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Single Variable Problem (2D)

Linear Rectangular Element
Next, consider the complete polynomial

ur(x,y) =ci +csx+c5y +cixy

which contains 4 linearly independent terms and is linear in x
and y, with a bilinear term x and y. This polynomial requires an
element with four nodes.

Two possible geometric shapes:

® a triangle with the 4 node at the center (or centroid) of the
triangle

® a rectangle with the nodes at the vertices.
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Single Variable Problem (2D)

Note:
A triangle with a fourth node at the center does not provide a

single-valued variation of u at interelement boundaries, resulting
in incompatible variation of u at interelement boundaries and is

therefore not admissible

ur(x,y) =ci +csx+c5y+cixy

=cf+ (5 +c)x+cix?(e =1,2)

Thus, the quadratic variation of u; along x =y
cannot be defined uniquely with only two
nodal values
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Single Variable Problem (2D)

up(x,y) =c{ +csx +c5y +cixy

Here we consider an approximation of the form use a
rectangular element with sides a and b. For the sake of
convenience, we choose a local coordinate system (i, y) to derive

the interpolation functions. We assume that (the element label is

omitted)
Uy (X,y) = ¢ + X + c3y + c4Xy

This require

u; = uy(0,0) = ¢4 VA

U, = up(a,0) =c; +cza T 49 ;

uz = up(a,b) = ¢; + ca + c3b + cyab ; | I i
Uy =up(0,b) =c; +c3b i el
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Single Variable Problem (2D)

Solving for ¢;(i = 1,2,3,4) we obtain
. Uy~ Uy
€1 = Uy, Cp = 7

Uy — Uy U3 — Uy T U — Uy

Uup(X,y) = c; + X + c3y + cu Xy

e o (122 XY S D A G
uh(x,y)—u1<1 a b+ab>+u2<a ab>+u3ab+u4<b ab)

= uiyt +uz; + usps + ugyy

e (1-F) (127} ps = F (17
vi=(2)(r5) =20 5)

zps:%,w::(l—f)

a

where

S
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Single Variable Problem (2D)

e

In concise form,

YEEY) = (D (1 _EA ﬁ) LT ﬁ)

a
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Single Variable Problem (2D)

The procedure given above for the construction of the
interpolation functions involves the inversion of an n x n matrix,
where n is the number of nodes in the element. When n is large,
the inversion becomes very tedious

Alternatively, the interpolation functions for rectangular element
can also be obtained by taking the tensor product of the
corresponding one-dimensional interpolation functions. To
obtain the linear interpolation functions of a rectangular
element, we take the “tensor product” of the one-dimensional
linear interpolation functions associated with sides 1-2 and 1-3:

A

X }—, 40O 3
T2\t [l ] ! T
z l/}2 ¢3 i & >
b

] b
j——g. ]

) i
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Single Variable Problem (2D)

lpie(ij]) 61](11_1 4)z¢1_1

The alternative procedure that makes use of the interpolation
properties can also be used. Here we illustrate the alternative
procedure for the 4-node rectangular element Equation requires

that

That is, /is identically zero on lines x = a and y = b. Hence,
Y7 (x,y) must be of the form

Ye(%,y) =c(a—x)(b—y) for any c¢; # 0
o |

Using the condition ¢ (%, y) = ¥£(0,0) = f
1,we obtain ¢; = 1/ab. Hence, T 49 <
1 x y
@y =—@-b-y»=(1-=]1-= i
lpl(xiy) ab (a X)(b y) < Cl>( b) i é 1 "

= [ ™~ l .‘
Likewise, we can obtain the remaining -
three interpolation functions o
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Single Variable Problem (2D)

Quadratic Elements

A quadratic triangular element must have 3 nodes per side In
order to define a unique quadratic variation along that side.
Thus, there are a total of six nodes in a quadratic triangular

element. A six-term complete polynomial that includes both x

and y is ug (x,y) = ¢; + cox + c3y + cuxy + csx® + cgy*

® The constants ci may be derived In
v | terms of the six nodal values by the
: procedure outlined for the three-
node triangular element and four-
node rectangular element
® However, in practice the
] interpolation functions of higher-
L . order elements are derived using
the alternative procedure
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Single Variable Problem (2D)

