1 ) ( 1 ) ]

H

y z x z y

t dS H t i t n t i t Eda
F

y n n f n n f
S

= + + + - +ñ  ̂5.31c̃  

̆ Ø<-1/2 ̆ ױ (=1̆ ₱ 3Hɣ=3H+3ɣ Ø ῏̆ ӊҹ

₱ 3
ɣ
Ȃ↕ ῐ ⱬ Ȃ ₱ 3

ɣ
̆

HavelockῈ ₮ 

 
8 44

2 2 2 0.1 /(1 4 )

4

1
1 ( ) Re( ) Im( )

2

far t t H H

wave r i r far i farC t S S e dt S S S Sy y

p

- +

-
= + + = =ñ ̆ ̆  ̂ 5.32̃  

ԍ t=0.71̆ 1̆1.62̆ 2̆3̆4 ̆ ױ  

8 40.1 /(1 4 ) 0.997,0.98,0.85,0.67,0.13,0.002t te- + º  

ῐ №≢ ԍ|t|<1/Ѝςå0.71 |t|>1/ЍςȂ t=2 ̆ ԍ t

ɚ=2 F́2/(1+t2) 2 F́2 20%Ȃ 

̂5.28̃ ̂5.31b̃ ₮ E=(Cx-iSx)(Cy-iSy)Ez E0=(Cx-iSx)(Cy-iSy)̆ῒҬ 
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t dQ t C t S n t C t Sn n f n n f= + - - + +  ̂5.33d̃  

₱ ̂5.33b̃ ̂5.33c̃ t Ẽ₱ Ȃ̂ 5.28̃ Ҭ ₱ % ץ ҹ 

2 2(1 ) / ( )( )t z F x x y yE e C iS C iS+= + +  
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sin sin 1 /
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C C t x F
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= =î î î î = +î îí ý í ýí ý

̆ ̆  ̂5.33ẽ  

5.31ã̂῀ף ̆ ץ ₮ 

 
2 2(1 ) /F

0

2
[ (S S ) (S S )]

t
W t z y x H x H

re re im ime C S C dty yf
p

¤ += L + + +ñ  ̂5.33f̃  

ῒҬ̂4.42̃ -̂4.44̃ Ҭ ʒW=ʒHלꜚ
W+ʕW ̂5.33̃ Ȃ 

    5. 10  

ԅ Green₱ Ȃ ᾢ Green₱ ̆№ Green₱

ꜚ Ҭ ₱ Lô ̆ ₱ Lô ₃ᵥ ̆ ף ɝ<1̆Lô

ɟ(1-ɟ)2 ̆ɟŸ0̆ɟŸ1̆ғLôɝ̆ ɔ ᵌ ῏  ̕ ɝ=1̆ Lôɟ(1-ɟ)3 ̆

ɟŸ0̆ɟŸ1̆ғ b=0̆ c=0̆ ₱ Lôҍɔ ῏Ȃ ⌠ Lô ᵌ ̆ Green

₱ ꜚ Ȃ ꜚ ҹ ₱ ̆ № ꜚ

̆ Ӟ Ȃ ꜚ ᵬ₮ № ̆

№ ԅ ₱ L 0<d<0.1 0<1/d<0.1 Ȃ

5.4-5.8 ₱ L № ₱ L ҹ ̆ ₱ L

Ȃ ԍ҈ ’ a=0̆ b=0 c=0̆ Ø-x=0 Ù̆-y=0 Ú+z=0̆

₱ L ҹ|Era|max=0.049̆ ҹ|Err|max=9.534%̆ Ҍ⌠

10%Ȃҹԅ ꜚ GL -1/r ̆ ꜚ GL -1/r ↕

ᵌף GL -1/r̆ ԍ≠ץ ṿ Ȃ ԍ Neumann-Michell ₮ №

̆ ԅ לꜚ Ὲ Ȃṿ ֽֽ̆ ꜚ

№ Ҍ ῒ ԍ ̆ № ꜚ

ꜚ ץ̆ Green ̆ Ҋѿ ῤ Ȃ 
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῏  Green⃰  

 

    ҹԅ ꜚ ҹ̆ ȁ∆ ᴨ

ᶫ ̆ ױ Green₱ № Green

₱ Ҭ ≢Ȃ ̆ ױ Wigley ̆ ҈ҩị F=0.15̆ 0.3

0.5Ҋ ꜚ № ꜚ ҬלHogner῀ף≢№ ̆

ԋ ≢̆Ῥ Green₱ Green₱ ῀ף≢№ HognerלҬ ̆

№≢ ⌠ῐ ⱬ ȁ ẁ Ȃ ֦ ᶫ Ȃ 

    6. 1 Wigley  

Wigley ѿ ῖ ̆ῒ ̆ ᾟ№̆ ԍ

Ȃῒ ᵣ ѿ  

 
2

2

2

1 1 1 1
(1 4 )(1 ) 0

2 2 2 10 16

b z
y x x d z b d

d
=° - - - ¢ ¢ - ¢ ¢ = =̆ ̆ ̆ ̆  ̂ 6.1̃  

Wigley Ҋ  

 

6.1 Wigley  

    6. 2 ↔ⅎ ᴌ 

ᵣ ⅞№̆ 6.2 Ȃ ᵣ № (yÓ0)̆ ̂z

̃ 23ҩ ̆ ̂x ̃ 180ҩ ̆ ⱴ

̆↕ ⌠ 7876ҩ҈ ᾝȂ№≢ ị F=0.15̆ 0.3 0.5 ̆

ꜚ № ꜚ ῀ף≢№ HognerלҬ ̆Ῥ Green

₱ Green₱ ῀ף≢№ HognerלҬ ̆№≢ ⌠ῐ ⱬ ȁ ẁȂ

ҩֲ ҉ ̆ ԍ ѿ ị ̆ ᶏ Green₱ ֽ ₃

̆ᵖᶏ Green₱ ѿ Ȃ 
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6.2 Wigley ⅞№ 

