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Convection-dominated problems
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Convection-dominated problems

Scalar transport equation

Compresgible Euler equations

oxy; 3p
v +V (va) =V (eVu) = +V - (pv) =0
. . . I pv)
Incompresgible Navier-Stokes equations 57 +V - (pvav)+Vp=0
d

3—u+u Vu+Vep=vAu, V -u=20 a(gE)JrV (pHv) =0

al Dilemma . .;

o ou_ | 4

o o« | 4 |

high-order method: wiggles

A

low-order method: smearing



YHEidr ¥ Modern high-resolution schemes

Flux-Corrected Transport (FCT) paradigm Boris & Book (1978)

1. Compute a provisional solution by a monotone method of low order

2. Determine the percentage of artificial diffusion that can be removed
without generating new extrema and accentuating already existing ones

3. Add limited antidiffusion to recover the high accuracy in smooth regions

State of the art: MUSCL, PPM, TVD, LED, ENO are widely used

e geometric construction
e one-dimensional nature
e carteslan or slmplex meshes

e cxplicit time discretization

e finite differences/volumes

{Ubjective: a general methodology applicable to implicit FEM discretizations



YEZALY Design of high-resolution schemes
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LED criterion (Jameson, 1993) A semi-discrete scheme of the form

dﬂi 4 ;
¥ E Gyt where ¢;; — — E Gy #nd gy = U, Vi FEd
( : ey

J JF#4

sothat % = Y ¢;;(u; —u;)  proves local extremum diminishing since

dt £~
J#4
e maxima do not increase: wu; =maxu; = u;—u; <0 = ‘ld—‘;’* <0
J
- d | ) - : i S du;
¢ minima do not decrease: wu; =minuy; = U;—u >0 = FHF=>0
J

Total variation TV (u) =2() maxwu— ) minu) is non-increasing

Jonclusion: the LED criterion represents a handy generalization of Harten'’s

TVD theorem to multidimensional discretizations on unstructured meshes.




@ XEL uéf Design of high-resolution schemes
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LICJETLEL LT, £ LULSIHEULdL ulstvlere upeldalul A I Iy Calleul all vE=7ieu Ly td

if a;; <0 for i # j and all entries of the inverse A~ are nonnegative.

Positivity criterion A fully discrete scheme is positivity-preserving if it can
be cast in the form Au™'! = Bu™ where A is an M-matrix and B > 0.

Strategy: discretize in space by a standard high-order method (central differences,
Galerkin FEM) and modify the matrices so as to satisfy the above criteria.




Roadmap of algebraic manipulations

au

Scalar conservation law E

+ V- (vu) =0

continuity equation

. Linear high-order scheme

du
Mo—
C

such that

Ku (Galerkin FEM)

=k %o k?;j‘(ﬂ

3. Nonlinear high-resolution scheme

|
MLE = &,
di

such that

ey TR
Jj#i: k<0

The existence of L* is sufficient for K*

2. Linear low-order scheme
L=K+D

such that [;; >0, Vj #£ 14

Equivalent LED representation

du
ﬂ/fj_,a — L*u,

such that

L*u = K*u
2 >0, Vj # i

K + D+ F to be nonoscillatory



YEAALY Galerkin FEM: efficient matrix assembly

oL : du
Variational formulation w 5 FV - (vu)| dx =0

Q

Group FEM interpolation Up = Zuj @i, (Vu)p = Z(Vj“j) Vs
J J

- du
Semi-discrete scheme MGH = K Mo ={m;;}, K ={ki}
C
Matrix coefficients mi; = [ pip; dx, kij = —Vj - Cij
Discretized derivatives Gy — fﬂ w; Vi dx, Cizs = — Y, Cij

J#1

Remark. The coefficients m,;; and ¢;; remain unchanged as long as the mesh
is fixed so that there is no need for costly numerical integration.