Similarly, a quadratic rectangular element has 3 nodes per side,
resulting in an eight-node rectangular. The eight-term
polynomial is

uf (x,v) = cq + cx + c3V + caxy + csx? + cgy? + c;xy% + cgyx?
The interpolation functions of this element cannot be generated
by the tensor product of one-dimensional quadratic. Indeed, the
two-dimensional interpolation functions associated with the
tensor product of one-dimensional quadratic functions
correspond to the nine-node rectangular element.
The nine-term polynomial is given by

uf (x,¥) = ¢1 + c3x + 3V + Caxy + csx? + cgy? + c;xy? + cgyx? + cox?y?
| A ”

Y ' V
sl : 3 7
} 2 ® 4 % 3

? O
) O 0 Q
; Qv I- h 8 Qc 09 6 |
: 2 5 2
[ - - - a -]
S = =X —- X
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Single Variable Problem (2D)

Evaluation of Element Matrices and Vectors

® The exact evaluation of the element matrices {K,.} and {f.} is,
in general not easy. In general, they are evaluated using
numerical integration techniques. However, when aij, a00,
and f are elementwise constant, it is possible to evaluate the
integrals exactly over the linear triangular and rectangular
elements discussed in the previous section.

® The boundary integral in {Q.} of weak form can be evaluated
whenever gn is known. For an interior element (i.e an
element that does not have any of its sides on the boundary
of the problem), the contribution from the boundary integral
cancels with similar contributions from adjoining elements of
the mesh
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Single Variable Problem (2D)

e

For the sake of brevity, we rewrite {K,} as the sum of five basic
matrices

[K€] = agolS°°] + a11[S*] + a12[S™2] + ap1 [ST2]" + ay,[S%4]

oy ( OYf oYf\ ayil oy dyf
i <a11 % + aq, dy + 9y azq % + a,, 3y +a001/Jiel/Jf dxdy

Sio;ﬁ = JL Yo pdxdy

Yig = 0Y;/0xq, x1=x, and x;=7y; P;o =1P;

All the matrices and interpolation functions are understood to
be defined over an element, i.e. all expressions and quantities

should have the element label e, but these are omitted in the
interest of brevity
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Single Variable Problem (2D)

Now proceed to compute the using the linear interpolation
functions derived in the previous section

Element Matrices of a Linear Triangular Element

First, we note that integrals of polynomials over arbitrary
shaped triangular domains can be evaluated exactly. To this end,

let /,,,,, denote the integral of the expression x™y™ over an
arbitrary triangle A

Lon Ej xMy"dxdy
A
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Single Variable Problem (2D)

Ioo = j x°y°dxdy = J 1-dxdy = A area of the triangle
A A 3
( ~ 1
I, = J x1y°dxdy = f x dxdy = AX X = 52 Xi
A A i=1
3
[ 0,1 N L1
101—J x“y dxdy = | ydxdy = Ay y=§zyi
A A 7

3
A
I, = j xy dxdy = — inyi + 9xy
A 12\
i=1
3
A 5 R
I,o=| x%dxdy=— zxi + 9%2
. 12

=1
A 3

oo = | ¥ dudy =35[ ) 57 + 997
A i=1

Where (x;, y;) are the coordinates of the vertices of the triangle.
We can use the above results to evaluate integrals defined over
triangular elements
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Single Variable Problem (2D)

Next, we evaluate {K¢} and {f¢} for linear triangular element
under the assumption that aij and f are elementwise constant.

Also, note that

PP = Z—AQ(a +Bix +¥iy)

(i=123)

3 1
Yt Y, g0 N yi-o] 5}
i_ =1 =1 3

—3Ae

Vi

24,

ai +Bi%e +viTe
oY,  Bf 0P _
dx 24, dy
1
5'1'1 = _,81,8] Siljz = ﬂﬁiyj
1
SOO
4A{

1

522

4 a1 ViV

al-aj + (Cliﬁj + aj,[fi)a? + (ai]/j + CZ]]/l)j;]

+—[LoBiB; + Lii(viBj + viB:) + lo2vivil}

A
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Single Variable Problem (2D)

for an elementwise constant value of f = f¢,

f
fE=| fe¥iydxdy =———| (af +pfx+y{y)dxdy
Ay e A,
f
= j (ailoo + Bi 1o + Vilo1)
e
fe

= (aieAe + ,BieAefe + yieAej;e)
2A,

1 1
= gfe(af + BiXe + Vi) = 3 fele

The result should be obvious because for a constant source f,
the total magnitude of the source (heat) on the element is
equal to f,A., which is then distributed equally among the three
nodes, giving a nodal value of f,A,./3
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Single Variable Problem (2D)