    6. 3 ғⅎ  

№≢ ꜚ № ꜚ ῀ף HognerלҬ ̆

ԋ Ҭ̆ 6.3ȁ6.4ȁ6.5№≢ ԍị F=0.15̆ 0.3

0.5 Ȃҹԅ ₮ ꜚ ꜚ

≢̆ ἝҬ ̆ 6.3ȁ6.4ȁ6.5 ҩ ṿ ⁞ 2ÚȂ 6.3ȁ

6.4ȁ6.5 ץ ₮̆ ҩ ꜚ ꜚ Hognerל

ṿ ₃̆Ӎ ׆̆ ᵣ҉ ̆ ꜚ ҉ל

ꜚ №ѿ Ȃ 

Ῥ Green₱ Green₱ ῀ף≢№ HognerלҬ ̆ᶭ ị

F=0.15̆ 0.3 0.5̆ №≢ ⌠ ῐ ⱬ ȁ ẁ̆ 6.1ȁ6.2ȁ6.3

Ȃ ̆ ῐ ⱬ # =-FX/ɟ6,̆ Ҋ ṿ h=H/LS̆

ẁ Űץ ẁҹ Ȃ Green₱ ҹ 

 exact approximationEra X X= -  ̂6.2̃ 

Green₱ ҹ 

 100% 100%
exact approximation

exact exact

X X Era
Err

X X

-
= ³ = ³  ̂6.3̃ 

ῒҬ X ף ῐ ⱬ # ȁ Ҋ ṿ h ẁ ŰȂ

֞ ԍ 6.1ȁ6.2ȁ6.3Ȃ 

 

6.1 Green₱ Green₱ ῐ ⱬ ἍἿἩἾἭ
ἶἭἩἺ  

ị F 0.15 0.3 0.5 

Green₱  2.61127e-05 0.000147312 0.000302323 

Green₱  2.61336e-05 0.000147249 0.000302263 

 2.09e-08 -6.3e-08 -6e-08 

 0.0799737% -0.0427847% -0.0198503% 
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6.2 Green₱ Green₱ Ҋ ṿ h  

ị F 0.15 0.3 0.5 

Green₱  0.000399481 0.00190743 0.00487707 

Green₱  0.000412895 0.00190527 0.00486148 

 1.3414e-05 -2.16e-06 -1.559e-05 

 3.24877% -0.113370% -0.320684% 

 

6.3 Green₱ Green₱ ẁ Ű  

ị F 0.15 0.3 0.5 

Green₱  -5.15395e-08 0.000500542 0.028095 

Green₱  -2.55656e-08 0.000505286 0.0281024 

 2.59739e-08 4.744e-06 7.4e-06 

 -101.597% 0.938874% 0.0263323% 

 

6.1 ץ ₮̆ ị F=0.15̆ 0.3 0.5 ̆ Green₱ Green

₱ ῐ ⱬ # ҹ ̆ ̆

10-8 ̆ ԍ №ӊѿȂ 6.2̆ Green₱ Green₱

Ҋ ṿ h֞ ̆ 10-6⌠ 10-5 ҉̆

F=0.15 ѿ ̆ῒ № ԍ Ҋ ṿӞ ̆↕ ̂6.3̃ Ҭ№ Ӟ ̆

⌠ 3.25%̆p ԅȂ 6.3 ̆ Green₱ Green

₱ ẁ Ű Ӟ ̆ ѿ 10-6 ҉ F̆=0.15 ̆

ҹ Green₱ Green₱ ẁ Ű Ȃ F=0.3 0.5

̆ Ҋ̆ץ1% ῃ Ȃ F=0.15 ̆ ⌠ 100%̆

ҹ Green₱ Green₱ ẁ Ű ԅ̆ ֟

ṿ ̆ғ ̂6.3̃ Ҭ№ Ӟ Ȃ ԍᵞị ẁṿ̆

ӞҌ [62,63,84]Ȃ Green₱ Green₱ Ҭ ҹ ̆

Green₱ Ȃ 

    6. 4  

ץ Wigley ҹᶛ̆ ԅ Green₱ Ȃ ᾢ

ᵣ № ⅞№̆ №≢ ꜚ №

ꜚ ῀ף HognerלҬ ị̆ F=0.15̆ 0.3 0.5 №≢

ԍ 6.3ȁ6.4ȁ6.5ҬȂ׆ ̆ ҩ ꜚ ꜚ

Hognerל ṿ ҹ ׆̆ ᵣ ̆ ꜚ ҉ל

ꜚ №ѿ ȂῬ Green₱ Green₱ ῀ף≢№ HognerלҬ

ׅ̆ ị F=0.15̆ 0.3 0.5̆ №≢ ⌠ ῐ ⱬ ȁ ẁ̆

6.1ȁ6.2ȁ6.3 Ȃ Green₱ Green₱

ҹ ̆ Һ ҹ ꜚ r1Ÿ0 r1ŸÐ №

ꜚ Ḡ ѿ ̆ Ҭ Һ ᵬ Ȃ

Green₱ ̆ ᵬҹ ȁ∆ ᴨ ⱬ

ΐȂ 
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6.3 ꜚ ꜚ ̂F=0.15̃  
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6.4 ꜚ ꜚ ̂F=0.3̃  
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6.5 ꜚ ꜚ ̂F=0.5̃  
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҈   