YEZALY Discrete upwinding for finite elements

Lumped-mass Galerkin scheme Linear LED discretization
du _du
M;— — Ku L=K+D My— = Lu
dt dt

d’é‘.t@' :
m; a1 — Z k-@j (‘Lﬂj — ui) -0 Tl = Z?ﬂg‘j, O = Z}C-@j
J J

JFi
Artificial diffusion term: (Du); = Z fij, fr,:,j = d-;;j (Uj — U ), fjg' = —fij
i#i
Implementation: start with L := K |d¢-j max{0, —k;;, —k;i } |

b =iy = d?'.j: !Tf.j ‘= !'::i.j + d-éj
i:jr,-; = ﬂj«,; + d«gj, Lrjj: = gjj = d;{_j

: | %
Graph orientation: let the edge ij be “ 4 o H

directed so that ;; > [;; = max{0, k;;}




@ X EX: ﬂ}t% Discrete upwinding in one dimension
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Convection equation ‘ % + U% ={., = (}l linear finite elements

_ " 2 1 A I 0
i} p Ax r ANx
Element matrices ﬂft’"‘ N~ { 9 ] ’ ﬁ"f}—’f 2 [ 0 1 ]

1
- -?'—: ——d-—. , —3—: £ e X a {] {)
| 8|, He= s 8 = L=K +1l=
2 "9 5 T3 v —v
High-order discretization Low-order discretization
du; | vy —wi1 du; g BTl _ o
) = _ ) =
dt 2Azx dt Ax

central difference scheme upwind difference scheme

araph orientation: our convention lj; > l;; implies that node i is located upwind



YEXAL¥ TVD discretization in one dimension

Antidiffusive correction K*(u) =L —®(r;)D = K+ [1 — ®(1;)|D

Uy — Ui ; ; ;
T4 slope ratio evaluated at the upwind node 7
Uiyl — Uq
: {HJZ?]
LED representation 5 = Ci-1 r2(Uim1 — ) + Cip172(Uit1 — ;)

v |- O (r;) i -l




. YELAA TVD discretization in one dimension
0 Tong University

Standard flux limiters as two-parameter functions
1]

9 _ .
VL L(a,b) = S(a,b) Tl o] W 3 sign(a) 2| sign(b)

MM  L(a,b) = S(a,b) min{|al, |b|} B(r) — L(1,7)

MC  L(a,b) = S(a,b) min{0.5|a + b|, 2|al, 2|b|}
SB L(a,b) = S(a,b) max{min{2|al,
Properties of limited average operators Jameson (1993)
e L(a,b)=0 1if ab<0 =% B(r)=0 if <0
e L(ca,ch) = cL(a,b) = $(r] = L0157 =rEL LI 1)
e L(a,b) = L(b,a) =5 Lilir 1) = L1, 1iv) =B{1/7)

| O (ri)(wip1 — w;) = L(Wip1 — wg, 5 — ui—1) = (1)) (ws — ui—1) |




YEAALY

Modified transport operator

Limited antidiffusive fluxes

i

Nontrivial case di; > 0,
£
&= ®(ri)ag;(u; — uy)

Sufficient LED condition

(K*u); <+~ kj(u; —ug) = ®(1/7s)as;Auig

K*(u)=L+ F(u)

Generalized FEM-TVD formulation

K+ D+ Fu)

du

My — = K™

dt

o =mmin{ (r;)dis, Lis }(us —

l_ﬁ 2 lu

(TJ( 1 /‘J’};)(L@j &UU

min{d?;j ; lﬁ:/‘b('ﬁ.)}

T (’L‘l, e 'Hrj)

&‘Lﬂ»j_j = ZI.?‘? Cik (1_“‘,_, — ’Hyg),

[lis — ©(ry)ag ] (us —

i >0, Yk i

@(l/ri)aij :_3" 0

Lis 2 B(ry)aq



YEZALY Algebraic flux correction of TVD type

[ncompressible part of Ku 3 kii(u; —u;) = P, + @y nodal increment
J#
P,=P"+ P, P = ; min{0, k;; } :11:; {0,u; —w;}  downstream data
j T

Q:i=Qr +Q;, Qf: =Y max{0, k; } {0, u; —w; b upstream data

- min
JF

Nodal correction factors Rf thJ(Qt.jE / Ff:) for all fluxes f, j # 1

Smoothness indicator Limited antidiffusive fluxes
QF /P if w > u; min{ R dyj, L Hwi —uj)  if w; > u;
r: 2 i 1 — Wy a i Wijstbygi i 9 i =~ Uj
t s L. 2 ] : - .
Qz’ /Pt if Ui < Uy l'Illl‘l{RE- dt‘j, iﬁ}(ui = uj) if Ui < Uy