Element Matrices of a Linear Rectangular Element

| (12
¥ 1 a
|

‘ e —
gt b3

.
-

7\ e =F(17
5) vi=ild)

When the data q;; (i,j = 0,1,2) and f of the problem is not a
function of x and y, we can use the interpolation functions,
expressed in the local coordinates (i, y) that are mere

translation of (x,y), to compute the element coefficients Sl?‘]’.ﬁ

e.g.:

a b
59 = [ o y)w; (e, y)dxdy = j f Wi ;dzdy
Qe o Jo

where a and b are the lengths along the x and y axes of the

element
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Single Variable Problem (2D)

Since the integration with respect to x and y can be carried out
independent of each other, integration over a rectangular
element becomes a pair of line integrals. We have

11—j fwlwlzdxdy jj2(1——>(1—%><1——><1—%>dxdy
() e [(5) =535

With the aid of
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Single Variable Problem (2D)

In summary, the element matrices for a rectangular element

are

, (2 -2 -1 1]
SYl=—1_1 1 2
1 -1 =2 2|

[ 2 1 -1 =2]
S¥I=—1-1 2 2 1
-2 -2 1 2 |

N RN D

{f}=%feab{1 1 1 1}7

NA26018 Finite Element Analysis of Solids and Fluids

CMH

1 -1 —1]
-1 1 1
-1 1 1

1 -1 -1]
2 1 2
4 2 1
2 4 2
1 2 4
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Single Variable Problem (2D)

Evaluation of Boundary Integrals
Here, we consider the evaluation of boundary integrals of the
type
0f = ¢ asw(s)ds
Fe

where gn is a known function of
the distance s along the

, boundary I,. It is not necessary
to compute such integrals when a
portion of I, does not coincide
with the boundary I of the total
domain Q
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Single Variable Problem (2D)

The boundary I, of a two-dimensional element consist of line
segments, which can be viewed as one-dimensional elements

® Thus, the evaluation of the boundary integrals on two-
dimensional problems amounts to evaluating line integrals

® When two-dimensional interpolation functions are evaluated
on the boundary of an element, we obtain the corresponding

one-dimensional interpolation functions

For example, consider a linear triangular element, The linear interpolation
functions for this element are given by

1 .
i = 9 (af + Bix+vyiy) (i=123)

T T T > X
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Single Variable Problem (2D)

Now let us choose a coordinate system (s,t) with its origin at
node 1 and the coordinate s parallel to the side connecting

nodes 1 and 2. The two coordinate systems (x,y) and (s,t) are
related as follows

X =aq+ bis + cqt
Yy =a, + bys + cyt

The constants a4, by, ¢;, a,, b, and c, can be determined with the
following conditions

A when s =0,t =0, X=X,y =M
o ' when s = a,t = 0, X = Xp, Y =795
/ when s =c,t = b, X= X3,y =Y3

S [/ C C 1t

- \, x(s,t)=x1+(x2—x1)a+ _(E—l)ﬁ—axz +x3_5

e y’(s,t)=y1+fy‘2—y1)£+ -(5—1)3’1_53’2 ‘|‘y3-E

a l\a a 1b
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Single Variable Problem (2D)

S [/c C T
x(s,t) =x1 +(x, —x1)—+ (——1)x ——X, + X
(s, t) 1+ (x; 1)a \g 17— X2 3

S|+ O o+

(5,8) =y + ( )S+'(c 1) 0+ v
ys,t) =1 ) 3’1a 2 V1 a)’z Y3_

This allow us to express y; (x,y) as y; (s,t) , which can be
evaluated on the side connecting nodes 1 and 2 by setting t =0 in

Y; (s, t) Y;i(s) =y;(s,0) = ll)i(X(S, 0), v (s, 0))
') X(8) =3+ (oo —x) > Y =y1+ (= )= )
a a

| Wi =2—;e(af +Bix+yiy)  (i=123)
‘ P1(s) = %{“1 + b1 [(1 —i) X1 +£x2]

a a

a5

S S
=_(a1 +a2 +a3)(1——) =1—--
24 a a
| | I > X
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Single Variable Problem (2D)

Similarly, we have S
S
P, (s) =7 Y3(s) =0 P1(s) =1_E

We note that ¢, (s) and y,(s) are precisely the linear, one-
dimensional, interpolation functions associated with the line
element connecting nodes 1 and 2 (a = hy,)