 

Һ ԍ Noblesse ₮ ѿ ῐ ȁ

№ Green₱ Neumann-Michell ׃̆ ԅῐ ̆ ԅ

№ ῐ Green₱ № ῒ ̆ ԅ Neumann-Michell

№ ̆ ԅ Green₱ Ȃ Green₱

ꜚ № ̆ ῒ ̆

Green₱ ꜚ №ᵬ₮ № Ȃ ԅ Wigley

№ ꜚ ꜚ ῀ף Hogner ל ị F=0.15̆

0.3 0.5 ̆ Green₱ Green₱ ῀ף Hogner ל ị

F=0.15̆ 0.3 0.5 ῐ ⱬ ȁ ẁṿ̆ ԅ Green₱

̆ҹ ᴨ ᶫԅ Ȃ 

̆ ⌠ԅ Ҋ ̔ 

1ȁ № Green ₱ ̂3.30̃ ᴆȁ

ᴆ ᴆ̆ғ ԍ ṿ Ȃ ᾢ ị ̆ Green₱

ҹ ԍ № ̆ ⌠ ῖ № ῐ Green₱

̂3.14̃Ȃᵖ № Green₱ Ҍ≠ԍ№ ṿ ̆≠ ₱ ῏

̆ № ᵬѿ ↓ ף ̆ Peters № Green₱

̂3.27̃ Ȃ № № Green₱ ꜚ Ҭ ₱ ̆

̂3.27̃ ҹ ≠ԍ ’̂ Ҭ r1̃Ҋ ṿ ̂3.30̃ ȂGreen₱

ҹ-1/rȁN(ὀ-x1) W(ὀ-x1)҈ № ̆ῒҬ-1/rף Ҭ

Green₱ ̆₱ W(ὀ-x1)ף ꜚ ֟ ꜚ̆ ₱ N(ὀ-x1)↕ף

ꜚ ֟ ꜚȂᵖ № Green₱ Ҍ Ȃ 

2ȁNeumann-Michell ԍ ṿ № ̆

Neumann-Kelvin N̆eumann-Michell ≠ ל ѿ ↓

̆ Neumann-Kelvin Ҭ ԍ № ԅȂNeumann-Kelvin

Ҭ № ₱ G x˒- G˒xȂNeumann-Kelvin └ Ú=0҉

ᴆ̆ ԅ ᵣ ӊ

Ȃ ꜚ Ҭ̆Ҍᴪ₮ G x˒ ѿ Ȃ G˒x ꜚ Ҭׅ

ᴪ₮ ̆p ѿ ῀ѿҩ ₱ ᵬ Ȃ ̆ ⌠ ԍ

ᵣ ɆH҉ ˒ל № № ף ȂNeumann-Michell

№ ԍ ̆ ԅ ̆ ԍ Ȃ 

3ȁNoblesse ⌠ Green₱ ңҩṿ Ȃѿ

Green₱ ҹ ԍ№ ̆№ ῒ ₃ᵥ ̆ ₱ Lô

Ώҹ῏ԍ ɟ̆ ɝ̆ ɔ Ῥ ῒ ̆ ⌠ ꜚ №

ꜚ № ғ̆ ꜚ № №₱ ₱ № ҹ

₱ ̆ ⌠ ҩ ᵌ Green₱ Ȃ Ҭ ₮ԅ₱

Lô₃ᵥ ᵬ Ȃҍ ԍ [53] ṿ [59-61]

̆ ₮ ҹ Ȃԋ ↕ ̆ Green

₱ ῒ ԅ̆ ≠ԍ ṿ Ȃ ױ ⌠ ֽ
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ף ȁ ҈ ₱ ∆ ₱ ̆ ̆ Ȃ 

4ȁ Ώ ̆ ԅ ҈ ’ a=0̆ b=0 c=0̆ Ø-x=0̆Ù-y=0 Ú+z=0

₱ L ̆ ᵬ₮ῒ Ἕ̆ 5.5 5.6 Ȃ Ҍ

₮̆ ҈ ’Ҋ̆ ₱ L ̆

₱ L № ₱ L ҹ Ȃ ҹ|Era|max=0.049̆

ҹ|Err|max=9.534%̆ Ҍ⌠ 10%̆ ғ 10% ҹ

Ὲ Ҭ№ L ԍ Ȃ № ԅ ₱ L

̆ Ώ ᵬ ̆ ⌠ №≢ 5.7 5.8 Ȃ ₱

L ԍ ̆ ҹ ₱ L ₱ L

r1Ÿ0 r1ŸÐ ̆ ₱ L ԍ ̆

₱ L ₱ L ₱ L ̆֞ ԍ Ȃ 

5ȁ Wigleyץ ҹᶛ̆ ԅ҈ҩị F=0.15̆ 0.3̆ 0.5̆ №≢

ꜚ № ꜚ ῀ף HognerלҬ ̆ ԋ

№≢ 6.3ȁ6.4ȁ6.5ҬȂ ҩ ꜚ ꜚ

Hogner ל ṿ ҹ ̆₃Ӎ ׆̆ ᵣ ̆ ꜚ

҉ל ꜚ ѿ ȂῬ ꜚ Green₱

Green₱ ῀ף≢№ Hogner Ҭל ׅ̆ ị ҹ F=0.15̆ 0.3 0.5̆ №≢ ⌠

ῐ ⱬ ȁ ẁ̆ ̆ 6.1ȁ

6.2ȁ6.3 Ȃ Green₱ Green₱ № ̆

̆ F=0.15 ẁ Ű ̆ ҹ

ẁ ԅȂ Green₱ ̆ Green₱ ̆

̆ Ȃ 

҉ ̆ Green₱ ԍ ṿ ̆ ԍᶏ Ȃ Green₱

̆ Green₱ ̆ ̆ΐ Ȃ

№ ԍ ̆ ῒ ҹ ∆ ȁ ᴨ

ᶫԅ ҉ Ȃ 
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ԑ  

 