LED property ‘.&u.gj = ri(u; —us) = 0; Q5 | oy = ™*{0,u; —u;}/PE>0

Tl




YEXAL¥ Iterative defect correction

Discretization in time yields a nonlinear algebraic system

o o standard

0 —scheme

Successive approximations Practical implementation
u[m-l )y R u(fm) 4 [A(H(HI})]‘_LT‘(TH) A(u(rn:l)&u[fn 3 b ,rf‘lﬂr)
ul® =", m=0,1,2,... w™) — (M) 4 AgylmtD)

‘Upwind’ preconditioner — A(u{™) = My, — 0AtL(u™), 0<0< 1

Defect vector and right-hand side Limited antidiffusive fluxes
T(TH.) — " — A(u(-n'i.) )u(rn) 4 (}ﬂff{m} fr; _ ZJ—?&!} f;’ ;; o :;

b" = Mru™ + (1 — O)At[L{(u™)u™ + "] constructed edge-by-edge



YEXAL¥ Summary of the FEM-TVD algorithm
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Example: solid body rotation

0.0 LE1]

Crank-Nicolson time-stepping

At = 1072, 128 x 128 bilinear elements

1.0




YEXAL¥

Example: solid body rotation

Crank-Nicolson time-stepping

At = 1072, 128 x 128 bilinear elements




YEXALE Example: steady-state convection-diffusion

0 Tong University

0.0

64 x 64 bilinear elements

1.0

20 x 24 bilinear elements

Backward Fuler time-stepping

v = (cos 10°,8in10°), e =102, At=1.0

Lo




YEZALY Example: scalar convection in space-time

0.5

Uniform Cartesian mesh Az = At =1072%, Q= (0,1) x (0,0.5) |




@ YEL ﬂ/i»? Example: two-dimensional Burgers equation

JmoTongUnwemny

Initial data: u(z,y,0) = sin(mzx) cos(my), wv(x,y,0) = cos(ma)sin(my)
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Backward Euler time-stepping Af = 1072, 128 x 128 bilinear elemenl;sl
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@ Y#EL: ﬂ}t§ Compressible Euler equations

. U 3
Divergence form ()t +V:-F=0 where V- -F= ) ?}ij
: d=1 °

Conservative variables and fluxes

I i V
U = (p,pv, pE) d H—E+?2
F=| pvev+pI ;
F = (F1,F2,F?) T =/
i pHv |

Equation of state p=(y—1)p(E —|v[?*/2) for a polytropic gas

Quasi-linear form

3 ,
O LA VU=0| where A.-VU=3 442U

Jacobian matrices A = (A!, A%, A3)

o 1od
4d _ oF d=123

)l"Td . oA d
Y U’



YEXAL¥ Galerkin FEM for the Euler equations

.- : du
Group FEM formulation Mc— = KU (KU); == ) ¢4 (F; — F;)
dt GAi
since the basis functions satisfy Y ¢; =1 and thus ¢ = — > ¢,
7 JF#i

Roe averaging Fj —F; = At’j(uj — Ua;;), where Ji?;j — A(ﬁ‘-@j, {'Fi".j-: ;:I?;j)

VPiVi + /D V; i — Voilli + \/piH;
VPit+P; N VPi +/P;

Pij = \/PiPj Vij =




YFEAALY Matrix assembly for the Euler equations

Edge contribution to the operator K Structure of the global matrix

Kii = Aij + Bij Ki; = —Aj; — By .
Kji = Ay —Bij  Kjj = —Aij + By
#th column ' R k
jlh:-u ” S |
Edge contribution to the operator L . [ T ﬁﬂ e
— 3 .
Lii = A4 — Dij Lij = —Ayj 5 Di; .l

Lji = Aij + Dij

Ljj = —A45 — Dy .