Similarly, when y;(x, y) are evaluated on side 3-1 of the
element, we obtain

W= =0 Pale)=1-7—
13

where the s coordinate is taken along
!/ the side 3-1, with origin at node 3, and
along cach side N5 1S the length of side 1-3. Thus,

- Side | evaluation of 7 involves the use of

Local coordinate appropriate one-dimensional

Sl interpolation functions and the known
variation of g,, on the boundary

s

. . . . MPUTATIONAL MARINE HYDRODYNAMI
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Single Variable Problem (2D)

Q; =ﬁ qay; (s)ds

In general, the integral over the boundary of a linear triangular
element can be expressed as

Qie — Yi(s)qn(s)ds + Yi(s)qn(s)ds + Yi(s)qn(s)ds

1-2 2-3 3—1
= Qi +0i; 1053
il [ e / denotes integral over line connecting

. ~, nodeito node j, the s coordinate is taken
from node i to node j, with origin at node i

| ocal nodes

/flj

along each side
Side |
5

“Local coordinate

along each side

CMH COMPUTATIONAL MARINE HYDRODYNAMICS LAB
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Single Variable Problem (2D)

Assembly of Element Equations

The assembly of finite element equations is based on the same
two principles that were used in one-dimensional problems

1. Continuity of primary variables

2. "Equilibrium” (or “balance”) of secondary variables

We illustrate the procedure by considering a finite element mesh
consisting of a triangular element and a quadrilateral element
Seren Let K} (i,j = 1,2,3) denote the
coefficient matrix
corresponding to the
triangular element, and let
KZ (i,j = 1,2,3,4) denote the
coefficient matrix
corresponding to the
quadrilateral element

(3lobal node

numbers

Element node
numbers " Side 7
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Single Variable Problem (2D)

From the finite element mesh shown in Fig, we note the
following correspondence (i.e, connectivity relations) between
the global and element nodes

1 2 3 x
[B] = [2 4 5 3

where x indicates that there is no entry. The correspondence
between the local and global nodal values is

ub=U;  wl=ui=U, wl=ui=U; WB=U u=Us

Element

numbers

Sides 5  which amounts to imposing

' the continuity of the primary
variables at the nodes
common to elements 1 and 2

(3xlobal node

Hlllllhm'.\

Element node
numbers

CM COMPUTATIONAL MARINE HYDRODYNAMICS LAB



Single Variable Problem (2D)

Note that the continuity of the primary variables at the

interelement nodes guarantees the continuity of the primary

variable along the entire interelement boundary.

® For the case in Fig., the requirement ul=u? and ul=u2
guarantees uj(s) = us(s) on the side connecting global nodes
2 and 3

This can be shown as follows:

® The solution u}(s) along the line connecting global nodes 2
and 3 is linear, and it is given by S S

Element ullz(s) = u% (1 _ _) + u% E

h
-3 pumbers 2 5 where s is the local coordinate

with its origin at global node 2
- and h is the length of th side 2-
1’ 1 o\ ¢ 3(or side 2)

(lobal node -
numbers

Element node™ —
numbers Oide 7
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Single Variable Problem (2D)

Similarly, the finite element solution along the same line but
from element 2 is

h

Since ui=u? and u}=u2Z, it follows that u}(s) = ui(s), for every
value of s along the interface of the two elements

s s
ut(s) = u? (1 ——) +uZE

Element
.3 numbers
lobal node -~ VAN Side3 o
numbers '

Element node —,
numbers Side §
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Single Variable Problem (2D)

Next we use the balance of secondary variables. At the
intertace between elements, the flux from the two elements
should be equal in magnitude and opposite in sign

For the two elements in Fig., the interface is along the side
connecting global nodes 2 and 3. Hence, the internal flux g} on
side 2-3 of element 1 should balance the flux ¢2 on side 4-1 of
element 2 (recall the sign convention on gen)

(qn)2-3 = (Qrzz)4_1 Or  (qn)z-3 = (—q%)1_4

Element

2 numbers
Side 3

(3lobal node

numbers

Element node —
numbers g Side
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Single Variable Problem (2D)