Ҋץ     ԍMATLAB ᴆȂ 

    A2. 1 ⃰ Lô₉ᵫ ᵲ  

ꜚᵬ₮₱ Lô̓͂ԍ҈ҩ ɟ̆ ɝ̆ ɔ Ἕ̆ 5.1ȁ5.2ȁ5.3 Ȃ

ῒҬ̆ 5.1ҹ₱ Lôɝ=0̂ ҉ ̃̆ ɝ=0.5̂ Ҭ ̃̆ ɝ=1̂ Ҋ ̃ ῏ԍɟ Ἕ̕ 5.2

ҹ₱ Lôɟ=0.25̂ ҉ ̃̆ ɟ=0.5̂ Ҭ ̃̆ ɟ=0.75̂ Ҋ ̃ ῏ԍɝ Ἕ̕ 5.3ҹ₱

Lôɟ=0.25̂ ҉ ̃̆ ɟ=0.5̂ Ҭ ̃̆ ɟ=0.75̂ Ҋ ̃ ῏ԍɔ ἝȂ 5.1 5.2Ҭ̆

Ҍ ԍɔ=0 0̆.25̆ 0.5̆ 0.75̆ 1 ̕ 5.3Ҭ Ҍ̆ ԍɝ=0̆

0.25̆ 0.5̆ 0.75̆ 1 Ȃ₱ Lô₃ᵥ ԍ Green₱ ӈȂ

Ҋ̔ 

rho=0.01:0.01:0.99; 

LL=zeros(15,99); 

color=['b' 'r' 'c' 'g' 'k']; 

gamma=0:0.25:1; 

xi=0:0.5:1; 

for k=1:3 

for j=1:5 

for i=1:99 

d=rho(i)/(1-rho(i)); 

a=xi(k)*d;b=sqrt(1-gamma(j)^2)*sqrt(1-xi(k)^2)*d;c=gamma(j)*sqrt(1-xi(k)^2)*d; 

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

LL(j+5*(k -1),i)=d/(1+d)*(1+(2+d)/(1+d)*c/(d+a))-quadgk(y,-1,1)/pi; 

end 

figure(k); 

hold on; 

plot(rho,LL(j+5*(k-1),:),color(j)); 

end 

end 

xi=0:0.01:1; 

LLL=zeros(15,101); 

gamma=0:0.25:1; 

rho=0.25:0.25:0.75; 

for k=1:3 

d=rho(k)/(1-rho(k)); 

for j=1:5 

for i=1:101 

a=xi(i)*d;b=sqrt(1-gamma(j)^2)*sqrt(1-xi(i)^2)*d;c=gamma(j)*sqrt(1-xi(i)^2)*d;  
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y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

LLL(j+5*(k -1),i)=d/(1+d)*(1+(2+d)/(1+d)*c/(d+a))-quadgk(y,-1,1)/pi; 

end 

figure(3+k); 

hold on; 

plot(xi,LLL(j+5*(k -1),:),color(j)); 

end 

end 

gamma=0:0.01:1; 

LLLL=zeros(15,101); 

xi=0:0.25:1; 

rho=0.25:0.25:0.75; 

for k=1:3 

d=rho(k)/(1-rho(k)); 

for j=1:5 

for i=1:101 

a=xi(j)*d;b=sqrt(1-gamma(i)^2)*sqrt(1-xi(j)^2)*d;c=gamma(i)*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

LLLL(j+5*(k -1),i)=d/(1+d)*(1+(2+d)/(1+d)*c/(d+a))-quadgk(y,-1,1)/pi; 

end 

figure(6+k); 

hold on; 

plot(gamma,LLLL(j+5*(k-1),:),color(j)); 

end 

end 

    A2. 2 ⅎ ꜠  

    ԍ ԋӗ ̆ № 5.5 Ҭ҈ҩ P1 P̆2 P3 Ȃ ᾢפɝ=1

a=d̆ ↕ P3 ̕ ɝ=0ғɔ=0פ b=d̆ ↕ P1 ̕

ɝ=0ғɔ=1פ c=d̆ ↕ P2 Ȃ Ҋ̔ 

A=zeros(3);b=zeros(3,1);x=zeros(9,1); 

mf={'mf1','mf2','mf3','mf4','mf5','mf6'}; 

syms rr 

mf1=rr.*(1-rr).^3;mf2=rr.^2.*(1-rr).^3;mf3=rr.^3.*(1-rr).^3; 

mf4=rr.*(1-rr).^2;mf5=rr.^2.*(1-rr).^2;mf6=rr.^3.*(1-rr).^2; 

for k=1:3 

for j=k:3 

mm=eval(mf{k}).*eval(mf{j});  

A(k,j)=quadgk(@(rr)eval(mm),0,1); 

A(j,k)=A(k,j);  

end 

mmm=eval(mf{k}); 
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b(k)=quadgk(@(r)arrayfun(@(rr)eval(mmm).*(rr-quadgk(@(t)imag(expint(rr./(1-... 

rr).*1i.*sqrt(1-t.^2)).*exp(rr./(1-rr).*1i.*sqrt(1-t.^2))+log(rr./(1-rr).*... 