Raw antidiffusive flux for the edge z}

d
Fz’j == ( i.__",'d Jf Dzj o 5 E‘Lj) (Uj - Uf.-i):

Fji = —F;;  (semi-discrete)

where M;; = m;;I and D;; is a local tensor of artificial diffusion (to be defined)




@ X EX: ﬂ}t% Construction of artificial viscosities
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Generalized LED principle for systems

Off-diagonal blocks of the global matrixz should be positive semi-definite

Characteristic decomposition Aij = RijAijRy; 8| = /Ay Ay

where A;; = |a;;|diag{\1,...,As} and R;; is the matrix of eigenvectors

Eigenvalues Ay = 9;; — &5, AB =2 Ag = A =, As = Vg 1+ 645

L

. - . - & a } -"':I"-- Ea - "CI"-.- 2
Characteristic velocities ©;; = /2L, € =4/(y—1) (Hij — |—‘i
L ’ 2

seneralization of Roe’s Riemann solver
= i " \ .,
Dij = |Aij| = Rij|Aij|R;; or Dy = E |A%;] (coordinate splitting)

Remark. Scalar artificial viscosity D;; = |a;;| max |A;|1 is a cheaper alternative
¢
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@ YEL u% Decoupling of the Euler equations

[terative defect correction
A(U(TH))AIJ(TH—{—IJ = R(-m.)

U(fnﬂ'l:} o U[fm) | .&U(m”)

‘ U{T” FIE = U('”'?-]' + lA(U(??I})I—lH('rn}

Linearized global system for the m—th iteration

TaT] A A A g ][ Ayt ] [ e ]
AP ] AP AP AP | | s ||
A A [ARY] ASYARY || Au™Y = g™
AEIT) A(m} AE?) A_,(,T} A(m) &U,(;mi” H.fl'm)
AT gl e g [l | Agg™tS [ | mg™

Block-diagonal preconditioner AE:E) — M. — Qﬂtﬁa(m}, A{m) 0, VI#Ek

is employed to save memory; equations can be solved separately or in parallel



@ Y #EL: i‘}t%

Sequence of scalar subproblems

ATHWAH — g™ B =1,...,5
G pm)  Aplmt) )

Segregated FEM-TVD algorithm

Characteristic TVD limiter

‘ Fe; = Rij|Ai;| AW, ‘

&‘lﬁ"f’ﬁj — ‘f_’ijf{?;_jl (Ui == Uj:l

Implementation of characteristic boundary conditions

Algebraic manipulations for x; € I'

1. Prediction of U; = [u14, ..., usq]?

kk
ij

(m

Lk‘
_?Le

a;; =0 | up; )+r ) a;

2. Correction of w; = [’wl,i, ‘e ,‘wﬁ,-.a]j

(m) |

Tkz

Variable transformations

conservative charscteristic

—3| | W; |
= () ! |
[ J“’”“| | W J

e transform U’ into W} and prescribe the incoming Riemann invariants

e convert the resulting vector w}* back to the conservative variables

L
.[.r'i'



Example: Sod’s shock tube problem

FEM-TVD solution at t = 0.231

0.9r

0gr

oTr

06

05

[V

03

R ] 2

0E k]

Crank-Nicolson time-stepping At = 1073, 128 x 128 bilinear elements




@ B - H’iix-ﬁ Example: Transonic flow past a NACA 0012 airfoil

Triangular coarse mesh Mach number isolines
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Characteristic FEM-TVD method, MC limiter, M., = 0.8, a = 1.25°




YEZALY Example: Transonic flow past a NACA 0012 airfoil
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Quadrilateral coarse mesh

S
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RS TR
= BLARETY l‘ 51!',.-*
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o
.‘-‘?‘:}:ﬁ;‘? (s

Mach number isolines

Characteristic FEM-TVD method, MC limiter, M, = 0.8, a = 1.25°




‘ I FAALY Design of High-resolution schemes
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The algebraic approach to the design of high-resolution schemes

e deals with matrices and their sparsity pattern <!
-

Y
— finite elements/differences/volumes
— nonuniform and unstructured meshes .,

— explicit and implicit time-stepping

e is applicable to arbitrary discrete operators

— coupled space-time discretizations

e leads to a node-oriented flux limiter of TVD type

which is readily portable to multidimensions
e reduces to Harten’s TVD schemes in the 1D case

e is very simple to implement and to incorporate
into existing CFD codes as a *black-box’ module