(qn)z-3 = (CI%)4_1 or (qn)z-3 = (_Q%)1_4
In the finite element method we impose the above relation in a
weighted integral sense

j 1 qnpzds = — f qnpids f 1 qrpzds = — f qnids
hi, h

where h;, denotes length of the side connecting node p to node
q of element Q°. The above equations can be written in the form

|

Q32+ Qi1 =0 0Q32+Qi=0 where Qf,, denotes the part of Qf
that comes from side J of element ¢,

Qi) = j qepids Q;; is only a portion of @;
side |

qnpzds + f qnpids =0

qr5ds + f grpids =0 f
33 hi, hs hi,

c M H COMPUTATIONAL MARINE HYDRODYNAMICS LAB



Single Variable Problem (2D)

The element equations of the two-element mesh shown in Fig.
are written first. For the model problem at hand, there is only
one primary degree of freedom (NDF=1) per node. For the
triangular element, the element equations are of the form

Kiui + Kus + Kisug = fi + Q4
Kjiui + Kppuz + Kjsuz = £ + Q3
K31ui + K3uz + K3suz = fi + Q1

For the quadrilateral element, the element equations are given
by

it + K + Kol + K = 2+ O3
K31ui + KZ,u3 + K5sus + Ks,ug = f5 + Q5
K$iui + K$ui + K53us + K§ug = fi + Q3

Kiui + KZus + Kisus + KZug = f2 + Q;

NA26018 Finite Element Analysis of Solids and Fluids CM S%ANGH%M]'IAO TOILYER?}’NMISEIL{“;



Single Variable Problem (2D)

In order to impose the balance of secondary variables, it is
required that we

® add the second equation of element 1 to the first equation of
element 2,

® and also add the third equation of element 1 to the fourth
equation of element 2

(K31ui + Kppud + Kyaud) + (K& u? + K&us + K&us + Kéuf)

- 1 1 2 2
= (fz + Qz) + (f1 + Q1)
1 1 1 1 1 1 2 ..2 2 ..2 2 2 2 ,,2
(K31u1 + K3ou; + K33u3) + (K41u1 + Kjou; + Kjzus + K44u4)
. 1 1 2 2 Element
_ (f3 + Q3) + (f‘l‘ + Q‘l') 3 numbers i
(lobal node 7 Side 3 ©
numbers
]
Element node — &
numbers “  Side 7 1
NA26018 Finite Element Analysis of Solids and Fluids CMH S%ANGH%A}'WOIL%R%)MQ:S%




Single Variable Problem (2D)

Using the global-variable notation, one can rewrite the above
equations as (which amounts to imposing continuity of the
primary variables)

=U;, uy=u?=U, ui=ui=U; u5=U, u3="Us

(K3 ul + Kub + Kjqud) + (KHu? + KSus + KZus + KEu?)
= (i +02) + (ff + Qi)

(K3 ul + KL ud + Kiqud) + (KZu? + K&ug + Kius + KZu?)
= (F} + Q) + (f2+Q3)

K} Uy + (K3, + K4)Uy + (K35 + K& )Us + K& U, + K& Us
=fy +ff + (02 +Q7)

KLUy + (K3, + K&H)Uy + (K3 + K&)Us + K&U, + K Us
= f3 + £ +(Q3 + 0%)

NA26018 Finite Element Analysis of Solids and Fluids CM co ONAL EIYDRODYNAMICS LAD
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Single Variable Problem (2D)
Now we can impose the conditions

Q22+ Q74 =0 Q32+ Q5. =0
by setting appropriate portions of expressions in parenthesis on
the right-hand side of the above equations to zero

Q% + Q% = (Q31 + Q3 + Q%) + (04 + 0% + 04 + Q%)

= Q3+ Q33 + (Q%z + Q124) + Q71 + Q7 + Q73

Q3 + Q% = (03, + 03, + 033) + (02, + Q% + Q%; + Q2,)
= Q3 + Q33 + (Q?l,z + Qi;) + Q%1 + Q5 + Q45

The underlined terms are zero by the balance requirement. The
remaining terms of each equation will be either known because

qn is known on the boundary or remain unknown because the
primary variable is specified on the boundary

. . . . MPUTATIONAL MARINE HYDRODYNAMI
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Single Variable Problem (2D)

In general, when several elements are connected, the assembly
of the elements is carried out by putting element coefficients &,
f£, and Q7 into proper locations of the global coefficient matrix
and right-hand column vectors. This is done by means of the
connectivity relations (i.e., correspondence of the local node
number to the global nhode number). For example, if global node
number 3 corresponds to node 3 of element 1 and node 4 of
element 2, then we have