1i.*sqrt(1-t.^2))),-1,1)/pi),r),0,1); 

end 

a=A\b; 

x(7:9)=a; 

for k=4:6 

for j=k:6 

mm=eval(mf{k}).*eval(mf{j});  

A(k-3,j-3)=quadgk(@(rr)eval(mm),0,1); 

A(j -3,k-3)=A(k-3,j-3); 

end 

mmm=eval(mf{k}); 

b(k-3)=quadgk(@(r)arrayfun(@(rr)eval(mmm).*(rr-quadgk(@(t)imag(expint(rr./(1-... 

rr).*t.*sqrt(1-t.^2)).*exp(rr./(1-rr).*t.*sqrt(1-t.^2))+log(rr./(1-rr... 

).*t.*sqrt(1-t.^2))),-1,1)/pi),r),0,1); 

end 

c=A\b; 

x(1:3)=c; 

for k=4:6 

for j=k:6 

mm=eval(mf{k}).*eval(mf{j});  

A(k-3,j-3)=quadgk(@(rr)eval(mm),0,1); 

A(j -3,k-3)=A(k-3,j-3); 

end 

mmm=eval(mf{k}); 

b(k-3)=quadgk(@(r)arrayfun(@(rr)eval(mmm).*(rr.*(3-rr)-quadgk(@(t)imag(expint... 

(rr./(1-rr).*(t.^2-1)).*exp(rr./(1-rr).*(t.^2-1))+log(rr./(1-rr).*... 

(t.^2-1))),-1,1)/pi),r),0,1); 

end 

d=A\b; 

x(4:6)=d-c; 

    A2. 3 ꜠  

    ԍ ԋӗ ̆ ҩ №↓ Ȃ ᵌԍ 2.2 Ҭ ̆

ԍ 5.5 Ҭ P1̆P2 P3 Ȃ Ҋ̔ 

A=zeros(9);b=zeros(9,1); 

mf={'mf1','mf2','mf3','mf4','mf5','mf6','mf7','mf8','mf9'}; 

syms rr kk gg 

mf1=rr.*(1-kk).*(1-rr).^2;mf2=rr.^2.*(1-kk).*(1-rr).^2;mf3=rr.^3.*(1-kk).*... 

(1-rr).^2; 

mf4=rr.*(1-kk).*(1-rr).^2.*gg;mf5=rr.^2.*(1-kk).*(1-rr).^2.*gg;mf6=rr.^3.*... 

(1-kk).*(1-rr).^2.*gg; 

mf7=rr.*kk.*(1-rr).^3;mf8=rr.^2.*kk.*(1-rr).^3;mf9=rr.^3.*kk.*(1-rr).^3; 
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for i=1:9 

for j=i:9 

mm=eval(mf{i}).*eval(mf{j}).*gg;  

A(i,j)=quadgk(@(r)arrayfun(@(rr)quadgk(@(k)arrayfun(@(kk)quadgk(@(gg)eval... 

(mm)./gg,0.002,0.998),k),0.002,0.998),r),0.002,0.998); 

A(j,i)=A(i,j);  

end 

mmm=eval(mf{i}); 

b(i)=quadgk(@(r)arrayfun(@(rr)quadgk(@(k)arrayfun(@(kk)quadgk(@(g)arrayfun(@... 

(gg)eval(mmm).*(rr.*(1+(2-rr).*gg.*sqrt(1-kk.^2)./(1+kk))-quadgk(@(t)imag... 

(expint((sqrt(1-gg.^2).*sqrt(1-kk.^2).*rr./(1-rr).*t-gg.*sqrt(1-kk.^2).*... 

rr./(1-rr).*sqrt(1-t.^2)+kk.*rr./(1-rr).*1i).*sqrt(1-t.^2)).*exp((sqrt... 

(1-gg.^2).*sqrt(1-kk.^2).*rr./(1-rr).*t-gg.*sqrt(1-kk.^2).*rr./(1-rr).*... 

sqrt(1-t.^2)+kk.*rr./(1-rr).*1i).*sqrt(1-t.^2))+log((sqrt(1-gg.^2).*sqrt... 

(1-kk.^2).*rr./(1-rr).*t-gg.*sqrt(1-kk.^2).*rr./(1-rr).*sqrt(1-t.^2)+kk.*... 

rr./(1-rr).*1i).*sqrt(1-t.^2))),-1,1)/pi),g),0.002,0.998),k),0.002,0.998),... 

r),0.002,0.998); 

end 

x=A\b; 

    A2. 4 ⃰ L ⅎ  

    ꜚᵬ₮ № ₱ L=[1+ɣ/(1+d)]/(1+d)+Lô Ἕ ₱

L Ἕ̆ 5.4 ̆ ᵬ₮ ₱ L Ἕ̆

5.5 5.6 Ȃ№ ₱ L ԍGreen₱

№ Ȃ Ҋ̔ 

rho=0.01:0.01:0.99; 

L=zeros(18,99);La=zeros(18,99); 

Era=zeros(18,99);Err=zeros(18,99); 

color=['b' 'm' 'c' 'r' 'g' 'k']; 

gamma=0:0.2:1; 

xi=0; 

for j=1:6 

for i=1:99 

d=rho(i)/(1-rho(i)); 

a=xi*d;b=sqrt(1-gamma(j)^2)*sqrt(1-xi^2)*d;c=gamma(j)*sqrt(1-xi^2)*d; 

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(j,i)=1+c/(d+a)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(j,i)=1/(1+d)+1/(1+d)^2*c/(d+a)+0.2*d/(1+d)^5*((A+B*gamma(j))*(1-xi)-C*xi);  

Era(j,i)=(L(j,i)-La(j,i)); 

Err(j,i)=Era(j,i)/L(j,i)*100; 

end 

figure(1); 
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hold on; 

plot(rho,La(j,:),[':',color(7-j)]);  

plot(rho,L(j,:),color(j)); 

figure(4); 

hold on; 

plot(rho,Era(j,:),color(j)); 

figure(7); 

hold on; 

plot(rho,Err(j,:),color(j)); 

end 

psi=0:0.2:1; 

gamma=1;xi=zeros(6); 

for j=1:6 

xi(j)=(1-psi(j)^2)/(1+psi(j)^2); 

for i=1:99 

d=rho(i)/(1-rho(i)); 

a=xi(j)*d;b=sqrt(1-gamma^2)*sqrt(1-xi(j)^2)*d;c=gamma*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(6+j,i)=1+psi(j)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(6+j,i)=1/(1+d)+psi(j)/(1+d)^2+0.2*d/(1+d)^5*((A+B*gamma)*(1-xi(j)) -C*xi(j));  

Era(6+j,i)=(L(6+j,i)-La(6+j,i)); 

Err(6+j,i)=Era(6+j,i)/L(6+j,i)*100; 

end 

figure(2); 

hold on; 

plot(rho,La(6+j,:),[':',color(7-j)]);  

plot(rho,L(6+j,:),color(j)); 

figure(5); 

hold on; 

plot(rho,Era(6+j,:),color(j)); 

figure(8); 

hold on; 

plot(rho,Err(6+j,:),color(j)); 

end 

xi=0:0.2:1; 

gamma=0; 

for j=1:6 

for i=1:99 

d=rho(i)/(1-rho(i)); 

a=xi(j)*d;b=sqrt(1-gamma^2)*sqrt(1-xi(j)^2)*d;c=gamma*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 
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L(12+j,i)=1+c/(d+a)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(12+j,i)=1/(1+d)+1/(1+d)^2*c/(d+a)+0.2*d/(1+d)^5*((A+B*gamma)*(1-xi(j)) -C*xi(j));  

Era(12+j,i)=(L(12+j,i)-La(12+j,i)); 

Err(12+j,i)=Era(12+j,i)/L(12+j,i)*100; 

end 

figure(3); 

hold on; 

plot(rho,La(12+j,:),[':',color(7-j)]);  

plot(rho,L(12+j,:),color(j)); 

figure(6); 

hold on; 

plot(rho,Era(12+j,:),color(j)); 

figure(9); 

hold on; 

plot(rho,Err(12+j,:),color(j)); 

end 

    A2. 5 ⃰ L  

    ԍᵬ₮ 0<d<0.1 ₱ L ̆ 5.7 Ȃ

ץ ₮ ₱ L ῏ױֲ Ḃԍ̆ל

№ Ȃ Ҋ̔ 

D=0.001:0.001:0.1; 

L=zeros(18,100);La=zeros(18,100); 

Err=zeros(18,100); 

color=['b' 'm' 'c' 'r' 'g' 'k']; 

gamma=0:0.2:1; 

xi=0; 

for j=1:6 

for i=1:100 

d=D(i); 

a=xi*d;b=sqrt(1-gamma(j)^2)*sqrt(1-xi^2)*d;c=gamma(j)*sqrt(1-xi^2)*d; 

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(j,i)=1+c/(d+a)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(j,i)=1/(1+d)+1/(1+d)^2*c/(d+a)+0.2*d/(1+d)^5*((A+B*gamma(j))*(1-xi)-C*xi);  

Err(j,i)=(L(j,i) -La(j,i))/L(j,i)*100;  

end 

figure(1); 

hold on; 

plot(D,Err(j,:),color(j)); 

end 

psi=0:0.2:1; 
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gamma=1;xi=zeros(6); 

for j=1:6 

xi(j)=(1-psi(j)^2)/(1+psi(j)^2); 

for i=1:100 

d=D(i); 

a=xi(j)*d;b=sqrt(1-gamma^2)*sqrt(1-xi(j)^2)*d;c=gamma*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(6+j,i)=1+psi(j)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(6+j,i)=1/(1+d)+psi(j)/(1+d)^2+0.2*d/(1+d)^5*((A+B*gamma)*(1-xi(j)) -C*xi(j));  

Err(6+j,i)=(L(6+j,i)-La(6+j,i))/L(6+j,i)*100; 

end 

figure(2); 

hold on; 

plot(D,Err(6+j,:),color(j)); 

end 

xi=0:0.2:1; 

gamma=0; 

for j=1:6 

for i=1:100 

d=D(i); 

a=xi(j)*d;b=sqrt(1-gamma^2)*sqrt(1-xi(j)^2)*d;c=gamma*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(12+j,i)=1+c/(d+a)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(12+j,i)=1/(1+d)+1/(1+d)^2*c/(d+a)+0.2*d/(1+d)^5*((A+B*gamma)*(1-xi(j)) -C*xi(j));  