Fs=F3 +F;=f5 +f7+Q3+ Q5 K33 = K33 + Ki

Element

numbers

(3lobal node

numbers

Element node
numbers
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Single Variable Problem (2D)

If global nhode numbers 2 and 3 correspond, respectively, to nodes
2 and 3 of element 1 and nodes 1 and 4 of element 2, then global
coefficients K,,, K,3;, and K33 are given by

Ky = Ky + Ky Kaz = K3 + Kiy K3 = K33 + Kiy
Similarly, the source components of global nodes 2 and 3 are

added

Element

numbers

)
P | ’ -
(3lobal node 0 olide 3 ©

numbers

Element node —
numbers “  Side 7
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Single Variable Problem (2D)

For the two-element mesh shown in Fig., the assembled
equations are given by

[ Kii K& K5 0 0 vy ( FE O
1 1 2 1 2 2 2 1 1 2
Ky Ky +Kin Ky +K{, Ky Kiz||U, 5 + Ff
K31 K3 +Kiy Kis+KZ, Ki Ki|{Usp={F3 +F{;
0 K} Ki, K} Kk g 4 FZ
0 K3y Kiis K3 Kis s FE

Element
.3 numbers

(:lobal node Side 3 ©

numbers

Element node —,
numbers “  Side »
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Single Variable Problem (2D)

® The assembly procedure described above can be used to
assemble elements of any shape and type
® The procedure can be implemented in a computer program, as
described for one-dimensional problems, with the help of the

array [B]
® For hand calculations, we can use the procedure described
above For example, consider the finite element mesh

shown in Fig. The location (4, 4) of the global
coefficient matrix contains K3;+K% +K3,. The
location 4 in the assembled column vector
contains f+f2+f3. Locations (1,5), (1,6),
(1,7), (2,5), (2,6), (2,7), (3,6), (3,7), (4,7) of
the global matrix contain zeros because K;; =0

5

3

® ~ when global nodes I and J do not correspond to
nodes of the same element in the mesh
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Single Variable Problem (2D)

This completes the first five steps in the finite element modeling
of the model equation. The next two steps of the analysis,
namely, the imposition of boundary conditions and solution of
equations will remain the same as for one-dimensional problems.
The postprocessing of the solution for two-dimensional problems
Is discussed next

Postcomputations

The finite element solution at any point (x,y) in an element Q, is
given by n

up(x,y) = z u/ Y5 (x,y)

j=1
and its derivatives are computed from above as

n n

auh, z e 0Y; duj, z o 0Yj
Y "ax dy Y dy
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Single Variable Problem (2D)

The derivatives of u will not be continuous at interelement

boundaries because continuity of the derivatives is not imposed

during the assembly procedure

® The weak form of the equations suggests that the primary
variable is u, which is to be carried as the nodal variable

® If additional variables, such as higher-order derivatives of
the dependent unknown, are carried as nodal variables in the
interest of making them continuous across interelement
boundaries, the degree of interpolation (or order of the
element) increases

® In addition, the continuity of higher-order derivatives that
are not identified as the primary variables may violate the
physical principles of the problem

For example, making du/dx continuous will violate the
requirement that g, (=a,,0u/9x) be continuous at the interface

of two dissimilar materials because a,, is different for the two
materials at the interface
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Single Variable Problem (2D)

‘ For the linear triangular element, the derivatives are constants
within each element

opé 1 oy 1
;= + Bix + L = . L — .
Vi = 2a, Byx+v1y) dx 2Ae'B] dy 24,7
auh zn: e[)’] auh

For linear rectangular elements, du; /dx is linear in y and du; /0y IS
linear in x

oYy 1(1_y+y—j> oy 1(1_f+fj>

dy b

auh z( 1)z e( y )7]) auh Z( 1)i*2y e( x+xj>

ox  a b a
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Single Variable Problem (2D)

oué ouf . . _ _ .
Although a‘;h, ;;h are linear functions of y and x, respectively,

in each element, they are discontinuous at interelement
boundaries

Consequently, quantities computed using derivatives of the
finite element solution u; are discontinuous at interelement
boundaries

For example, if we compute ¢¢=a,,0u® /0%, at a node shared by
three different elements three different values of ¢ are
expected

The difference between the three values will diminish as the
mesh is refined
Some commercial finite element software give a single value

of ¢, at the node by averaging the values obtained from
various elements connected at the node
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