Err(12+j,i)=(L(12+j,i)-La(12+j,i))/L(12+j,i)*100; 

end 

figure(3); 

hold on; 

plot(D,Err(12+j,:),color(j)); 

end 

    A2. 6 ⃰ L  

    ԍᵬ₮ 0<1/d<0.1 ₱ L ̆ 5.8 Ȃ

ᵌԍ 2.5Ҭ ̆ ץ ₮ ₱ L ֲ

῏ױ №Ḃԍ̆ל Ȃ Ҋ̔ 

DD=0.002:0.002:0.1; 

L=zeros(18,50);La=zeros(18,50); 

Err=zeros(18,50); 

color=['b' 'm' 'c' 'r' 'g' 'k']; 

gamma=0:0.2:1; 
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xi=0; 

for j=1:6 

for i=1:50 

d=1/DD(i); 

a=xi*d;b=sqrt(1-gamma(j)^2)*sqrt(1-xi^2)*d;c=gamma(j)*sqrt(1-xi^2)*d; 

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(j,i)=1+c/(d+a)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(j,i)=1/(1+d)+1/(1+d)^2*c/(d+a)+0.2*d/(1+d)^5*((A+B*gamma(j))*(1-xi)-C*xi);  

Err(j,i)=(L(j,i) -La(j,i))/L(j,i)*100;  

end 

figure(1); 

hold on; 

plot(DD,Err(j,:),color(j)); 

end 

psi=0:0.2:1; 

gamma=1;xi=zeros(6); 

for j=1:6 

xi(j)=(1-psi(j)^2)/(1+psi(j)^2); 

for i=1:50 

d=1/DD(i); 

a=xi(j)*d;b=sqrt(1-gamma^2)*sqrt(1-xi(j)^2)*d;c=gamma*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(6+j,i)=1+psi(j)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 

La(6+j,i)=1/(1+d)+psi(j)/(1+d)^2+0.2*d/(1+d)^5*((A+B*gamma)*(1-xi(j)) -C*xi(j));  

Err(6+j,i)=(L(6+j,i)-La(6+j,i))/L(6+j,i)*100; 

end 

figure(2); 

hold on; 

plot(DD,Err(6+j,:),color(j)); 

end 

xi=0:0.2:1; 

gamma=0; 

for j=1:6 

for i=1:50 

d=1/DD(i); 

a=xi(j)*d;b=sqrt(1-gamma^2)*sqrt(1-xi(j)^2)*d;c=gamma*sqrt(1-xi(j)^2)*d;  

y=@(t)imag(expint((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2)).*exp((b*t-c*sqrt... 

(1-t.^2)+a*1i).*sqrt(1-t.^2))+log((b*t-c*sqrt(1-t.^2)+a*1i).*sqrt(1-t.^2))); 

L(12+j,i)=1+c/(d+a)-quadgk(y,-1,1)/pi; 

A=4+6*d+26*d^2;B=1+39*d-24*d^2;C=(4+3*d+5*d^2)/(1+d); 
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La(12+j,i)=1/(1+d)+1/(1+d)^2*c/(d+a)+0.2*d/(1+d)^5*((A+B*gamma)*(1-xi(j)) -C*xi(j));  

Err(12+j,i)=(L(12+j,i)-La(12+j,i))/L(12+j,i)*100; 

end 

figure(3); 

hold on; 

plot(DD,Err(12+j,:),color(j)); 

end 
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SIMPLIFIED CALCULATION OF GREEN  

FUNCTION AND ITS APPLICATION IN  

SHIP WAVE MAKING RESISTANCE  

 

The prosperity of human world is strongly connected with the exploration of the seas. In the 

field of Naval Architecture and Ocean Engineering, we need to consider the ship performance. A 

ship has a variety of performances including ship's buoyancy, vessel stability, rapidity, sea-keeping, 

maneuverability and so on. Among all these characteristics, ship resistance is a very important 

characteristic of ship performance. Ship wave making resistance is one of the most important parts 

of a shipôs resistance, and the prediction of the flow around a ship hull is a classical ship 

hydrodynamics problem. So ship wave making resistance is considered in this article. 

When we select a flow calculation method, we need to consider both accuracy and 

practicality of the method. Practical methods that are simple to use and highly efficient are well 

suited for quickly evaluating the large number of alternative designs that typically need to be 

considered for concept and preliminary design, and especially for hydrodynamic optimization. In 

this case, practical methods need not be highly accurate. However, detail design and design 

evaluation involve many fewer choices and require more accurate computational tools, for which 

efficiency and ease of use are less important. Thus, highly-efficient (in terms of both user time and 

central processing unit) and robust approximate methods are important for many practical 

applications, especially at early design stages and for hull-form optimization. 

We consider a ship that steadily advances at constant speed along a straight path in calm 

water of effectively infinite depth and lateral extent and the flow due to it. The mathematical 

formulation of ship wave making problem can be simplified as a boundary value problem 

according to our basic assumptions. It consists of Laplace equation, hull boundary condition, 

free-surface boundary condition, infinite sea-bottom surface boundary condition, radiation 

condition and so on. We also give out its non-dimensional boundary value problem. So what we 

need is the solution of the boundary value problem. 

Long time ago, theoretical investigations of the wave-making resistance of ships were almost 

exclusively restricted to the evaluation and testing of Michell 's celebrated wave resistance formula 

(mainly for idealized hulls of simple geometrical shape), and only since the advent of fast 

electronic computers has it become possible to contemplate the implementation of more 

sophisticated theories than Michell's first order thin ship approximation. Prediction of flow about 

an arbitrary ship hull - even if one greatly simplifies the real problem by neglecting any effect due 

to the ship propeller, the viscosity of water, the formation of spray at the ship bow, and free 

surface nonlinearities - presents formidable difficulties, however, from both the standpoints of the 

development of a satisfactory mathematical model and of the numerical implementation of any 

such theory. 

This problem can be solved by an ordinary Green function method. The numerical difficulties 
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of the problem can essentially be traced to the complexity of the mathematical expression for the 

Green function, and a modified single integral representation of the Green function associated 

with the theory of ship wave making resistance is derived from the well-known classical basic 

double integral representation of the Green function. The modified single integral representation 

of the Green function is considerably better for purposes of numerical calculations. The classical 

Green function is given by the sum of three components, that is a wave component defined by a 

single Fourier integral with continuous integrand, the fundamental free-space Green function -1/r 

where r is the distance between the source point and the flow field point in the Green function, and 

a local flow component that is given by a double Fourier integral with singular integrand. This 

singular double Fourier integral can be transformed into a single integral, with integrand expressed 

in terms of the exponential integral with a complex argument as we can see in this article. The 

modified single integral representation of the Green function is suited for numerical evaluation in 

the near field, but is not suitable for numerical evaluation in the far field. And the modified single 

integral representation of the Green function is still very sophisticated and its calculation needs a 

lot of time. 

Noblesse has developed a modified theory named Neumann-Michell theory based on the 

Neumann-Kelvin theory, which can be used to predict the drag, sinkage, trim, and wave profiles of 

a ship advancing in calm water. Both of the Neumann-Michell theory and the Neumann-Kelvin 

theory belong to potential flow theory that ignores the fluid viscosity and defines the velocity of 

flow field by the derivative of velocity potential function, and can be used by introducing a Green 

function that satisfies both of the radiation condition and the Kelvin-Michell linearized free 

surface boundary condition. The classical Neumann-Kelvin theory proposed by Brard and Guevel 

is a natural extension of the thin-ship theory proposed by Michell and the slender ship 

approximations proposed by Noblesse and Hogner. In the Neumann-Kelvin theory, the boundary 

condition is satisfied through an integral equation at the ship hull surface, and a waterline integral 

term which causes a lot of problems is involved in the boundary integral representation, so the 

Neumann-Kelvin theory has failed to yield a both practical and accurate computing method to 

forecast the dag of a ship and other important features of the flow around a ship hull, such as 

sinkage, trim and wave profiles. Specifically, the difficulty about the troublesome waterline 

integral around the ship waterline which occurs in Neumann-Kelvin theory is overcome by the 

Neumann-Michell theory. In Neumann-Kelvin theory, the integrand of the waterline integral is 

G x˒- G˒x, ˒  is the flow velocity potential function, and G is the Green function which satisfies the 

radiation condition and the Kelvin-Michell linearized free-surface boundary condition. The term 

G x˒ is eliminated by using a consistent linear flow model; furthermore, we introduce a vector 

wave function which is related to the wave component in the Green function G, the term G˒x does 

not appear in Neumann-Michell theory by using a series of mathematical transformations. Then 

the NM theory expresses the flow potential at every flow points in terms of only a surface integral 

over the mean wetted ship hull surface, as the sum of the Hogner slender ship approximation term 

which is defined explicitly in terms of the ship hullôs geometry and the Froude number. Then we 

solve the flow potential through iterative algorithm, and we can get the pressures at the wetted 

surface of the ship with the help of the Bernoulli relation, furthermore, we can obtain the forces 

and hydrodynamic pitch moment exerted on the ship hull to predict the drag, sinkage and trim. 

Because of the complexity of the exact integral Green function, it will be useful if we can get 

a simple analytical approximation that is valid within the entire region. In this article, we modify 
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the local flow component in order to yield the near field and far field asymptotic approximations 

of the function Lô more easily. Then we make a series of change of variables to analyze the 

geometry properties of the function Lô. The variations of the function Lô with respect to the three 

variables ɟ, ɝ and ɔ are depicted in Figure 5.1 - 5.3. Then we consider the asymptotic properties 

and geometry properties of the function Lô and use some different methods to solve the simplified 

function Lô. The verification of the approximation to the local flow component is presented in 

Figure 5.4, with absolute error and relative error depicted in Figure 5.5 and Figure 5.6, 

respectively. The relative error is also depicted for 0<d<0.1 (in the near field) in Figure 5.7 and for 

0<1/d<0.1 (in the far field) in Figure 5.8. It is shown in the figures that the maximum of the 

absolute error is |Era|max=0.049, and the maximum of the relative error is |Err|max=9.534% in the 

three particular cases a=0, b=0 or c=0, i.e., for Ø-x=0, Ù-y=0 or Ú+z=0. Both the absolute error 

and the relative error of the simple approximation to the function L are sufficient small. We also 

calculate the gradient of the local flow component, and simplify its form. Another feature of the 

simplified Green function is that the singularity associated with the Green function is removed in a 

mathematical regularization method. Finally the simplified Green function only consists of 

algebraic, exponential and trigonometric elementary functions. These analytical approximations 

are valid within the entire flow region, and are appreciably simpler than the approximations - 

based on near field and far field asymptotic expansions, polynomial approximations, or table 

interpolations, in complementary contiguous regions - given in the literature. Indeed, the 

simplified Green function given in this article is remarkably simple. Both the exact and the 

simplified local flow component in the Hogner potential for the Wigley ship at three Froude 

numbers are computed and compared. It is shown in the article that the results given by the exact 

and the simplified local flow component are quite similar, the errors of the drag, sinkage and trim 

are sufficient small. 

From all the reasons listed above, we can safely draw a conclusion that the methods 

considered here and the simplified Green function are particularly simple and well suited for 

practical applications. 


